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Abstract

I develop a quantitative trade model with endogenous production networks, namely

the collection of supplier-customer relationships among �rms. In the model, �rms form

linkages with each other both within and across borders, balancing the tradeo� between

extra revenue brought in by downstream connections and �xed costs required to estab-

lish these relationships. The structure of equilibrium production networks depends both

on variable trade costs and linkage �xed costs. In particular, trade integration can lead

to structural transformations of global production networks, which in turn bring about

technological changes on both the �rm and the aggregate level. The joint adjustments

of both domestic and international linkages constitute an additional margin along which

trade liberalization can a�ect welfare. I calibrate the model to trade data between the

United States and the rest of the world (ROW) over 2000-2014. The model is able to

replicate the actual time trend of the value added share in gross trade, as well as several

cross-sectional patterns observed in the US-ROW input-output networks. Applying the

model, I quantify the welfare losses of moving from the 2014 equilibrium to autarky to

be 4.11%, with more than a third of these losses arising solely from the rearrangement of

linkages among �rms.
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1 Introduction

Production has become a global process. Nowadays, supply chains extend far beyond borders,

forming input-output networks that involve multiple countries. The emergence of international

production sharing is evident from two aggregate trends shown in Figure 1. First, the share

of intermediate inputs in world exports has been rising steadily over the past two decades. As

producers source inputs from foreign suppliers, domestic factors no longer account for all the

value embodied in a country's gross exports. The more production processes fragment across

borders, the more gross shipments exaggerate the value added content of trade. The second

time series in Figure 1 traces the declining ratio of value-added to gross exports for the world

as a whole, further demonstrating the growing scope of global production sharing.

Indeed, underlying these aggregate trade patterns is the evolution of global production net-

works, which I de�ne as the collection of all input-output linkages within and across borders.

I provide two pieces of suggestive evidence for the changing network structure of the global

economy. First, on the country level, Figure 2 plots the separate shares of domestic and im-

ported intermediate inputs in aggregate output. In general, expenditure shares on domestic

intermediate inputs are about three times as high as those on the imported ones, suggesting

that input-output linkages are still concentrated within borders. However, international link-

ages are gaining importance, as most of the countries experienced a rise in the expenditure

share on imported intermediate inputs between 2000 and 2014. Second, on the industry level,

I focus on the trade between the United States and the rest of the world (ROW), using Figure

3 to visualize how the US-ROW input-output table evolves over time. Between 2000 and 2014,

U.S. industries have increased their reliance on foreign suppliers, while U.S. domestic linkages

have undergone mixed changes. The takeaway from Figure 2 and 3 is that domestic input-

output linkages are more prominent than their international counterparts, but both evolve over

time with the latter expanding in recent years. Therefore, the structure of global production

networks is neither random nor static.1

All of the above facts lead one naturally to the following questions. What economic forces

govern the formation of �rm linkages within and across borders? How does the structure

of global production networks respond to changes in trade frictions? Can endogenous link-

1The responsive nature of production networks to changes in the economic environment also �nds ample
support in �rm level data. For example, Goldberg et al. (2010) report evidence that tari� reductions in India
lead to the expansion of intermediate input variety used by �rms. Gopinath and Neiman (2014) identify that,
during the 2000-2002 Argentine crisis, up to 45 percent of the collapse in aggregate imports can be accounted
for by �rms dropping varieties from their intermediate input bundles. Using microdata of Hungarian importers,
Halpern et al. (2015) attribute an annual growth of 5.9 percentage points in aggregate imports during the 1990s
to �rms gaining access to new foreign inputs.
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ages generate new insight, both theoretical and quantitative, into welfare gains from trade?

Standard trade models are silent on these issues, for they impose an exogenous input-output

structure on the economy. In this paper, I propose a framework capable of answering these

questions. To address the �rst question, I let pro�t-maximizing �rms form relationships with

both their domestic and foreign peers, subject to the following tradeo�. On one hand, due

to input speci�city, trade of intermediate goods can occur only along established buyer-seller

relationships. Therefore, �rms have the incentive to form linkages in order to acquire input

customers and raise sales. On the other hand, setting up business relationships is often a costly

activity for �rms in the real world. I thus assume that a �xed cost must be paid for every

linkage established. All else equal, �rms prefer connecting with their peers at home to the ones

abroad, because the bene�t of international linkages is lower given the cost of shipping goods

across borders. The linkage decisions by all individual �rms jointly determine the structure of

production networks in equilibrium, which in turn determines the availability of intermediate

inputs facing each �rm. This micro-macro connection then allows me to answer the second

question. Trade liberalization, modeled as reductions in trade costs, increases the returns to

international linkages and prompts �rms to expand overseas relationships. Moreover, since

�rms in my model simultaneously decide on both their domestic and foreign connections, the

expansion of international linkages a�ects the returns to domestic relationships and therefore

leads to structural changes also in production networks within borders.

Responding to the third question, I use my model to evaluate gains from trade both theo-

retically and quantitatively. The results crucially depend on the presence of �rm heterogeneity.

If �rms are homogeneous, whether international trade in intermediate inputs is positive in equi-

librium depends on both variable trade costs and linkage �xed costs. For linkage �xed costs

above a threshold, intermediate input trade will remain zero despite trade liberalization, be-

cause no �rm will �nd it pro�table to acquire foreign buyers given the high costs of establishing

such connections. Only when linkage �xed costs become su�ciently low will we see falling trade

costs lead to the formation of international linkages and therefore the emergence of intermediate

input trade. I prove that, below this threshold level of linkage �xed costs, welfare gains from

trade are larger than those predicted by the benchmark Krugman (1980) model. These extra

gains arise from changes in �rm technology, as the expansion of international linkages enables

producers to adopt a wider range of intermediate inputs and lower the cost of production. How-

ever, when �rms are heterogeneous in productivity, trade shocks always induce �rms to adjust

customer relationships regardless of linkage �xed costs, provided that the productivity support

is continuous and unbounded from above. In addition to �rm level technological changes, trade

liberalization also a�ects aggregate production technology by reshaping the �rm productivity
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distribution. As �rms rearrange downstream linkages in response to falling trade costs, some

producers attract new suppliers while others lose input diversity. The di�erential impact of

trade liberalization on heterogeneous �rms, together with free entry by productivity, lead to a

redistribution of �rm mass over the productivity support. Therefore, the heterogeneous �rm

model embodies an extra channel through which gains from trade can potentially arise from

the production side. Nevertheless, the overall welfare impact of trade liberalization is ambigu-

ous in general for the following reason. As trade costs fall, �rms may want to connect with

high-productivity input customers abroad instead of the low-productivity ones at home. This

redistribution of linkages could lead to some �rms losing suppliers in absolute terms and thus

having to raise prices because of higher production costs.

To settle the ambiguity in theory, I calibrate the heterogeneous �rm model to trade data

between the United States and the rest of the world from 2000 to 2014, reported by the World

Input Output Database. Even though my calibration does not target the value added content

of trade, the model successfully replicates the evolution of trade in value added, delivering a

model-data correlation around 0.7 over the sample period. I then apply the model to quantify

the e�ect of trade integration through two exercises. First, I decompose the actual welfare

changes according to their sources. Reductions in variable trade costs and linkage �xed costs

contribute respectively 15.5% and 43.5% of the 2000-2014 cumulative welfare gains. Second, I

compare the observed equilibrium in 2014 with the autarky equilibrium. To assess speci�cally

the importance of endogenous linkages, I conduct the counterfactuals with both the baseline

model and an alternative scenario where linkage distribution (i.e., the matching pattern be-

tween suppliers and customers) is �xed at the 2014 equilibrium outcome. Welfare losses from

the trade equilibrium to autarky vary from 10.2% to 2.57%, for a range from 3 to 7 of the

elasticity of substitution among closely-related varieties. In contrast, the losses solely due to

linkage rearrangement appear robust, ranging from 1.4% to 1.6% (equivalent to 16%-53% of

the overall losses).

This paper contributes to three strands of literature. The �rst strand studies the formation of

production networks either in the closed economy (Lim 2017, Ober�eld 2017) or with interna-

tional trade (Chaney 2012, Antràs et al. 2017, Tintelnot et al. 2017 ). Comparing to these

existing frameworks, the strength of my model lies in its ability to generate realistic network

structure, eliminating several restrictive assumptions adopted by the literature. First, I do not

group �rms ex-ante into buyers and sellers, nor do I restrict the number of linkages a �rm can

possess. In my model, any �rm may become both a supplier and a customer, with the number

of upstream and downstream relationships endogenously determined in equilibrium. Second,
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I do not assume that production is sequential, thereby allowing the network structure to be

cyclic. Third, I do not impose a stochastic process on �rms' linkage decision. Instead, �rms

always have the opportunity to adjust linkages in accordance with pro�t maximization. Despite

such �exibility, the model remains highly tractable and permits analytic characterization of the

equilibrium even when �rms are heterogeneous.

Next, the paper joins the collective e�ort to quantify gains from trade in the presence of

input-output linkages, such as Goldberg et al. (2010), Costinot and Rodríguez-Clare (2014),

Melitz and Redding (2014), Caliendo and Parro (2015), Halpern et al. (2015), Bernard et

al. 2017, and Blaum et al. (2017). Unlike these previous frameworks, in my model not only

international but also domestic linkages are responsive to trade liberalization. Furthermore,

I demonstrate that the rearrangement of �rm relationships, both within and across borders,

constitutes a quantitatively relevant margin of adjustment. Therefore, ignoring the structural

changes of either domestic or international production networks leads one to an incomplete

understanding of gains from trade. In a broader sense, this paper is also related to the macro

approach of quantifying gains from trade initiated by Arkolakis, Costinot and Rodríguez-Clare

(2012, henceforth ACR). The ACR framework identi�es two su�cient statistics for the size of

gains that are applicable to all trade models satisfying three macro-level restrictions. I show

that two of the three ACR restrictions fail to hold once �rm linkages become endogenous: both

the number of �rms and trade elasticity change with variable trade costs, instead of being

constant. Consequently, the ACR formula for gains from trade does not apply to my model

even in the absence of �rm heterogeneity, for the su�cient statistics implied by my model also

include production-side moments such as network densities and the factor share of intermediate

inputs.

Finally, the paper also speaks to the empirical analysis of trade in value added, from the pio-

neering work of Hummels et al. (2001) to recent studies by Johnson and Noguera (2012, 2017),

Koopman et al. (2014), and Kee and Tang (2016). My contribution to this strand of literature

is that I provide a general equilibrium theory for the value added content of trade, where the

ratio of value-added to gross trade is determined endogenously as an aggregate outcome of link-

age formation by individual �rms. In addition, the model succeeded in replicating the observed

trend in value-added trade, lending support to the theory. The general equilibrium nature of

the model makes it desirable for conducting conterfactuals to identify the key determinants of

trade in value added. Calibrating the model to U.S. trade data, I �nd that reductions in vari-

able trade costs account for most of the observed fall in the value added content of U.S. imports.
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The rest of the paper takes the following structure. Section 2 illustrates the model mechanism

in a simpli�ed setup with homogeneous �rms. Section 3 generalizes the model to accommodate

�rm heterogeneity. Section 4 derives testable predictions of the model and describes the cali-

bration strategy. Section 5 assesses model �t, conducts counterfactuals, and checks robustness.

Section 6 concludes. Proofs of all theoretical results are relegated to the appendix.

2 Homogeneous firm model

In this section, I build the intuition of endogenous production networks through a simpli�ed

model with homogeneous �rms. I �rst setup the model in Section 2.1, describing the problems

that households and �rms face. Next, I de�ne and solve for the equilibrium in Section 2.2. To

characterize the equilibrium, I begin with the limiting case of autarky in Section 2.3 and then

consider the impact of trade in Section 2.4.

2.1 Setup

The world consists of two symmetric countries, each hosting a continuum of industries indexed

by i over the unit interval. All industries feature monopolistic competition with free entry of

�rms. Each �rm produces a di�erentiated variety for two purposes: households may consume

the variety as a �nal good, and other �rms may adopt the variety as an intermediate input.

Trade is costless within borders, whereas an iceberg transport cost τ > 1 is imposed on the

buyer for any international shipment of goods. I model trade liberalization as reductions in

τ . Notation developed below takes into account the fact that I will search for symmetric

equilibrium when solving the model.

2.1.1 Households

A mass L of identical households reside in each country. They supply labor inelastically and

consume �nal good varieties according to nested CES preferences:

Y =

[∫ 1

0

(∫ 2Ni

0

Xβ
ijdj

)α
β

di

] 1
α

where 1/ (1− α) and 1/ (1− β) are respectively the elasticities of substitution between any two

varieties from di�erent industries and from the same industry. Since consumers typically �nd

it easier to substitute among goods within an industry than goods across industries, I assume

that α < β < 1. Goods are indexed by j over [0, 2Ni], where Ni is the total number of varieties

produced in industry i per country and is to be determined in equilibrium by free entry of
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�rms. The symmetry of �rms implies the symmetry of industries. Therefore, Ni = N for all

i ∈ [0, 1] and �rms charge the same price p in equilibrium. Household optimization yields the

following demand for domestic goods XH and imported goods XF :

XH = Y

(
P

p

) 1
1−α [(

1 + τ
β
β−1

)
N
] β−α
β(α−1)

, XF = τ
1

β−1XH ,

where P is the consumer price index:

P = p
[(

1 + τ
β
β−1

)
N
]β−1

β
.

2.1.2 Firms

Firms produce di�erentiated varieties by combining labor with a bundle of intermediate inputs

in a Cobb-Douglas fashion:

q =
θ

σσ (1− σ)1−σ l
σm1−σ

where 0 < σ < 1 and θ is the common level of total factor productivity (TFP).2 The inter-

mediate input bundle m aggregates all available varieties in a nested CES form, with separate

elasticities of substitution within and across industries:

m =

[∫ 1

0

(∫ 2Ni

0

Iijxβijdj
)α

β

di

] 1
α

where Iij is an indicator variable taking on value 1 if good j of industry i is accessible via

upstream linkages and 0 otherwise. I assume that it is easier for producers to substitute between

intermediate inputs from the same industry than between those from di�erent industries: α <

β < 1. Without loss of generality, I order the varieties of any industry i such that those over

[0, Ni] are produced by domestic �rms and those over (Ni, 2Ni] are produced abroad. Let µi,H ≡∫ Ni
0

Iijdj/Ni and µi,F ≡
∫ 2Ni
Ni

Iijdj/Ni denote respectively the fraction of domestic and foreign

�rms from industry i that have made themselves available as input suppliers. Then, µi,HNi and

µi,FNi correspond to the number of domestic and foreign suppliers from industry i, both to be

determined in equilibrium. Since industries are symmetric, the equilibrium distribution of �rm

linkages is uniform across industries: µi,H = µH and µi,F = µF for all i ∈ [0, 1]. Taking supplier

availability µH and µF as given, �rms choose quantities of labor l, domestic intermediate inputs

xH , and foreign intermediate inputs xF to minimize the variable production cost, resulting in

2In this simpli�ed model, the TFP level θ is no more than a scalar. Later on in Section 3, I will allow θ to
follow a non-degenerate distribution as a way of introducing �rm heterogeneity.
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the factor demand functions below:

xH = m

(
P S

p

) 1
1−α [(

µH + τ
β
β−1µF

)
N
] β−α
β(α−1)

, xF = τ
1

β−1xH ,

m = (1− σ)
q

θ

( w
P S

)σ
, l = σ

q

θ

(
P S

w

)1−σ

,

where P S is the producer price index:

P S = p
[(
µH + τ

β
β−1µF

)
N
]β−1

β
.

Following the standard monopolistic pricing rule, �rms set variety prices at a constant markup

over the marginal cost: p = wσ
(
P S
)1−σ

/ (βθ). In addition to ful�lling consumption demand,

�rms may also sell their output to other �rms as intermediate inputs. In order to serve as

an input supplier, the �rm must �rst establish a bilateral relationship with the customer by

paying a �xed cost of κθ labor units.3 Given the symmetric structure of the model, the �rm's

linkage formation problem boils down to choosing a fraction µH ∈ [0, 1] of domestic �rms and

a fraction µF ∈ [0, 1] of foreign �rms to sell to.4 Each �rm then has a mass of µHN input

customers at home and a mass of µFN input customers from abroad. The demand for a variety

consists of consumption needs from domestic households XH and foreign households τXF , as

well as intermediate input needs at home xHµHN and from abroad τxFµFN :

q = XH + τXF + xHµHN + τxFµFN. (1)

The �rst order conditions for the linkage choice variables µH and µF are given by

(1− β)xHp− κθw


6 0 if µH = 0

= 0 if µH ∈ (0, 1)

> 0 if µH = 1

; (1− β) τxFp− κθw


6 0 if µF = 0

= 0 if µF ∈ (0, 1)

> 0 if µF = 1

.

These conditions highlight the tradeo� that a �rm faces when forming downstream linkages. On

the bene�t side, acquiring an extra customer adds (1− β)xHp to �rm pro�ts if the customer

is domestic and (1− β) τxFp if the customer is foreign. On the cost side, setting up the

3One justi�cation for linkage �xed costs being proportional to the TFP level θ is that, the higher the
productivity, the higher the opportunity cost of removing labor from production to linkage formation.

4Since �rms are symmetric within a country, a supplier does not care about the speci�c identities of its
customers, as long as they exhibit the same demand for intermediate inputs. I thus assume that the speci�c
identities of the customers are selected at random. As a result, µH is also the probability of any two �rms from
the same country having an input-output link between them, and µF gives such linking probability between
any two �rms from di�erent countries.
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supplier-customer relationship requires an upfront payment of κθw. In the presence of trade

costs (τ > 1), returns to domestic relationships always exceed those to the international ones,

because clients at home place larger orders than buyers from abroad (xH > τxF = τ
β
β−1xH).

Therefore, a �rm never reaches to customers overseas when there are still domestic �rms left

unconnected. In a symmetric equilibrium, µH and µF correspond to the densities of domestic

and international production networks. Hence, the pair of variables {µH , µF} completely de�ne

the equilibrium structure of global production networks. In standard trade models where

the input-output structure is exogenously imposed, µH and µF are merely �xed parameters

irresponsive to changes in the economic environment.5 In my model, µH and µF are equilibrium

objects rooted in the �rm's pro�t maximization problem and therefore naturally reactive to

shocks. As I show in the forthcoming sections, endogenous production networks make the

economy adjust to trade liberalization in new and important ways.

2.2 Equilibrium definition and solution

I close the model with the assumption about �rm entry: to enter any industry, a �rm must

pay a cost of νθ labor units.6 Normalizing wage w to one, I de�ne the symmetric equilibrium

below.

De�nition (homogeneous �rm equilibrium) Given parameters α, β, σ, L, κ, ν, τ

and θ, a symmetric equilibrium of the homogeneous �rm economy consists of variety price p,

�rm revenue r ≡ pq, linkage densities µH and µF , and �rm mass N such that the following

conditions hold:

1. Households maximize utility; i.e. the consumption demand functions XH and XF are

given by Section 2.1.1.

2. Firms maximize pro�t; i.e. the factor demand functions (xH , xF , l, and m) as well as

the pricing rule p are given by Section 2.1.2, and the linkage choice variables µH and µF

satisfy the �rst order conditions laid out in the same section.

3. There is free entry of �rms in all industries; i.e. pro�ts are driven down to cover solely

the entry costs: (1− β) r − κθ (µH + µF )N = νθ.

4. Goods market clears according to equation (1).

5For example, the Krugman (1980) model �xes µH and µF at zero by excluding intermediate inputs from
factors of production. Following Ethier (1982), models that feature roundabout production, where �nal goods
can be used as intermediate inputs, essentially assumes fully-connected production networks with µH = µF = 1.

6One justi�cation for entry costs being proportional to the TFP level θ is that, the higher the productivity,
the higher the opportunity cost of removing labor from production to �rm creation.
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5. Labor market clears: L = [l + κθ (µH + µF )N + νθ]N .

To solve for the equilibrium, I �rst express variety price p and �rm revenue r in terms of the

production network structure {µH , µF} and aggregate �rm mass N :

p = (βθ)−
1
σ

[(
µH + τ

β
β−1µF

)
N
]−( 1−β

β )( 1−σ
σ )

, r =
L

[1− β (1− σ)]N
.

Variety price decreases in the total mass of �rm linkages (with international linkages discounted

by a factor of τ
β
β−1 ), a direct result of the intermediate input bundle taking nested CES form.

The more varieties enter the intermediate input bundle, the lower the marginal cost of produc-

tion and hence the lower the monopolistic price. Free entry and labor market clearing jointly

imply the following relationship between aggregate �rm mass N and aggregate linkage mass

(µH + µF )N : [
1− β

1− β (1− σ)

]
L

N
= νθ + κθ (µH + µF )N (2)

which, together with the following optimality conditions of �rm linkages, allow me to solve for

the equilibrium value of N , µH , and µF .

β (1− β) (1− σ)L

[1− β (1− σ)]N2
(
µH + τ

β
β−1µF

) − κθ

6 0 if µH = 0

= 0 if µH ∈ (0, 1)

> 0 if µH = 1

(3)

τ
β
β−1β (1− β) (1− σ)L

[1− β (1− σ)]N2
(
µH + τ

β
β−1µF

) − κθ

6 0 if µF = 0

= 0 if µF ∈ (0, 1)

> 0 if µF = 1

(4)

In the optimal linkage conditions (3) and (4), the left hand side of the equality/inequality signs

gives the returns to linkages, which are decreasing functions of the equilibrium network densities

µH and µF . This is because intermediate input demands (xH and xF ) decrease in the number of

available varieties, as a result of the assumption that varieties are more substitutable within an

industry than across industries (α < β). Whether the �rm's linkage problem yields an interior

solution depends on the linkage �xed cost parameter κ. For su�ciently high κ, marginal pro�t

of foreign relationships is negative even when international linkages are entirely missing.7 For

su�ciently low κ, the marginal pro�t of domestic (foreign) relationships remains positive even

when the �rm already supplies inputs to all its domestic (foreign) peers. I formalize these

intuitions in Lemma 1.
7On the contrary, marginal pro�t of domestic relationships is never negative, for marginal revenue of domestic

linkages becomes in�nite when the total number of links in the economy approaches zero.

10



Lemma 1 The domestic production network of each country has density:

µH =


β(1−σ)θν2

(1−β)[1−β(1−σ)]κL
if κ ∈ (κH ,∞)

1 if κ ∈ [0, κH ]

where the linkage �xed cost threshold is given by

κH =
β (1− σ) θν2

(1− β) [1− β (1− σ)]L
.

The international production network has density

µF =



0 if κ ∈ [κF ,∞)

4β(1−β)(1−σ)Lκ

(
τ

β
1−β −1

)2

[1−β(1−σ)]θ

[
ν−

√
ν2−4κ

(
τ

β
1−β −1

)
(1−β)Lθ−1

]2 − τ
β

1−β if κ ∈ (κF , κF )

1 if κ ∈ [0, κF ]

where the linkage �xed cost thresholds are given by

κF = τ
β
β−1

[
1− β (1− σ)

1− τ
β
β−1β (1− σ)

]2

κH , κF = τ
β
β−1

(
1 + τ

β
β−1

)[ 1− β (1− σ)

1 + τ
β
β−1 − 2τ

β
β−1β (1− σ)

]2

κH .

To assess the aggregate impact of trade liberalization, I measure welfare by real wageW ≡ 1/P

which has the following expression in equilibrium:

W =
(

ΛcΛ
1−σ
σ

m µ
σ−1
σ

H N−
1
σ

)β−1
β

(βθ)
1
σ (5)

where Λc ≡ 1/
(

1 + τ
β
β−1

)
is the domestic expenditure share for consumption goods and

Λm ≡ µH/
(
µH + τ

β
β−1µF

)
is the domestic expenditure share for intermediate inputs. One

immediately observes that, when production technology relies entirely on labor (σ = 1), the

economy reduces to a version of Krugman (1980) with nested CES preferences. This should

not be surprising as the novelty of my model lies in �rm linkages, which are relevant only when

factors of production include intermediate inputs.

Proposition 1 The homogeneous �rm model converges to a generalized version (with nested

CES preferences) of Krugman (1980) in the limiting case of σ → 1. At this benchmark, the

elasticity of welfare with respect to market size
(

1 + τ
β
β−1

)
L (i.e. the degree of increasing
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returns to scale) is (1− β) /β.

2.3 Autarky

The autarky case serves a good starting point for equilibrium characterization, since entering

free trade from autarky is equivalent to doubling population size in the closed economy. When

trade costs are prohibitively high (τ → ∞), �rms �nd no incentive to establish customer-

supplier relationships with their foreign counterparts. The �xed cost thresholds for foreign

linkages tend to zero in this limiting case:

lim
τ→∞

κF = lim
τ→∞

κF = 0.

As population L increases, not only does the number of varieties grow, but the scale of pro-

duction also expands, provided that linkage �xed costs κ are low enough. Lemma 2 below

summarizes the market size e�ects on variety mass N and (revenue-based) �rm size r.

Lemma 2 If linkage �xed costs are high such that κ ∈ [κH ,∞), market expansions raise

the number of varieties (dN/dL > 0) but do not change the size of �rms (dr/dL = 0). If

linkage �xed costs are low such that κ ∈ [0, κH), larger markets lead to not only more varieties

(dN/dL > 0) but also larger production scale (dr/dL > 0).

The above results showcase the key di�erence between the Krugman model and my frame-

work. In the former, the bene�t of larger markets arises entirely from a more diverse consump-

tion basket, as production scale is una�ected by market size. Contrasting to the Krugman

benchmark, my model possesses an additional mechanism of gains from trade, operating on

the production side. Speci�cally, larger markets enable �rms to expand downstream linkages,

potentially boosting the range of intermediate inputs available for adoption and thereby reduc-

ing the marginal cost of production. The relevance of this extra welfare-enhancing mechanism

depends naturally on the �xed cost of forming a supplier-customer relationship, regulated by

the parameter κ. High levels of κ discourage �rms from taking advantage of the widened cus-

tomer pool to create more connections, thus rendering this additional mechanism irrelevant.

The next proposition elaborates on the above argument.

Proposition 2 In a closed economy with endogenous �rm linkages, the degree of aggregate

increasing returns to scale depends on linkage �xed costs κ: d lnW/d lnL = (1− β) /β for

κ ∈ [κH ,∞), whereas d lnW/d lnL > (1− β) /β for κ ∈ [0, κH). Therefore, when the equilib-

rium production network is incomplete (0 6 µH < 1), the model implies the same market size

e�ect on welfare as in Krugman (1980). However, gains from market expansions are strictly
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larger than those in Krugman (1980) when the equilibrium production network is complete

(µH = 1).

When customer-supplier relationships are relatively expensive to form (κ > κH), the marginal

pro�t of downstream linkages falls to zero before �rms exhaust all potential clients. Since �rms

are satiated with the amount of input orders they already receive, enlarging the market alone

would not motivate them to acquire additional customers, and the production network is left

unchanged. Thus, the market size e�ect manifests solely in extra consumption varieties. How-

ever, when linkage �xed costs are so low that �rms �nd it pro�table to connect with every other

�rm (κ < κH), the shadow value of customer-supplier relationships is positive but �rms are

constrained by the number of clients they can possibly obtain. In this case, increasing market

size relaxes the customer availability constraint facing suppliers and fosters new �rm linkages.

Finally, the threshold κH itself is decreasing in market size L, suggesting that small economies

enjoy more scope for the production-side gains from trade than large countries.

2.4 The open economy

I characterize the open economy equilibrium by focusing on the parameter space of trade

costs τ and linkage �xed costs κ. Lemma 1 provides a mapping from any combination of the

cost parameters (τ, κ) ∈ [1,∞) × [0,∞) to a con�guration (µH , µF ) ∈ [0, 1] × [0, 1] of global

production networks. To facilitate discussion, I �rst categorize all possible structure of global

production networks into four classes, according to linkage location and density:

De�nition (network con�guration) Global production networks are national-partial (NP)

if µH ∈ (0, 1) and µF = 0; national-complete (NC) if µH = 1 and µF = 0; international-partial

(IP) if µH = 1 and µF ∈ (0, 1); international-complete (IC) if µH = 1 and µF = 1.

When global production networks are NP or NC, they are no more than a collection of two

separate national networks, and international trade involves consumption goods only. Cross-

country trade in intermediate inputs occurs only when the world economy exhibits network

structure IP or IC. The next lemma partitions the parameter space of trade costs τ and linkage

�xed costs κ into areas where one or more of the four aforementioned network structure emerges

in equilibrium.

Lemma 3 If β (1− σ) 6 1/2, the linkage �xed cost thresholds satisfy 0 6 κF 6 κF 6 κH <∞
for any (τ, κ) ∈ [1,∞) × [0,∞), and the trade equilibrium is unique. If β (1− σ) > 1/2,

the ranking 0 6 κF 6 κF 6 κH < ∞ holds only when trade costs fall below a threshold:
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τ 6 τ̂ . For su�ciently high trade costs (τ > τ̂), the linkage �xed cost thresholds satisfy

0 6 κF < κF < κH <∞, and multiple equilibria can be sustained over a non-empty interval of

κ. The trade cost threshold τ̂ solely depends on exogenous parameters β and σ.

Figure 4 plots the linkage �xed cost thresholds κH , κF , and κF as functions of trade costs

τ for the case of β (1− σ) 6 1/2. Global production networks are NP if κH < κ < ∞, NC

if κF 6 κ 6 κH , IP if κF < κ < κF , and IC if 0 6 κ 6 κF . A key insight from Lemma 3 is

that the level of linkage �xed costs κ determines whether alleviating trade barriers can a�ect

the structure of global production networks. For countries with κ > κH , trade integration does

not trigger adjustments in �rm linkages, as neither the domestic network density µH nor the

threshold κH depends on trade costs τ . However, when κ is below the threshold κH , trade

cost reductions may prompt �rms to form supplier-customer relationships with their peers

abroad, since the thresholds κF and κF are both downward-sloping functions of trade costs

τ . In this case, trade integration can induce global production networks to undergo structural

transformation from NC to IP or even IC, during which trade in intermediate inputs appears

endogenously. To fully gauge the welfare impact of trade, we also need to consider the response

of aggregate �rm mass N , which is the subject of the next lemma.

Lemma 4 If global production networks are NP, NC, or IC, dN/dτ = 0. If global production

networks are IP, dN/dτ > 0. Therefore, as countries connect more densely with each other

through intermediate input trade, the world economy becomes more concentrated, with �rm size

r rising and �rm mass N shrinking.

Smaller trade costs τ make foreign markets more accessible. When international linkages are

too costly to set up, only consumers can bene�t from the enhanced accessibility of foreign

goods, while �rms face the same pool of domestic input varieties and hence maintain the same

production technology. Cross-country �rm relationships are a necessary condition for producers

to also reap the bene�ts of larger markets. By adopting a wider range of intermediate inputs

through connections to foreign suppliers, �rms are able to lower the marginal cost of production

and thereby grow in size. Even though concentration increases with trade liberalization when

global production networks are IP, the gains from intermediate input diversity more than com-

pensate for the losses of consumption variety, and therefore the market size e�ect still exceeds

that implied by the Krugman model. In terms of welfare gains from trade, Proposition 3 below

formally contrasts my model of endogenous �rm linkages with the Krugman benchmark.

Proposition 3 If global production networks are NP or NC in equilibrium, the elasticity of

welfare with respect to market size is d lnW/d ln
(

1 + τ
β
β−1

)
= (1− β) /β. If global production
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networks are IP or IC in equilibrium, d lnW/d ln
(

1 + τ
β
β−1

)
> (1− β) /β . Therefore, the

open economy equilibrium implies the same market size e�ect on welfare as in Krugman (1980)

when international linkages are absent. However, the degree of aggregate increasing returns to

scale is strictly higher than that in Krugman (1980) as long as trade in intermediate inputs is

positive (i.e. international linkages are present).

Having shown that the model implies larger welfare gains from trade than the Krugman bench-

mark, I take a further step by asking if these larger gains are in fact �new gains�. Arkolakis et

al. (2012) point out two su�cient statistics for the welfare impact of globalization, namely the

trade elasticity and the share of domestic goods in aggregate expenditure, which apply to an

important class of quantitative trade models. I now examine whether endogenous production

networks indeed provide an extra margin of adjustment missing in models with �xed linkages,

such as those considered by Arkolakis et al. (2012). The next proposition expresses the welfare

gains from trade implied by my model in terms of observable empirical moments and contrasts

this expression with the ACR formula.

Proposition 4 With endogenous production networks, the following empirical moments con-

stitute su�cient statistics for the welfare impact of globalization (conditional on the value of σ):

trade elasticity ε, the aggregate domestic expenditure share Λ, the domestic expenditure share

for intermediate inputs Λm, the share of intermediate inputs in gross output ι, the density ratio

of international networks to domestic networks µ̂ ≡ µF/µH , and total �rm mass N . Speci�-

cally, the response of welfare with respect to a small change in variable trade costs τ is given

by

d lnW =

(
1 + χ1

ε

)
(d ln Λ + d lnχ2) (6)

with

χ1 =
ιΛm (1− Λm) (1− µ̂)

1− ιΛm (1− µ̂)
− ιΛm (1− Λm) (µ̂−1 − 1)

1 + ι (1− Λm) (µ̂−1 − 1)
, χ2 =

Λ
1−σ
σ

m N−
1
σ

1 + ι (1− Λm) (µ̂−1 − 1)
.

In general, the above expression is di�erent from the ACR formula (d lnW = d ln Λ/ε), be-

cause endogenous production networks violate two macro-level restrictions required for the

ACR formula. First, as shown by Lemma 4, when trade cost reductions prompt �rms to ex-

pand foreign relationships, the reallocation of labor towards linkage formation crowds out �rm

creation, leading to a decrease in the total number of varieties and hence violating restriction

R2 in Arkolakis et al. (2012). Second, globalization a�ects intermediate inputs trade not

only on the intensive margin but also on the extensive margin through the creation of inter-
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national linkages. Therefore, trade elasticity is no longer constant, violating restriction R3 in

the ACR framework. Since input-output linkages are endogenous variables in my model and

therefore responsive to trade shocks, the set of su�cient statistics for welfare changes natu-

rally expands to include production-side moments: ι captures the contribution of intermediate

inputs in aggregate output, while Λm and µ̂ ≡ µF/µH re�ect how globally integrated the mar-

kets for intermediate inputs are. When the intermediate inputs share ι = β (1− σ) is zero

(i.e., σ → 1), equation (6) converges to the ACR formula, which is expected as the Krugman

model satis�es the ACR restrictions. In the limiting case of no international linkage (µF → 0

and hence µ̂ → 0), only domestic inputs are used in production (Λm = 1) and equation (6)

reduces to d lnW = d ln Λ/ [ε (1− ι)]. At the other extreme where production networks are

globally complete (µF → 1 and hence µ̂→ 1), the domestic expenditure share for intermediate

inputs coincides with that for consumption goods (Λm = Λc = Λ) and equation (6) reduces to

d lnW = d ln Λ/ (εσ). In both limiting cases, the ACR formula understates the true welfare

gains from trade.

3 Heterogeneous firm model

In this section, I generalize the model by introducing �rm heterogeneity. Without repeating

the maintained assumptions, Section 3.1 only describes how �rm heterogeneity a�ects the

choices made by households and producers. I then de�ne and solve for the heterogeneous �rm

equilibrium in Section 3.2. In Section 3.3, I use stylized examples to illustrate key di�erences

in the impact of trade between the heterogeneous and the homogeneous �rm models, while

referring those interested in general comparative statics to Appendix A.

3.1 Setup

The heterogeneous �rm model shares the same setup as previously described, except that

productivity now varies across industries. Speci�cally, industry TFP θ (common to all �rms

within the industry) follows an exogenous non-degenerate distribution with probability density

function g (θ) over positive support Θ ≡
[
θ, θ
]
, where θ can potentially be in�nite. From now

on, I switch the industry index from i ∈ [0, 1] to θ ∈ Θ via the mapping implied by g (θ). Firms

within an industry are still symmetric, and therefore I index �rms by the productivity levels θ

of their respective industries.
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3.1.1 Households

In this generalized setup, consumption demand by households varies across �rm productivity

levels θ:

XH (θ) = Y

[
P

p (θ)

] 1
1−α [(

1 + τ
β
β−1

)
N (θ)

] β−α
β(α−1)

, XF (θ) = τ
1

β−1XH (θ) ,

where the consumer price index now has the following expression:

P ≡
{∫

Θ

p (θ)
α
α−1

[(
1 + τ

β
β−1

)
N (θ)

]α
β ( 1−β

1−α)
g (θ) dθ

}α−1
α

.

3.1.2 Firms

With �rm heterogeneity, demand for intermediate inputs depends on the productivity level of

both the supplier and the customer. Hereafter, I refer to a �rm (or an industry) with TFP level

θ as a type-θ �rm (industry). A type-θ �rm sources intermediate inputs {xH (θ, θ′)}θ′∈Θ from

its domestic suppliers and {xF (θ, θ′)}θ′∈Θ from its foreign suppliers. These factor demands are

functions of both the customer productivity θ and the supplier productivity θ′:

xH (θ, θ′) = m (θ)

[
P S (θ)

p (θ′)

] 1
1−α {[

µH (θ, θ′) + τ
β
β−1µF (θ, θ′)

]
N (θ′)

} 1
β (α−β1−α )

,

xF (θ, θ′) = τ
1

β−1xH (θ, θ′) ,

where the producer price index is now speci�c to the customer �rm:

P S (θ) ≡
(∫

Θ

{[
µH (θ, θ′) + τ

β
β−1µF (θ, θ′)

]
N (θ′)

}α
β ( 1−β

1−α)
p (θ′)

α
α−1 g (θ′) dθ′

)α−1
α

. (7)

The linkage densities µH (θ, θ′) ∈ [0, 1] and µF (θ, θ′) ∈ [0, 1] also become relationship-speci�c in

the context of heterogeneous �rms.8 Speci�cally, µH (θ, θ′)N (θ′) and µF (θ, θ′)N (θ′) give the

number of domestic and foreign suppliers that �rm θ has in any type-θ′ industry. The linkage

formation problem for �rm θ is to choose, in every industry θ′ ∈ Θ, a fraction µH (θ′, θ) ∈ [0, 1]

of domestic �rms and a fraction µF (θ′, θ) ∈ [0, 1] of foreign �rms to sell to. As a result, in any

type-θ′ industry, �rm θ acquires a mass of µH (θ′, θ)N (θ′) customers at home and a mass of

8Throughout the heterogeneous �rm model, wherever a variable is dependent on the types of both the buyer
and the seller, the �rst index always refers to the customer type while the second index always refers to the
supplier type.
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µF (θ′, θ)N (θ′) customers from abroad and therefore faces the following demand function:

q (θ) = XH (θ) + τXF (θ) +

∫
Θ

[xH (θ′, θ)µH (θ′, θ)N (θ′) + τxF (θ′, θ)µF (θ′, θ)N (θ′)] g (θ′) dθ′.

(8)

The �rst order conditions for the linkage choice variables {µH (θ′, θ) , µF (θ′, θ)}θ′∈Θ balance

the same tradeo� as in the homogeneous �rm model, except that now returns to linkages

vary across �rm pairs. For �rm θ, the bene�t of having an additional type-θ′ customer is

(1− β)xH (θ′, θ) p (θ) if the relationship is domestic and (1− β) τxF (θ′, θ) p (θ) if the relation-

ship is international. In equilibrium, the two linkage density mappings µH , µF : Θ×Θ→ [0, 1]

jointly de�ne the structure of global production networks: the mapping µH describes the linkage

distribution within borders and the mapping µF characterizes the distribution of international

linkages.

3.2 Equilibrium definition and solution

As before, I state the �rm entry assumption to close the model. Firms can choose which

industry to enter, knowing that they will adopt the productivity level of the industry upon

entry. To enter an industry with TFP level θ, a �rm must pay a cost of νθ labor units. The

heterogeneous �rm equilibrium is de�ned analogously to that in Section 2.2, with equilibrium

variables replaced by equilibrium mappings whose domains are the productivity space Θ.

De�nition (heterogeneous �rm equilibrium) Given a set of parameters {α, β, σ, L, κ, ν, τ}
and a probability distribution function of industry productivities g : Θ → [0,∞), a symmetric

equilibrium of the heterogeneous �rm economy includes mappings of variety prices p : Θ→ R+,

�rm revenues r = p ◦ q : Θ → R+, linkage densities µH , µF : Θ × Θ → [0, 1], and �rm masses

N : Θ→ R+ such that the following conditions hold:

1. Households maximize utility according to Section 3.1.1.

2. Firms maximize pro�t according to Section 3.1.2.

3. There is free entry of �rms in all industries: for all θ ∈ Θ,

(1− β) r (θ)− κθ
∫

Θ

[µH (θ′, θ) + µF (θ′, θ)]N (θ′) g (θ′) dθ′ = νθ.

4. Goods market clears according to equation (8) for all �rms θ ∈ Θ.
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5. Labor markets clear:

L =

∫
Θ

{
l (θ) + κθ

∫
Θ

[µH (θ′, θ) + µF (θ′, θ)]N (θ′) g (θ′) dθ′ + νθ

}
N (θ) g (θ) dθ.

Even though the distribution of industry productivity g (θ) is exogenous, the distribution of �rm

productivity is endogenous, because the free entry condition determines the number of �rms

N (θ) operating in each industry. To facilitate equilibrium characterization, I de�ne aggregate

productivity A as an unweighted sum of the productivity levels of all �rms in the economy:

A ≡
∫

Θ

θN (θ) g (θ) dθ.

The endogenous nature of aggregate productivity A arises from N (θ), the equilibrium distri-

bution of �rms across industries. Thus, A can also be thought of as a weighted sum of industry

TFP levels, with the weights endogenously given by the mass of �rms.

In the presence of �rm heterogeneity, the payo� to a supplier-customer relationship depends

on the productivity of both parties. When a �rm decides which potential customers to sell to,

it naturally favors those with higher demand since the �xed cost of establishing a downstream

link does not vary across buyer types. I conjecture and later verify that, for any seller type

θ, intermediate input demand xH (θ′, θ) and xF (θ′, θ) are increasing functions of the buyer's

productivity level θ′. As a result, the supplier's optimal linkage formation gives rise to a set of

productivity cuto�s bH (θ), bF (θ), and bF (θ) for selecting customers:

µH (θ′, θ) =

∈ (0, 1) if θ 6 θ′ < bH (θ)

1 if bH (θ) 6 θ′ 6 θ
; µF (θ′, θ) =


0 if θ 6 θ′ 6 bF (θ)

∈ (0, 1) if bF (θ) < θ′ < bF (θ)

1 if bF (θ) 6 θ′ 6 θ

.

Conditional on buyer type θ′, any supplier would �nd domestic relationships more pro�table

than international ones, so long as trade remains costly (τ > 1). Therefore, the customer-

selection productivity cuto�s must satisfy

bH (θ) < bF (θ) < bF (θ)

which means that a �rm would never sell to a foreign type-θ′ �rm before it has exhausted

all domestic type-θ′ customers. The next lemma characterizes these productivity cuto�s in

equilibrium.
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Lemma 5 The cuto� productivity levels for selecting customers are the same for all sup-

pliers. For all θ ∈ Θ, bH (θ) = bH ≡ max {θ, κ [1− β (1− σ)]A2/ [β (1− β) (1− σ)L]},
bF (θ) = bF ≡ τ

β
1−β bH , and bF (θ) = bF ≡

(
1 + τ

β
1−β

)
bH .

Lemma 5 allows me to group �rms according to how their productivity levels θ compare with

the customer-selection cuto�s. If θ ∈ [θ, bH), the �rm has no foreign suppliers and is reached

only by a subset of domestic �rms; if θ ∈ [bH , bF ], the �rm has upstream links with all other

producers in the country but with none abroad; if θ ∈
(
bF , bF

)
, the �rm's suppliers include all

of its domestic peers plus a subset of foreign �rms; if θ ∈
[
bF , θ

]
, the �rm sources intermediate

inputs from all other �rms, home and abroad. Since trade costs τ alone entirely determine the

relative positions of bH , bF , and bF , solving for one of the three cuto�s is su�cient for carrying

out the partition. I thus choose the cuto� bH as the unknown to be solved for. The next lemma

establishes that all �rm level outcomes depend on equilibrium aggregate variables only through

the customer-selection cuto� bH and aggregate productivity A.

Lemma 6 Equilibrium �rm size is increasing in the �rm productivity level θ:

r (θ) =
θL

[1− β (1− σ)]A
.

Equilibrium variety price is decreasing in the �rm productivity level θ:

p (θ) =



θ−[1+( 1−β
β )(1−σ)]ΨP (bH , A) if θ 6 θ < bH

θ−1
{
κ[1−β(1−σ)]A2

β(1−β)(1−σ)L

}(β−1
β )(1−σ)

ΨP (bH , A) if bH 6 θ 6 τ
β

1−β bH

θ−[1+( 1−β
β )(1−σ)]τ 1−σΨP (bH , A) if τ

β
1−β bH < θ <

(
1 + τ

β
1−β

)
bH

θ−1
{(

1 + τ
β
β−1

)
κ[1−β(1−σ)]A2

β(1−β)(1−σ)L

}(β−1
β )(1−σ)

ΨP (bH , A) if
(

1 + τ
β

1−β

)
bH 6 θ 6 θ

The distribution of �rms across industries is given by

N (θ) =



θ
(2α−1)β
β−α +

α(1−β)
β−α (1−σ)ΨN (bH , A) if θ 6 θ < bH

θ
(2α−1)β
β−α

{
κ[1−β(1−σ)]A2

β(1−β)(1−σ)L

}α(1−β)
β−α (1−σ)

ΨN (bH , A) if bH 6 θ 6 τ
β

1−β bH

θ
(2α−1)β
β−α +

α(1−β)
β−α (1−σ)τ

αβ
α−β (1−σ)ΨN (bH , A) if τ

β
1−β bH < θ <

(
1 + τ

β
1−β

)
bH

θ
(2α−1)β
β−α

{(
1 + τ

β
β−1

)
κ[1−β(1−σ)]A2

β(1−β)(1−σ)L

}α(1−β)
β−α (1−σ)

ΨN (bH , A) if
(

1 + τ
β

1−β

)
bH 6 θ 6 θ

where ΨP (bH , A) and ΨN (bH , A) are expressions common to all productivity types, and are

dependent on two endogenous variables only: the customer-selection cuto� bH and aggregate
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productivity A (the full expressions are given in the proof).

Global production networks in the heterogeneous �rm model are de�ned by µH , µF : Θ×Θ→
[0, 1], two mappings from the space of productivity type pairs to the unit interval. In equilib-

rium, µH (θ′, θ) gives the probability that a type-θ supplier is connected with a type-θ′ customer

of the same country, and µF (θ′, θ) gives such a linking probability across countries. I show in

the next lemma that the productivity cuto� bH for customer selection is all one needs to fully

characterize both domestic and international production networks.

Lemma 7 Domestic production networks are characterized by the linking probability function:

µH (θ′, θ) =


β(1−β)(1−σ)Lθ′

κ[1−β(1−σ)]A2 if θ 6 θ′ < bH

1 if bH 6 θ′ 6 θ
.

International production networks are characterized by the linking probability function:

µF (θ′, θ) =


0 if θ 6 θ′ 6 τ

β
1−β bH

β(1−β)(1−σ)Lθ′

κ[1−β(1−σ)]A2 − τ
β

1−β if τ
β

1−β bH < θ′ <
(

1 + τ
β

1−β

)
bH

1 if
(

1 + τ
β

1−β

)
bH 6 θ′ 6 θ

where θ is the productivity level of the supplier and θ′ that of the customer.

Lemma 6 and 7 jointly paint a picture of the equilibrium at the �rm level. More produc-

tive �rms operate on a larger scale, demand more intermediate inputs, attract a wider range

of suppliers, enjoy superior production technology thanks to higher input diversity, and charge

lower prices accordingly. The substitutability of varieties across industries (as measured by the

parameter α) governs how the concentration of �rms N (θ) varies with industry TFP levels. If

α 6 β/ [2β + (1− β) (1− σ)], products from di�erent industries are not close substitutes, and

�rm concentration is weakly increasing in industry productivity. In this case, high-productivity

industries host less albeit larger �rms than low-productivity industries. If 1/2 6 α < 1, �rm

concentration is weakly decreasing in industry productivity, and high-productivity industries

feature not only larger �rms but also more �rms. For the intermediate range of cross-industry

substitutability such that β/ [2β + (1− β) (1− σ)] < α < 1/2, the relationship between �rm

concentration and industry type is no longer monotonic.

Finally, I solve for the two remaining unknowns: the productivity cuto� bH for selecting cus-

tomers and aggregate productivity A. By the two previous lemmas, one can express a �rm's
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total number of downstream links
∫

Θ
[µH (θ′, θ) + µF (θ′, θ)]N (θ′) g (θ′) dθ′ ≡ z (bH , A) in terms

of the two aggregate unknowns (the full expression is given in the appendix). Thus, the free

entry (FE) condition together with the customer selection (CS) condition given by Lemma

5 provide two separate relationships between the customer-selection cuto� bH and aggregate

productivity A, whose behavior in the (bH , A) space jointly determines equilibrium existence

and uniqueness:

(1− β)L

[1− β (1− σ)]A
− κz (bH , A) = ν (FE)

bH = max

{
θ,
κ [1− β (1− σ)]A2

β (1− β) (1− σ)L

}
(CS)

So far I have not imposed any restriction on the exogenous distribution of industry types g (θ).

To sharpen the predictions about equilibrium existence and uniqueness, I adopt the standard

Pareto distribution for g (θ) with support [θ,∞), i.e. θ →∞. The following proposition details

the parametric condition under which the heterogeneous �rm equilibrium exists and is unique.

Proposition 5 Suppose that the exogenous distribution of industry productivity is Pareto

with shape parameter ζ such that ζ > α (2β − 1) / (β − α) and ζ 6= α [β − σ (1− β)] / (β − α),

then the heterogeneous �rm equilibrium exists. For linkage �xed costs above a certain thresh-

old (κ > κ), the customer-selection cuto� bH lies in the interior of the productivity support

(θ < bH 6 ∞) and the equilibrium is unique; for su�ciently low linkage �xed costs (κ 6 κ),

the customer-selection cuto� bH hits the lower bound of the productivity support (bH = θ) and

the equilibrium is unique in the limiting case of τ →∞. The threshold level κ depends only on

exogenous parameters.

Restrictions on the shape parameter ζ ensure the convergence of various integrals, so that

equilibrium prices and quantities are �nite. As with the homogeneous �rm model, I mea-

sure welfare by real wage W ≡ 1/P . In the presence of �rm heterogeneity, aggregate vari-

ables alone are no longer su�cient for capturing the welfare impact of trade liberalization.

Instead, the response of welfare to trade depends on the entire distribution of the follow-

ing �rm level outcomes: the domestic expenditure share for intermediate inputs Λm (θ) ≡
µH (θ, θ′) /

[
µH (θ, θ′) + τ

β
β−1µF (θ, θ′)

]
, the ratio of foreign suppliers to the domestic ones µ̂ (θ) ≡

µF (θ, θ′) /µH (θ, θ′), and �rm sales r (θ). In the next proposition, I derive a formula for welfare

gains from trade in the spirit of Arkolakis et al. (2012), showing that the micro structure of

the model remains relevant for welfare analysis.
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Proposition 6 In the heterogeneous �rm model, the response of welfare with respect to a

small change in the variable trade cost τ is given by

d lnW =

(
1 + χ1

ε

)
(d ln Λ + d lnχ2)

with

χ1 =

∫
Θ ιΛm (θ) [1− Λm (θ)] [1− µ̂ (θ)] r (θ) ĝ (θ) dθ

r −
∫

Θ ιΛm (θ) [1− µ̂ (θ)] r (θ) ĝ (θ) dθ
−

∫
Θ ιΛm (θ) [1− Λm (θ)]

[
µ̂ (θ)−1 − 1

]
r (θ) ĝ (θ) dθ

r +
∫

Θ ι [1− Λm (θ)]
[
µ̂ (θ)−1 − 1

]
r (θ) ĝ (θ) dθ

χ2 =

r

{∫
Θ

[
θ

β
1−β Λm (θ)σ−1 µH (θ, θ′)1−σN (θ)

]α
β ( 1−β

1−α)
g (θ) dθ

}− 1
σ
β
α

(
1−α
1−β

)

r +
∫
ι [1− Λm (θ)]

[
µ̂ (θ)−1 − 1

]
r (θ) ĝ (θ) dθ

where ĝ (θ) ≡ N (θ) g (θ) /
∫

Θ
N (θ) g (θ) dθ is the endogenous distribution of �rm productivity

and r the average �rm sales.

The formula above reduces to that in the homogeneous �rm case once the productivity dif-

ferential is removed. Proposition 6 suggests that trade liberalization can a�ect welfare through

the production side, on both the �rm and the aggregate level. On the �rm level, trade in-

duces linkage redistribution, thereby changing a �rm's set of suppliers and ultimately its cost

of production. These �rm level technological changes are re�ected by Λm (θ), µ̂ (θ), and r (θ).

On the aggregate level, trade reshapes the distribution of �rm productivity as some industries

expand relative to the others. Aggregate production technology, de�ned by the �rm produc-

tivity distribution ĝ (θ), therefore is no longer �xed as in the homogeneous �rm model, but

responsive to changes in market size. I elaborate on how trade transforms the production side

of the economy in the next section, emphasizing on the di�erences between the heterogeneous

and the homogeneous �rm models.

3.3 The role of firm heterogeneity

This section highlights the role played by �rm heterogeneity in determining the impact of

trade integration. I construct two examples, one with small �rm heterogeneity and the other

featuring large productivity dispersion, and characterize these two stylized worlds respectively

in autarky (τ → ∞) and in the integrated economy (τ → 1). In both examples, I consider

the simplest form of �rm heterogeneity by assuming that the productivity support Θ contains

only two values: Θ =
{
θ, θ
}
. Thus, the unit mass of industries fall into two categories: those
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with a low productivity level θ and those with a higher one θ ∈ (θ,∞). A key variable that

governs the responses of production networks to trade integration is the following ratio of two

uncentered moments of θ:

Mθ ≡
∫

Θ
θ
α(2β−1)
β−α g (θ) dθ

θ
∫

Θ
θ
β(2α−1)
β−α g (θ) dθ

.

Over the parameter space where β > 1/2, the moment ratio Mθ increases in the productivity

advantage θ/θ enjoyed by the high type �rms over their low type peers, conditional on the

probability mass function g (θ). As productivity dispersion vanishes (θ → θ), Mθ approaches

its minimum at 1. Thus, Mθ can be considered as a measure of �rm heterogeneity.

Example 1: Small firm heterogeneity

Suppose that �rm heterogeneity is small such that 1 < Mθ < β (1− σ)
(

1−
√

Φ
)−1

, where Φ

is a constant depending on exogenous parameters only.9 Equilibrium production networks in

this case are complete within borders in autarky and globally complete in the free trade world.

On the �rm level, trade integration leads to a universal improvement of production technology,

as �rms of both types gain access to foreign inputs and therefore are able to lower production

costs. Consequently, prices fall across the board: p (θ) |τ=1 < p (θ) |τ=∞ for all θ ∈
{
θ, θ
}
. On

the aggregate level, the �rm mass ratio N
(
θ
)
/N (θ) remains unchanged from autarky to full

integration, which implies that the average productivity A/
∫

Θ
N (θ) g (θ) dθ of the economy

also stays the same. In this case, the welfare impact of trade integration is unambiguously

positive, since all �rms bene�t from the structural transformation of production networks.

Example 2: Large firm heterogeneity

I now increase �rm heterogeneity so that β (1− σ)
(

1−
√

Φ
)−1

< Mθ < β (1− σ)
(

1−
√

2Φ
)−1

and θ > [1− β (1− σ)]2 θ/Φ. The autarky network structure is still domestically complete just

as in Example 1. Unlike the previous case, global production networks in the integrated econ-

omy are no longer complete. Speci�cally, �rms with low productivity θ are connected to only

a subset of all suppliers in the world, even though their high-productivity peers can source

inputs from all producers: µH (θ, θ) |τ=1 ∈ (0, 1) and µH
(
θ, θ
)
|τ=1 = 1 for θ ∈

{
θ, θ
}
. On

the �rm level, trade integration grants more technological advantage (in terms of input diver-

sity) to high-productivity �rms than the less productive ones, as re�ected in the fallen price

ratio p
(
θ
)
/p (θ) of high-type goods to the low-type ones. Such biased technological changes

9Speci�cally, Φ ≡ β (1− σ) [1− β (1− σ)] θν2/ [2 (1− β)κL]. In order for this interval to be non-empty,
linkage �xed cost κ needs to be su�ciently small: κ < β (1− σ) θν2/ {2 (1− β) [1− β (1− σ)]L}. Both examples
are constructed as follows: �rst, I conjecture the network structure in equilibrium; next, I use the free entry
condition as well as the �rst order conditions of the �rm linkage formation problem to establish the range of
Mθ over which the conjectured network structure can be sustained as an equilibrium.
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make entry into high-productivity industries relatively more attractive, raising the �rm mass

ratio N
(
θ
)
/N (θ) of high-type industries to the low-type ones. As the result of �rm mass

redistribution, trade integration raises the average productivity of the economy, thus a�ecting

production technology not only on the �rm level but also on the aggregate level. In this case,

trade integration has ambiguous welfare consequences, because the structural transformation

of production networks could result in low-productivity �rms losing suppliers in absolute terms.

Comparing the above two examples leads one to the following observations. Small �rm het-

erogeneity can give rise to homogeneous network adjustment pattern, as in Example 1. Since

�rms of di�erent types have the same amount of input-output linkages, the technological con-

sequences of trade integration are essentially identical to those in the homogeneous �rm model:

prices of individual goods decline, whereas average productivity stays constant. On the other

hand, su�ciently large �rm heterogeneity results in heterogeneous linkage responses, as in

Example 2. Trade integration in this case generates biased technological change at the �rm

level, favoring the more productive ones. Free entry then leads to a redistribution of �rm

mass towards high-productivity industries, thereby reshaping the �rm productivity distribu-

tion. Hence, trade integration also brings about technological changes on the aggregate level,

which constitutes an extra margin of adjustment absent in the homogeneous �rm model.

The intuition of these two examples carry over to the general setup, where the number of

productivity types are in�nite and the industry type distribution g (θ) is continuous. I present

the general comparative statics with respect to market size in Appendix A, with g (θ) being

Pareto as assumed in Proposition 5. As shown by Example 2, technological changes on the

�rm and the aggregate level do not necessarily a�ect welfare in the same direction. Thus, for a

general set of parameters, it is di�cult to theoretically pinpoint the overall production-side im-

pact of trade liberalization on welfare. Instead, the rest of this paper brings the heterogeneous

�rm model to data and use the calibrated model to quantify welfare gains from trade.

4 Empirical application: trade in value added

Having explored the theoretical properties of the model, I now demonstrate how the framework

can be applied in a quantitative setting. In particular, the model yields an analytic expression

for the ratio of value-added to gross trade, even in the general case with �rm heterogeneity.

Therefore, the model provides a solid theoretical foundation for analyzing data on trade in

value added. In Section 4.1, I summarize several testable model predictions, which I revisit

later to check model �t. In Section 4.2, I describe the data source for empirical exercises and
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outline the strategy for calibrating the model.

4.1 Model predictions

I present two sets of model predictions that have clear empirical equivalents, which serve as the

basis for checking model �t. First, I derive the analytic expression of the value added content

of trade. Second, I characterize the network structure of the economy, focusing on the cross-

sectional heterogeneity in an industry's role as input user and supplier. Both sets of outcome

are observable in a world input-output table.

Value-added exports

To derive the value added content of aggregate trade �ows, I �rst de�ne the direct requirement

coe�cients on the industry level: ω1
H (θ′, θ) ≡ xH (θ′, θ)µH (θ′, θ)N (θ) p (θ) /r (θ′) gives the

expenditure on a type-θ industry for every value unit of a type-θ′ industry's output when

the customer industry resides in the same country as the supplier industry; ω1
F (θ′, θ) ≡

τxF (θ′, θ)µF (θ′, θ)N (θ) p (θ) /r (θ′) then gives the correspondent expenditure share if the in-

dustry pair are located in di�erent countries. In particular, the shares {ω1
H (θ′, θ) , ω1

F (θ′, θ)}θ,θ′∈Θ

constitute the elements of the direct requirement input-output (I-O) tables. Speci�cally, for

a world with two identical countries, the global input-output table is a two-by-two symmetric

block matrix with the national I-O tables on the diagonal and the international I-O tables

o� the diagonal. Then, the domestic shares {ω1
H (θ′, θ)}θ′,θ∈Θ �ll the diagonal blocks of the

world I-O matrix, while the foreign shares {ω1
F (θ′, θ)}θ′,θ∈Θ are the elements of the o�-diagonal

blocks. As suggested by their names, the direct requirement coe�cients capture the input

transactions between customers and their immediate (i.e., �rst order) suppliers. One may also

de�ne indirect requirement coe�cients to account for the contribution of higher-order suppliers.

For example, the coe�cients ω2
H (θ′, θ) and ω2

F (θ′, θ) de�ned below represent the spending per

dollar of output by the downstream industries, indexed by θ′, on their second-order suppliers

(i.e., suppliers of suppliers) at home and abroad, indexed by θ:

ω2
H (θ′, θ) ≡

∫
Θ

ω1
H (θ′, θ′′)ω1

H (θ′′, θ) g (θ′′) dθ′′ +

∫
Θ

ω1
F (θ′, θ′′)ω1

F (θ′′, θ) g (θ′′) dθ′′

ω2
F (θ′, θ) ≡

∫
Θ

ω1
H (θ′, θ′′)ω1

F (θ′′, θ) g (θ′′) dθ′′ +

∫
Θ

ω1
F (θ′, θ′′)ω1

H (θ′′, θ) g (θ′′) dθ′′

In general, the n-th-order coe�cients ωnH (θ′, θ) and ωnF (θ′, θ), whose expressions are relegated

to the Appendix, re�ect the indirect input requirements for industry pairs, within and across

national borders, separated by n degrees along supply chains. Thus, we can compute an

in�nite series of indirect requirement coe�cients to account for all higher-order input usage.
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Value-added exports at the industry level {V A (θ)}θ∈Θ then follow the identity below, where

1− β (1− σ) is the share of value added in gross output:

V A (θ)

1− β (1− σ)
= τXF (θ) p (θ)N (θ)︸ ︷︷ ︸

�nal good exports

+

∫
Θ

∞∑
n=1

ωnH (θ′, θ) τXF (θ′) p (θ′)N (θ′) g (θ′) dθ′︸ ︷︷ ︸
indirect intermediate input exports

+

∫
Θ

∞∑
n=1

ωnF (θ′, θ)XH (θ′) p (θ′)N (θ′) g (θ′) dθ′︸ ︷︷ ︸
direct intermediate input exports

This identity highlights three channels through which output of a type-θ industry can contribute

to the consumption basket abroad. First, the industry exports its product as �nal goods

directly to foreign households. Second, the industry supplies intermediate inputs to other

domestic industries whose products are then exported as �nal goods. This second channel can

be thought of as exporting intermediate inputs indirectly via domestic linkages. Third, the

industry exports directly to their foreign counterparts, who then use the imported intermediate

inputs to produce �nal goods consumed locally. Summing over all industries, I obtain the

following expression for the aggregate value-added exports (V A):

V A

L
≡ 1

L

∫
Θ

V A (θ) g (θ) dθ = 1− Λc +
ι (2Λc − 1) (1− Λm)

1− ι [1− 2 (1− Λm)]
(9)

where ι ≡ β (1− σ) is the share of intermediate inputs in gross output, Λc ≡ 1/
(

1 + τ
β
β−1

)
and Λm ≡

∫
Θ

∫
Θ
ω1
H (θ, θ′) g (θ′) dθ′r (θ)N (θ) g (θ) dθ/

[
ι
∫

Θ
r (θ)N (θ) g (θ) dθ

]
are respectively

the domestic expenditure shares for consumption goods and intermediate inputs (the derivation

details for the expression of V A are given in the appendix). In contrast, gross exports (EX)

simply comprise the value of all goods sold to foreign households and �rms:

EX

L
= 1− Λc +

ι

1− ι
(1− Λm) (10)

Since gross exports trace sales rather than value added, double counting arises every time

intermediate inputs cross borders. The more extensive international input-output linkages are,

the larger the discrepancy between value-added exports and gross exports. Therefore, the ratio

of value-added to gross exports (V AX ≡ V A/EX) has become a standard measure for the

prominence of global supply chains (Johnson and Noguera 2017). My model predicts that the
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V AX ratio depends on three easily observable aggregate statistics: intermediate inputs share

in gross output ι, domestic expenditure shares for consumption goods Λc and intermediate

inputs Λm. In the absence of international linkages, value-added exports coincide with gross

exports (limΛm→1 V AX = 1) as intermediate inputs never cross borders and therefore double

counting never occurs. As the economy approaches complete integration (Λc,Λm → 1/2), the

ratio of value-added to gross exports tends to the share of value-added in gross output 1 − ι
since production in this limiting case is fully shared between the two countries.

network characteristics

My model also predicts a pair of standard statistics for characterizing production networks:

the weighted outdegree and the weighted indegree (Acemoglu et al., 2012). In equilibrium,

�rm heterogeneity gives rise to an uneven distribution of linkages among industries, which

can be measured by the weighted degrees. The weighted outdegree of a type-θ industry is the

sum of all direct requirement coe�cients where the industry serves as a supplier: dOUT (θ) ≡∫
Θ

[ω1
H (θ′, θ) + ω1

F (θ′, θ)] g (θ′) dθ′. This statistic captures the strength of an industry's down-

stream linkages, ranging from 0 if the industry does not play the role of suppliers at all to 2 if

it is the only source of intermediate inputs for every producer in the world. The model implies

that the weighted outdegrees are positively correlated with industry revenue:

dOUT (θ) = β (1− σ)
R (θ)

R

where R (θ) ≡ r (θ)N (θ) is the total sales of a type-θ industry and R ≡
∫

Θ
r (θ)N (θ) g (θ) dθ

is the national gross output. In other words, larger industries are also more important as

suppliers in production networks. An industry's weighted indegree simply equals the share of

intermediate inputs in gross output and re�ects its reliance on upstream linkages: dIN (θ) ≡∫
Θ

[ω1
H (θ, θ′) + ω1

F (θ, θ′)] g (θ′) dθ′. Since the model keeps the Cobb-Douglas exponent constant

across �rms, all industries adopt the same share of intermediate inputs, and therefore the

weighted indegrees are independent of industry characteristics:

dIN (θ) = β (1− σ)

4.2 Data and calibration strategy

I use the World Input-Output Database (WIOD) Release 2016 as the main data source for quan-

titative exercises (Timmer et al., 2015). This dataset covers 44 countries (28 EU members, 15

other major economies, and the rest of the world) and 56 industries corresponding roughly to

the two-digit ISIC (revision 4) level, spanning 15 years from 2000 to 2014. To comply with the
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two-county setup of my model, I transform the dataset to feature the United States and the

rest of the world (ROW) by merging the 43 non-US economies together and treating the trade

within them as domestic transactions.

The heterogeneous �rm model contains nine parameters to be calibrated. In the baseline calibra-

tion, I set the elasticity of substitution among varieties within the same industry 1/ (1− β) = 5,

which stands in the middle of the range reported by Anderson and van Wincoop (2004). Later

on in the robustness checks, I re-calibrate the model by setting the within-industry elasticity at

3 and 7. I set the between-industry elasticity of substitution 1/(1− α) = 1.5 to accommodate

the empirical �nding by Broda and Weinstein (2006) that the elasticity of substitution falls as

industries become more broadly de�ned. For the labor share σ in the Cobb-Douglas produc-

tion function, I use the model prediction that ι ≡ β (1− σ) gives the the share of intermediate

inputs in gross output and calibrate σ to match the 2000-2014 average intermediate input share

for the United States (0.43), implying that σ = 0.46.

I then calibrate the two parameters that de�ne the distribution of industry TFP levels: the

lower bound of the productivity support θ and the Pareto shape parameter ζ. Since varying

the productivity minimum θ has only level e�ects on welfare, I normalize θ = 1. The Pareto

shape parameter ζ determines the equilibrium distribution of �rm sizes l (θ), whose right tail

can be shown to follow a Pareto distribution with tail index β (2α− 1) / (β − α) − ζ. Thus, I
choose a value of ζ such that β (2α− 1) / (β − α) − ζ = −1.06, which is consistent with the

empirical evidence on U.S. �rm size distribution (Axtell, 2001). Furthermore, I assume that

the �ve aforementioned parameters associated with preferences and technology (α,β, σ, θ, and

ζ) are constant over time.

I allow the four remaining parameters (various costs τ , κ, ν and population L ) to be time-

varying. I calibrate the iceberg transport cost τ to match the US import penetration ratio

(one minus the share of aggregate expenditure on domestic goods Λ) for each year observed in

WIOD. Linkage �xed costs κ and entry costs ν jointly govern the allocation of labor among

three activities: goods production, linkage formation, and �rm creation. Therefore, I calibrate

κ and ν to match the total number of �rms in the US with at least one employee and a mini-

mum �rm size min {l (θ)}θ∈Θ = 1. Finally, I set population L to be the US employment, where

both the employment and the �rm number data are from Statistics of U.S. Businesses by the

US Census Bureau. Figure 5 plots the evolution of the three calibrated cost parameters τ , κ,

and ν. Except for the Great Trade Collapse during 2008-2009, variable trade costs τ display a

steady downward trend. In contrast, linkage �xed costs κ and entry costs ν appear to be more
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volatile without an obvious time trend.

5 Quantitative results

This section reports the results of quantitative exercises. First, I assess model �t in Section 5.1.

I then conduct a series of counterfactuals in Section 5.2 to answer two quantitative questions:

(i) which exogenous force is most responsible for the observed time trend in welfare and the

value added content of trade? (ii) Do endogenous linkages, as opposed to a �xed network

structure, make a quantitative di�erence in predicting welfare gains from trade? Finally, in

Section 5.3, I check whether the quantitative results are robust to alternative parameter values.

5.1 Model fit

Guided by the theoretical predictions in Section 4.1, I compare the model-generated outcomes

against data on two dimensions: (i) the value added content of gross trade �ows; (ii) the re-

lationship between an industry's weighted degrees in global production networks and its gross

output.

Figure 6 plots the evolution of value-added trade, contrasting the model outcomes with the

US pattern observed in WIOD.10 Model 1 corresponds to the full calibration of structural pa-

rameters as described in Section 4.2. Model 2 computes the intermediate inputs share ι as

well as the domestic expenditure shares Λc and Λm directly from data and then substitutes

these three statistics into equations (9) and (10). Thus, comparing Model 1 with data accesses

the quality of the calibration, whereas contrasting Model 2 against data tests the theoretical

prediction that Λc, Λm, and ι are su�cient statistics for the value added content of trade. The

�gure shows that the model-generated time series are able to trace the actual series closely.

The satisfactory �t of the model is further con�rmed by high correlations between the model

outcomes and data (0.67 and 0.78 forModel 1 andModel 2 respectively), as reported in Table 1.

In addition to replicating aggregate trade patterns, the model also succeeds in qualitatively

accounting for the linkage distribution across industries. Figure 7 illustrates the relationship

between an industry's weighted degrees in global production networks and its gross output.

Consistent with the theoretical predictions in Section 4.1, the weighted outdegrees (the left

panel) are positively correlated with industry output, whereas the weighted indegrees (the

10The model assumes balanced trade, whereas the US runs a nontrivial trade de�cit in reality. Since I calibrate
variable trade costs τ to match the pattern of gross imports, the proper benchmark for the value added content
of trade should accordingly be the ratio of value-added to gross imports.
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right panel) display little correlation with industry output. To corroborate the visual evidence

of Figure 7, I regress the weighted degrees on industry output, focusing on the explained vari-

ation rather than causality. Table 2 reports the extent to which the cross-industry variation

in output can explain the cross-industry variation in the weighted degrees. Across speci�ca-

tions, industry output can account for more than 40% of the observed variation in the weighted

outdegree, but only 0.02% to 3.1% of that in the weighted indegree.

5.2 Counterfactuals

Having established the model's consistency with the data, I conduct two sets of counterfactual

exercises to study the welfare impact of trade frictions. First, I decompose the changes in

welfare over 2000-2014 according to four exogenous driving forces. Second, I compare the

autarky equilibrium predicted by the model against the observed equilibrium in 2014 to gauge

the total welfare gains from trade.

Decomposing the 2000-2014 Welfare Changes

In Figure 8, the baseline in the left panel traces the changes in welfare (real wage) implied by

the model. Over the sample period, cumulative welfare gains amount to 28.3% of the 2000

welfare level. This welfare improvement can be attributed to four sources, given by changes

in the four time-varying parameters: trade costs τ , linkage �xed costs κ, entry costs ν, and

labor endowment L. To access the relative importance of these four driving forces, I compute

a series of counterfactual welfare, each time keeping one of the four parameters constant at its

2000 level. The gap between the baseline and each counterfactual then gives the contribution of

the correspondent channel. Table 3 summarizes the decomposition results. Jointly, reductions

in trade costs τ and linkage �xed costs κ contribute to nearly 60% of the total welfare gains

during 2000-2014. In Figure 8, the distance between the baseline and the �invariant τ � coun-

terfactual visualizes the contribution of trade cost changes (15.5%), while the gap between the

two plotted counterfactuals illustrates the relevance of varying linkage costs κ (43.5%). Even

though linkage �xed costs κ play a more important role in explaining the evolution of welfare,

the trend of trade in value added is almost solely accounted for by the cross-time variation in

international trade frictions τ , as evidenced by the right panel of Figure 8.

How do the true welfare gains from trade liberalization compare with those predicted by the

ACR formula? Since the ACR framework considers only international trade shocks, I �rst

re-run the model holding all domestic factors (κ, ν, and L) constant at their initial levels. The

baseline in Figure 9 plots the welfare pattern when trade costs τ are the only exogenous source

of cross-time variation. I then compute the welfare series predicted by the standard ACR for-
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mula d lnW = d ln Λ/ε, where the domestic expenditure share Λ for each year is calculated

directly from WIOD and the constant trade elasticity ε takes the value (7.40) implied by the

model for year 2000. As shown by the dotted line in Figure 9, the ACR formula without inter-

mediate inputs barely predicts any welfare change over the sample period despite of the sizable

gains implied by the model. To give the ACR framework a fairer chance, I compute another

welfare series using the extended ACR formula d lnW = d ln Λ/ (σε), which assumes that an

intermediate input bundle aggregates all varieties in the same CES fashion as the �nal good

basket and enters the production function in the Cobb-Douglas manner with exponent 1 − σ.
The extended ACR formula is consistent with an exogenous production network that is globally

complete (µH (θ, θ′) = µF (θ, θ′) = 1 for all θ, θ′ ∈ Θ) at zero linkage cost (κ = 0). Given by the

dashed line in Figure 9, the ACR formula with the intermediate input extension predicts signif-

icantly larger welfare changes than the standard formula, as intermediate inputs amplify trade

shocks. Nevertheless, compared to the baseline, the extended ACR formula still understates

the welfare impact of trade cost adjustments by as much as one third in some years. Since the

equilibrium network structure is in fact less than complete, the extended ACR formula enjoys

an advantage over the endogenous network model with respect to the ampli�cation mechanism

provided by intermediate inputs. Thus, the fact that the model still generates larger welfare

gains/losses than the extended ACR formula suggests that endogenous input-output linkages

enable new adjustment margins beyond the two su�cient statistics identi�ed by the ACR for-

mula (the domestic expenditure share Λ and trade elasticity ε). The next set of counterfactuals

shed more light on these additional margins.

Return to autarky

I now quantify the total welfare impact of trade by comparing the latest observed equilibrium

(year 2014) with the counterfactual autarky equilibrium where trade costs tend to in�nity

(τ →∞). To gauge the quantitative importance of endogenous linkages, I let the model com-

pete against an alternative version where the distribution of linkages {µH (θ, θ′) , µF (θ, θ′)}θ,θ′∈Θ

are �xed at the 2014 equilibrium outcome regardless of how trade costs τ change. I refer to

this scenario as �Fixed Network� to emphasize the exogenous nature of linkage distribution,

even though the total number of linkages may still respond to trade shocks through �rm en-

try. Following the previous exercise, I also report the welfare losses implied by the standard

and the extended ACR formulas, based on the observed domestic expenditure share and the

model-implied trade elasticity (7.15) in 2014. The standard ACR formula is consistent with

the Krugman (1980) model, whereas the extended formula applies to the Krugman model with

intermediate inputs (i.e., complete global production networks at zero linkage cost). Table 4

column 1 reports the welfare losses of returning to autarky implied by the baseline model as
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well as the three alternative scenarios. The endogenous network model implies larger welfare

losses than all three alternatives with exogenous linkages. In particular, by allowing �rms to

rearrange their supplier-customer relationships, the endogenous network model ampli�es the

welfare losses of trade withdrawal by more than one half from the �Fixed Network� scenario

where the distribution of linkages is irresponsive to trade shocks.

Figure 10 illustrates the aggregate consequences of returning to autarky, under both the endoge-

nous and �xed network assumptions. Comparing to the �xed network scenario, the model with

endogenous linkages predicts a larger rise in the total number of �rms N and a greater fall in

average productivity A/N . However, the two models exhibit virtually no di�erence in the ratio

of value-added to gross trade (the endogenous network model predicts a smaller V AX ratio by

a negligible margin during the transition to autarky). To understand the causes behind these

di�erential aggregate responses, I delve deeper into the micro-level adjustments to trade shocks.

First, I look at how global production networks undergo structural transformations as countries

retreat to autarky. Figure 11 shows that surges in trade costs raise the productivity cuto�s for

selecting both domestic (bH) and foreign customers (bF and bF ). Figure 12 visualizes how the

probability of forming a relationship depends on the customer and the supplier productivity

in a two-country world, contrasting the trade equilibrium result against the autarky outcome.

The di�erence between these two linkage density distributions is then highlighted in Figure 13,

which reveals where the loss of �rm linkages occurs. Rising international shipping costs force

�rms to abandon not only their customers abroad, but also those at home even though domestic

trade frictions remain unchanged. Thus, international trade shocks have a spillover e�ect on

domestic production networks, as long as there are still cross-country linkages left to function

as the transmission channel. Speci�cally, when a �rm loses international suppliers who retreat

in the face of surging trade costs, the customer �rm charges a higher price for its good to re�ect

a now inferior production technology due to less input diversity. This price increase is then

passed on via downstream linkages to all of the �rm's customers, including those at home. An

analogous transmission mechanism also operates upward: when a �rm cuts back on quantity

produced due to its withdrawal from foreign markets, the resulting fall in intermediate input

demand is then transmitted through upstream linkages to all of its suppliers, some of which

are domestic.

Second, I examine how the price distribution and the �rm productivity distribution in au-

tarky di�er from those in the trade equilibrium. In the two upper panels of Figure 14, I plot

the relationship between productivity type θ and prices p (θ) as well as �rm mass N (θ) g (θ).
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In either the trade or the autarky equilibrium, prices decrease in �rm productivity, whose

equilibrium distribution is heavy-tailed. In the two lower panels, I compare the endogenous

network (EN) and the �xed network (FN) models by graphing their respective predictions on

the changes in prices and �rm mass from the open economy to autarky. The endogenous net-

work model implies a more prominent price hike than the �xed network alternative, because it

allows trade shocks to a�ect production costs not only on the usual intensive margin but also

through the extensive margin of linkage destruction. For �rm mass, both the endogenous and

the �xed network models predict that, moving from the trade to the autarky equilibrium, �rm

entry increases in low-productivity industries while decreasing in the high-productivity ones.

This leftward shift in the �rm productivity distribution has the following intuition: in the open

economy, �rms from high-productivity industries rely more heavily on imported intermediates

than their low-productivity counterparts. Thus, the negative impact of rising trade costs on

pro�t is relatively larger for high-type �rms, driving entrants towards industries with relatively

low productivity. The leftward shift of the �rm productivity distribution depresses the average

productivity of the economy, as shown in Figure 10. Furthermore, the endogenous network

model implies a greater autarky total �rm mass than the �xed network model, because the

structural transformation of production networks frees up more labor from forming linkages to

creating �rms.

5.3 Robustness Check

Finally, I check whether the quantitative welfare gains from trade are sensitive to alternative

parameter values. I focus on β, which determines the elasticity of substitution among varieties

within the same industry 1/ (1− β) and in�uences the magnitude of trade costs τ as well as

trade elasticity ε. I re-calibrate the model by setting 1/ (1− β) to 3 and 7 respectively (the

baseline calibration sets this value at 5). Columns 2 and 3 of Table 4 reports the welfare losses

from the 2014 equilibrium to autarky predicted by these two alternative calibration exercises.

In addition, Table 5 reports the model-implied trade costs τ and trade elasticity ε for di�erent

values of β.

A low elasticity of substitution implies a low trade elasticity, and in turn larger welfare losses

regardless of whether linkages are endogenous or �xed. On the other hand, the quantitative

relevance of linkage redistribution (measured by the di�erence between the �Endogenous Net-

work� and the �Fixed Network� predictions over the total losses) increases in the value of β.

Recall that the di�erence between the within-industry and the cross-industry substitutability

of goods β − α regulates how responsive the demand for intermediate inputs is with respect to

the number of similar suppliers. Therefore, the lower the value of β, the smaller this elasticity
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di�erential β − α becomes, diminishing the impact of linkage redistribution on intermediate

demand, production costs, and ultimately aggregate welfare. As noted by the literature, the

overall welfare impacts exhibit considerable sensitivity to the substitutability across similar

goods: the losses implied by the endogenous network model more than triple from 2.57% to

10.2% as the within-industry elasticity of substitution rises from 3 to 7. In contrast, the welfare

losses purely due to linkage redistribution are much more robust to recalibration: the welfare

loss di�erential between the �Endogenous Network� and the �Fixed Network� scenarios ranges

from 1.4% to 1.6% across the three calibration exercises.

6 Conclusion

This paper proposes a framework to study production networks in the context of interna-

tional trade. I endogenize the input-output structure of the global economy, allowing �rms to

form supplier-customer relationships with their counterparts both at home and from abroad.

Endogenous �rm linkages generate new welfare implications of trade liberalization. In addi-

tion to increasing the variety of consumption goods, trade integration can also raise welfare

from the production side, as both domestic and international linkages respond to falling trade

costs. Since the structure of global production networks determines the set of intermediate

inputs available to each �rm, trade liberalization brings about technological changes through

the joint adjustments of linkages within and across borders. Quantitative exercises using the

World Input-Output Database con�rm the relevance of endogenous linkages in delivering wel-

fare gains from trade.

The equilibrium of this economy is ine�cient, with ine�ciency stemming from two aspects

(in addition to the standard ine�ciency of monopolistic competition). First, linkages amplify

the distortion due to monopolistic markups, because the markup charged by a supplier a�ects

not only its immediate customers but also �rms further downstream. Second, �rms do not

take into account the e�ect of their relationship choices on the overall structure of production

networks. In particular, the second type of ine�ciency will persist even if �rms are allowed to

split linkage �xed costs through bilateral bargaining, because the bilateral surplus perceived by

a supplier-customer pair does not necessarily coincide with the social returns to that relation-

ship. Therefore, one follow-up to this paper could be to explore under which conditions does

ine�ciency lead to an under-connected versus over-connected economy.

I conclude this paper by suggesting several directions in which this framework can be of use.

For theoretical research, this framework o�ers a tractable way of introducing endogenous link-
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ages into standard macroeconomic models. Existing business cycle literature often assumes an

exogenous input-output structure when studying how production networks propagate macroe-

conomic shocks. My model suggests one approach to make production networks themselves

responsive to shocks without losing analytic tractability. For empirical work, the framework is

particularly useful for policy evaluation. In the model, both linkage �xed costs and variable

trade costs are crucial in shaping the structure of production networks. One may then ask

to what extent can reducing linkage �xed costs, a domestic policy choice, be a substitute for

international trade agreements in terms of welfare bene�ts. My framework o�ers a suitable

laboratory for conducting such policy experiment.
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Figure 1: The share of intermediate inputs in world exports (the left axis) and the ratio of value
added to gross exports for the world (the right axis). The data source is the OECD Trade in
Value Added database.
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Figure 2: Country-level expenditure shares on domestic intermediate inputs (the left panel)
and imported intermediate inputs (the right panel) in gross output, for year 2000 and year
2014. The data source is the World Input-Output Database.
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Figure 3: Changes between 2000 and 2014 in the US domestic direct requirement (the upper
panel) and the US direct requirement of imported intermediate inputs (the lower panel). In
each matrix, the (i, j)-th entry gives the change between 2000 and 2014 in the expenditure on
industry i per value unit of industry j's gross output, i.e. the direct requirement coe�cients.
The axis labels correspond to industry index, with 1-4 belonging to the agriculture and mining
sector, 5-23 the manufacturing sector, and 24-56 the service sector. The data source is the
World Input-Output Database.
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Figure 4: Linkage �xed cost thresholds in the homogeneous �rm model. Simulation parameters:
β = 0.8, σ = 0.7, L = 1, ν = 1, θ = 1.
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Figure 5: Calibrated value of the cost parameters
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Figure 6: Ratio of value-added trade to gross trade, model predictions versus data. The data
source is WIOD, which is transformed into a two-country setup (US and the rest of the world)
consistent with the theoretical framework. The ratio of value-added imports to gross imports
is then calculated for the US from the transformed two-country input-output table, following
the method described by Johnson and Noguera (2017).
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Figure 7: Industry output and weighted degrees calculated from WIOD. Each dot corresponds
to an industry-year observation. The sample covers two countries (US and ROW), 55 industries
(The industry de�ned as �Activities of extraterritorial organizations and bodies� is excluded as
an outlier, because it produce a trivial amount of output but relies heavily on service inputs
due to the special nature of international organizations.), and a time span from 2000 to 2014.
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Figure 8: Contribution to the evolution of welfare (left panel) and value-added trade (right
panel) by changes in trade costs τ and linkage �xed costs κ
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Figure 9: Welfare gains/losses solely due to changes in variable trade costs τ : model outcome
versus predictions by the ACR formula
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Figure 10: Aggregate consequences of moving into autarky from the 2014 equilibrium
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Figure 11: Responses of the customer-selection cuto�s to trade cost surges
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Figure 12: Linkage density distribution implied by the model. From left to right (top to
bottom), customer productivity θ (supplier productivity θ′) is ranked from low to high for
Home (H) and Foreign (F) separately.

Figure 13: Changes in linkage density distribution from the 2014 equilibrium to autarky.
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Figure 14: Firm level consequences of moving into autarky from the 2014 equilibrium, under
the assumption of endogenous networks (EN) and �xed networks (FN).
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Tables

Table 1: The ratio of value-added trade to gross trade, data and model predictions
Data (US imports) Model 1 Model 2

2000-2014 Mean 0.89 0.91 0.88
Correlation (model, data) 0.67 0.78
Note: see the legend of Figure 6 for the data source.

Table 2: Explaining the cross-industry variation in the weighted degrees
Dependent variable: ln dOUT (θ) Dependent variable: ln dIN (θ)

(1) (2) (3) (4) (5) (6)
lnR (θ) 0.477∗∗∗ 0.497∗∗∗ 0.563∗∗∗ 0.003 0.002 −0.023∗∗∗

(0.019) (0.019) (0.023) (0.006) (0.006) (0.007)
Year dummies No Yes Yes No Yes Yes
Country dummy No No Yes No No Yes
Observations 1650 1650 1650 1650 1650 1650
R2 0.419 0.438 0.458 0.0002 0.002 0.031
Note: Robust standard errors are in the parentheses. * Signi�cant at 10%; ** Signi�cant at
5%; *** Signi�cant at 1%. The sample covers two countries (US and ROW), 55 industries (The
industry de�ned as �Activities of Extraterritorial Organizations and Bodies� is excluded as an
outlier, because it produces a trivial amount of output but relies heavily on service inputs due
to the special nature of international organizations.), and a time span from 2000 to 2014.

Table 3: Contribution to the 2000-2014 cumulative welfare gains
Source of gains

Trade costs (τ) Linkage costs (κ) Entry costs (ν) Labor (L)
Percentage contribution 15.5 43.5 -7.34 48.3

Table 4: Losses in welfare from the 2014 trade equilibrium to autarky
Baseline Robustness Checks
β = 4/5 β = 2/3 β = 6/7

(1) (2) (3)
Endogenous Network 4.11% 10.2% 2.57%
Fixed Network 2.63% 8.58% 1.20%
Krugman 1.13% 1.21% 0.93%
Krugman with Intermediates 2.42% 3.38% 1.86%

Note: the baseline calibration assumes a within-industry elasticity of substitution 1/ (1− β) =
5; the alternative calibration for robustness checks sets this elasticity at 3 and 7 respectively.
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Table 5: Model-implied trade costs and trade elasticities (range during 2000-2014)
Baseline Robustness Checks
β = 4/5 β = 2/3 β = 6/7

(1) (2) (3)
Trade cost τ 1.76-1.89 3.18-3.63 1.45-1.52
Trade elasticity ε 7.05-7.55 6.43-7.35 8.57-9.00

Note: the baseline calibration assumes a within-industry elasticity of substitution 1/ (1− β) =
5; the alternative calibration for robustness checks sets this elasticity at 3 and 7 respectively.

Appendix A. Characterization of the heterogeneous

firm equilibrium

This appendix characterizes the heteogeneous �rm equilibrium in a generalized setup with a

continuum of productivity types θ following a Pareto distribution g (θ) as described in Propo-

sition 5. I �rst study the autarky equilibrium in Section A.1 and then the open economy

equililbrium in Section A.2.

A.1 Autarky

I �rst consider the autarky equilibrium (τ → ∞) and study the market size e�ect by raising

population L. In this case, the productivity cuto�s for foreign customers become in�nitely high

(limτ→∞ bF = limτ→∞ bF = ∞), and �rms invest in domestic downstream links according to

the productivity cuto� bH . Speci�cally, a �rm will supply inputs to all �rms with TFP level θ

above or equal to the cuto� bH , but to only a subset of the �rms with productivity below this

cuto�. In the next lemma, I describe how changes in market size L a�ect the customer-selection

cuto� bH , aggregate productivity A, as well as the �rm level outcomes.

Lemma 8 If linkage �xed costs are high (κ > κ), expanding market size results in a higher

customer-selection cuto� (dbH/dL > 0) , higher aggregate productivity (dA/dL > 0), and larger

production scale for all �rms (dr (θ) /dL > 0 for all θ ∈ Θ). However, the market size e�ect

on the price levels p (θ) is ambiguous in this case. If linkage �xed costs are low (κ 6 κ), ex-

panding market size does not a�ect the customer-selection cuto� (dbH/dL = 0) but improves

aggregate productivity (dA/dL > 0). For all �rms, the scale of production grows and prices fall

(dr (θ) /dL > 0, dp (θ) /dL < 0 for all θ ∈ Θ).

The initial structure of production networks determines how the customer-selection cuto� bH

responds to market size expansions. For su�ciently low linkage �xed costs (κ 6 κ), production
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networks are complete because �rms �nd it pro�table to supply inputs to all other �rms, re-

gardless of customer productivity. In this case, a marginal increase in population L leaves the

customer-selection cuto� bH unchanged at the lower bound θ, since it is still desirable for �rms to

connect with all its peers. Prompted by the market expansion, more �rms enter business across

industries, which improves the production technology at the �rm level because a wider range

of input varieties become available for adoption. As the marginal cost of production declines,

�rms are able to charge lower prices and grow in size. Even though larger markets lead to better

�rm level technology, the aggregate production technology remains the same because �rm entry

is proportional to industry size, which preserves the shape of the �rm productivity distribution.

If linkage �xed costs exceed the threshold level (κ > κ), production networks are incomplete

and only �rms with productivity levels above or equal to the customer-selection cuto� (θ > bH)

have access to all input varieties. In this case, a marginal expansion of market size L elevates

the customer-selection cuto� bH . Furthermore, for any two industries with TFP levels θlow

and θhigh such that θlow < bH < θhigh, a marginal increase in market size L raises the price

ratio p (θlow) /p (θhigh) and lowers the �rm mass ratio N (θlow) /N (θhigh). A higher cuto� bH

means that some �rms used to source intermediate inputs from all producers in the country,

but now have access to only a subset of the input varieties being produced. As �rms become

more selective in the productivity of their customers, the distribution of input-output linkages

shifts away from low-type customers towards the high-type ones. Such redistribution of sup-

pliers reduces the input diversity of low-productivity �rms relative to their high-productivity

peers, raising the price ratio of low-type goods to high-type ones. To restore equilibrium, �rm

entry shifts towards high-productivity industries where market expansions bring about rela-

tively larger bene�ts, thus depressing the �rm mass ratio of a low-productivity industry to

a high-productivity one. Contrasting the homogeneous �rm model, market expansions have

di�erential consequences on the production technology of �rms, biasing towards high-type pro-

ducers. In addition, the aggregate production technology bene�ts from market expansions due

to the rightward shift of the �rm productivity distribution.

Therefore, the technological consequences of larger markets, at both the �rm and the aggregate

level, depend crucially on the structure of production networks. It then follows that the market

size e�ect on welfare is also dependent on the network structure and fundamentally on linkage

�xed costs κ. In the following proposition, I summarize the degree of aggregate increasing

returns to scale in the heterogeneous �rm equilibrium, still comparing against the Krugman

benchmark.
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Proposition 7 For κ ∈ [0, κ], the market size e�ect on welfare is larger than that in Krug-

man (1980): d lnW/d lnL > (1− β) /β. For κ ∈ (κ,∞), the market size e�ect on welfare is

ambiguous.

When production networks are complete (κ 6 κ, and bH = θ), increasing market size improves

the �rm level production technology universally. The intuition for more aggregate increasing

returns to scale than in Krugman (1980) is the same as in the homogeneous �rm model: higher

input diversity brings down production costs and in turn lowers the price of goods, generating

welfare gains in addition to the standard bene�t of expanding consumption variety. When

production networks are incomplete (κ > κ, and θ < bH <∞), the market size e�ect becomes

more nuanced. As supplier connections and the mass of �rms both redistribute towards more

productive industries, �rms in less productive industries may lose suppliers in absolute terms,

and therefore may have to raise prices to re�ect higher production costs. Such increases in

price would be transmitted to all downstream �rms through supplier-customer linkages, fur-

ther dampening the bene�t of a larger market size.

A.2 Open economy

Next, I consider the heterogeneous �rm equilibrium in an open economy (1 < τ < ∞), where

the relevant market size is
(

1 + τ
β
β−1

)
L. To guarantee equilibrium uniqueness, I focus on

the case where the customer-selection cuto� bH lies in the interior of the productivity support

(θ < bH <∞), which requires that linkage �xed costs are su�ciently high (κ > κ). Substituting

the CS condition bH = κ [1− β (1− σ)]A2/ [β (1− β) (1− σ)L] into the FE condition, I obtain

the equilibrium customer-selection cuto� bH as the unique root to the following equation:√
[1− β (1− σ)] ν2

κβ (1− β) (1− σ)L
bH +

T1

T2 −
(
bH
θ

)ζ− αβ
β−α+σ

α(1−β)
β−α

− 1− β (1− σ)

β (1− σ)
= 0

where constants T1 and T2 are expressions of the exogenous parameters α, β, σ, ζ, τ only and

are given in Appendix B. Trade liberalization is modeled as the decline in trade costs τ , which

enter the equilibrium condition of bH solely through constants T1 and T2. For a general set of

parameters, the e�ect of trade cost reductions on the customer-selection cuto� bH is ambiguous.

Nevertheless, for a given value of the derivative dbH/dτ , comparative statics of other aggregate

and �rm level variables remain tractable. The next lemma presents comparative statics of

aggregate productivity A and �rm size r (θ) with respect to trade liberalization, conditional on

the response of bH .
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Lemma 9 If trade liberalization lowers the productivity cuto� for selecting domestic cus-

tomers (dbH/dτ > 0), aggregate productivity falls (dA/dτ > 0) and the scale of production

increases for all �rms (dr (θ) /dτ < 0 for all θ ∈ Θ). If trade liberalization raises the pro-

ductivity cuto� for selecting domestic customers (dbH/dτ < 0), aggregate productivity grows

(dA/dτ < 0) and the scale of production shrinks for all �rms (dr (θ) /dτ > 0 for all θ ∈ Θ).

In addition to the domestic cuto� bH , trade integration also moves the cuto�s bF and bF

for selecting foreign customers, thus bringing structural changes to production networks both

within and across borders. As production networks evolve with globalization, not only does a

�rm's set of suppliers adjust, but its import status may also change depending on whether it

attracts foreign sellers or not. According to Lemma 5, a falling τ always shortens the intervals

[bH , bF ] and
[
bH , bF

]
, while lengthening the interval

[
bF , bF

]
. However, changes in the absolute

position of bF and bF depend on the elasticity of the domestic cuto� bH with respect to the de-

gree of integration EbH ≡ d ln bH/d ln
(

1 + τ
β
β−1

)
. Speci�cally, four cases cover all the possible

adjustment patterns of global production networks in response to a small decline in trade costs

τ : (i) if EbH ∈
(

1 + τ
β

1−β ,∞
)
, then dbF/dτ < 0 and dbF/dτ < 0; raising all three cuto�s, glob-

alization makes suppliers more selective in both their domestic and foreign customers. (ii) if

EbH ∈
(
τ

β
1−β , 1 + τ

β
1−β

)
, then dbF/dτ > 0 and dbF/dτ < 0; raising bH and bF while lowering bF ,

globalization makes suppliers more selective in their domestic customers, whereas neither more

nor less so in foreign customers . (iii) if EbH ∈
(

0, τ
β

1−β

)
, then dbF/dτ > 0 and dbF/dτ > 0;

raising bH while lowering both bF and bF , globalization makes suppliers more selective in their

domestic customers but less so in foreign customers. (iv) if EbH < 0, then dbF/dτ > 0 and

dbF/dτ > 0; lowering all three cuto�s, globalization makes suppliers less selective in both their

domestic and foreign customers.

Appendix B. Proofs and derivation

Proof of Lemma 1

If µH has an interior solution in equilibrium, it must be that κH < κ < ∞ and µF = 0. In this case,
conditions (2) and (3) imply the equilibrium value of µH as

µH =
β (1− β) (1− σ)L

[1− β (1− σ)]κθN2
where N =

(1− β)L

θν

The value of the linkage �xed cost threshold κH can be found by substituting µH = 1 and κ = κH
into the above equation. If µF has an interior solution in equilibrium, it must be that κF < κ < κF
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and µH = 1. In this case, conditions (2) and (4) imply the equilibrium value of µF as

µF =
β (1− β) (1− σ)L

[1− β (1− σ)]κθN2
− τ

β
1−β (11)

where N is given by the following quadratic equation(
τ

β
1−β − 1

)
κθN2 − νθN + (1− β)L = 0 (12)

The larger root of the above equation is discarded, because it implies dµF /dκ > 0 and hence µF ∈ (0, 1)
cannot be an equilibrium over κF < κ < κF . The value of the linkage �xed cost threshold κF can
be found by substituting µF = 0 and κ = κF into the system given by (11) and (12). Similarly, the
value of the linkage �xed cost threshold κF can be found by substituting µF = 1 and κ = κF into the
aforementioned system.

Proof of Proposition 1

By Lemma 1, limσ→1 µH = limσ→1 µF = 0. Thus, in the limit of σ = 1, condition (4) implies that
N = (1− β)L/ (νθ). Welfare as measured by real wage in this limiting case is

lim
σ→1

W =
[(

1 + τ
β
β−1

)
lim
σ→1

N
] 1−β

β
βθ =

[(
1 + τ

β
β−1

) (1− β)L

νθ

] 1−β
β

βθ

which implies an elasticity with respect to market size d lnW/d ln
[(

1 + τ
β
β−1

)
L
]

= (1− β) /β.

Proof of Lemma 2 and Proposition 2

This lemma considers the limiting case of autarky: τ →∞. If κ ∈ [κH ,∞), we haveN = (1− β)L/ (νθ)
and r = νθ/ {(1− β) [1− β (1− σ)]}, which implies dN/dL > 0 and dr/dL = 0. In this case, the wel-
fare expression becomes

W =

(
µ

1−σ
σ

H N
1
σ

) 1−β
β

(βθ)
1
σ = L

1−β
β

{
β (1− σ) ν

[1− β (1− σ)]κ

}( 1−β
β

)
1−σ
σ
(

1− β
νθ

) 1−β
β

(βθ)
1
σ

which implies d lnW/d lnL = (1− β) /β. If κ ∈ [0, κH), equilibrium admits an corner solution µH = 1,
and the total number of �rms is given by the following quadratic equation

κθN2 + νθN −
[

1− β
1− β (1− σ)

]
L = 0

Applying the implicit function theorem yields dN/dL > 0. The last equation also implies

r =
L

[1− β (1− σ)]N
=
κθN + νθ

1− β
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and therefore dr/dL ∝ dN/dL > 0. In this case, the welfare expression becomesW = N
1−β
σβ (βθ)

1
σ ,

which implies
d lnW

d lnL
=

1− β
σβ

d lnN

d lnL
=

1− β
σβ

(
κN + ν

2κN + ν

)
The condition for d lnW/d lnL > (1− β) /β is (κN + ν) / (2κN + ν) > σ, which always holds if
σ 6 1/2. If σ > 1/2, the condition (κN + ν) / (2κN + ν) > σ requires that

κ <
[1− β (1− σ)]

[
1− (2σ − 1)2

]
θν2

4 (1− β) (2σ − 1)2 L

The above inequality holds for all κ ∈ [0, κH) if the right hand side is larger than the �xed cost cuto�
κH :

κH =
β (1− σ) θν2

(1− β) [1− β (1− σ)]L
<

[1− β (1− σ)]
[
1− (2σ − 1)2

]
θν2

4 (1− β) (2σ − 1)2 L

The last inequality implies βσ < 1, which is true by assumption. Therefore, for all κ ∈ [0, κH), we
have d lnW/d lnL > (1− β) /β.

Proof of Lemma 3

By Lemma 1, the condition for κF 6 κF is
(

1 + τ
β
β−1

) [
1 + τ

β
β−1 − 2τ

β
β−1β (1− σ)

]−2

6
[
1− τ

β
β−1β (1− σ)

]−2

,

which is equivalent to β2 (1− σ)2 τ
2β
β−1 −

{
[1− β (1− σ)]2 + 2β2 (1− σ)2

}
τ

β
β−1 − 1 + 2β (1− σ) 6 0.

Note that the left-hand side of the last inequality is increasing in τ . If β (1− σ) 6 1/2, the condition
for κF 6 κF holds for all τ > 1. If β (1− σ) > 1/2, the condition for κF 6 κF is satis�ed only for
su�ciently small τ such that

τ 6 τ̂ ≡

1

2

[
1− β (1− σ)

β (1− σ)

]2

+ 1−

√√√√{1

2

[
1− β (1− σ)

β (1− σ)

]2

+ 1

}2

+
1− 2β (1− σ)

β2 (1− σ)2


β−1
β

In this case, global production networks are NP if κH < κ <∞, NC if max {κF , κF } 6 κ 6 κH , IP if
κF < κ < κF , and IC if 0 6 κ 6 min {κF , κF }. For (τ, κ) ∈ (τ̂ ,∞) × [κF , κF ], there are two possible
trade equilibria, with NC and IC as the respective equilibrium network structure.

Proof of Lemma 4

Global production networks are NP if κH < κ < ∞; in this case we have N = (1− β)L/ (νθ) by
the proof of Lemma 1 and therefore dN/dτ = 0. Global production networks are NC if κF 6 κ 6
κH ; in this case the total number of �rms is given by the equilibrium condition (2) which becomes
κθN2 + νθN − (1− β)L/ [1− β (1− σ)] = 0 given µH = 1 and µF = 0. Since this equation does
not involve τ , we have dN/dτ = 0. Global production networks are IP if κF < κ < κF ; in this case,
the proof of Lemma 1 establishes that total �rm mass N is given by the smaller root of the quadratic

equation (12). Applying the implicit function theorem to this quadratic equation, we have dN/dτ
β

1−β =
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κN2
[
ν2 − 4

(
τ

β
1−β − 1

)
(1− β)κθ−1L

]− 1
2
> 0, which implies dN/dτ > 0. Global production networks

are IC if 0 6 κ 6 κF ; in this case the total number of �rms is given by the equilibrium condition (2)
which becomes 2κθN2 + νθN − (1− β)L/ [1− β (1− σ)] = 0 given µH = µF = 1. Since this equation
does not involve τ , we have dN/dτ = 0.

Proof of Proposition 3

When global production networks are NP or NC, Λm = 1 since there is no intermediate input trade.
Lemma 1 implies dµH/dτ = 0 and Lemma 4 shows dN/dτ = 0. Using the welfare expression (5), we

have d lnW/d ln
(

1 + τ
β
β−1

)
= (β − 1) /βd ln Λc/d ln

(
1 + τ

β
β−1

)
= (1− β) /β. When global produc-

tion networks are IP,

d ln Λm/d ln
(

1 + τ
β
β−1

)
= 2 lnN/d ln

(
1 + τ

β
β−1

)
−d ln τ

β
β−1 /d ln

(
1 + τ

β
β−1

)
. Changes in welfare then

follow from (5) as

d lnW

d ln
(

1 + τ
β
β−1

) =
β − 1

β

d ln Λc

d ln
(

1 + τ
β
β−1

) +

(
1− σ
σ

)(
β − 1

β

)
d ln Λm

d ln
(

1 + τ
β
β−1

) +
1− β
σβ

d lnN

d ln
(

1 + τ
β
β−1

)
=

1− β
β

+

(
1− σ
σ

)(
1− β
β

)
1 + τ

β
β−1

τ
β
β−1

[
1−

(
1− 2σ

1− σ

)
d lnN

d ln τ
β
β−1

]

where d lnN/d ln τ
β
β−1 = −κNτ

β
1−β /

[
2κN

(
τ

β
1−β − 1

)
− ν
]
by applying the implicit function theorem

to (12). Thus d lnW/d ln
(

1 + τ
β
β−1

)
> (1− β) /β provided that (1− 2σ) d lnN/d ln τ

β
β−1 < 1 − σ,

which is equivalent to
[
τ

β
1−β − 2 (1− σ)

]
κN < (1− σ) ν. Furthermore, applying the implicit func-

tion theorem to equation (12) yields dN/dκ = N2
(
τ

β
1−β − 1

) [
ν2 − 4

(
τ

β
1−β − 1

)
(1− β)κθ−1L

]− 1
2
>

0. Therefore, a su�cient condition for d lnW/d ln
(

1 + τ
β
β−1

)
> (1− β) /β is that the inequal-

ity
[
τ

β
1−β − 2 (1− σ)

]
κN < (1− σ) ν holds when κ = κF . At κ = κF , total �rm mass N|κF =[

1− τ
β
β−1β (1− σ)

]
(1− β)L/ {νθ [1− β (1− σ)]}. Rearranging

[
τ

β
1−β − 2 (1− σ)

]
κFN|κF < (1− σ) ν

yields β < 1 + β (1− σ) τ
β
β−1 , which holds by assumption. Finally, when global production networks

are IC, domestic expenditure shares for �nal goods and intermediate inputs are the same: Λm = Λc.

By Lemma 4 dN/dτ = 0 in this case, and changes in welfare are given by d lnW/d ln
(

1 + τ
β
β−1

)
=

(β − 1) / (σβ) d ln Λc/d ln
(

1 + τ
β
β−1

)
= (1− β) / (σβ) > (1− β) /β for all σ < 1.

Proof of Proposition 4

The aggregate domestic expenditure share Λ is de�ned as the proportion of aggregate expenditure
that goes to domestically produced goods, including both �nal goods and intermediate inputs: Λ =
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(1− ι) Λc + ιΛm. We can rewrite Λ as below

Λ =
1− ι

1 + τ
β
β−1

+
ιµH

µH + τ
β
β−1µF

=
1

1 + τ
β
β−1

[
1 + ι

τ
β
β−1µF

µH + τ
β
β−1µF

(
µH
µF
− 1

)]
= Λc

[
1 + ι (1− Λm)

(
µH
µF
− 1

)]
which implies

1− Λ

Λ
=

1− Λc
Λc

 1− ιΛm
(

1− µF
µH

)
1 + ι (1− Λm)

(
µH
µF
− 1
)


Thus, (partial) trade elasticity is given by

ε ≡
∂ ln

(
1−Λ

Λ

)
∂ ln τ

|µF =
β

β − 1
+

∂ ln

[
1−ιΛm

(
1− µF

µH

)
1+ι(1−Λm)

(
µH
µF
−1
)
]

∂ ln τ
|µF

=
β

β − 1

1 +
ιΛm (1− Λm)

(
1− µF

µH

)
1− ιΛm

(
1− µF

µH

) −
ιΛm (1− Λm)

(
µH
µF
− 1
)

1 + ι (1− Λm)
(
µH
µF
− 1
)


Substituting the expressions of Λ and ε into the welfare expression (5), we have

d lnW =

(
β − 1

β

)[
d ln Λc + d ln

(
Λ

1−σ
σ

m N−
1
σ

)]

=

(
1 + χ1

ε

)d ln

 Λ

1 + ι (1− Λm)
(
µH
µF
− 1
)
+ d ln

(
Λ

1−σ
σ

m N−
1
σ

)
=

(
1 + χ1

ε

)
(d ln Λ + d lnχ2)

As µF → 0 (hence µ̂ → 0), we have Λm = 1, χ1 = − [ι/ (1− ι)] (1− Λ) /Λ, d lnN = 0 (by Lemma

4), and d lnχ2 = [ι/ (Λ− ι)] d ln Λ. Substituting these results into equation (6) yields d lnW =

d ln Λ/ [ε (1− ι)]. As µF → 1 (hence µ̂→ 1), we have Λm = Λ, χ1 = 0, d lnN = 0 (by Lemma 4), and

d lnχ2 = [(1− σ) /σ] d ln Λ. Substituting these results into equation (6) yields d lnW = d ln Λ/ (εσ).

Proof of Lemma 5

If in equilibrium bH (θ) > θ, by the �rst order conditions for linkage formation, the marginal domestic
and foreign customers (whose productivity levels coincide with the three cuto�s) for a type-θ supplier
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should satisfy

r (bH (θ))PS (bH (θ))
α

1−α p (θ)
α
α−1 N (θ)

1
β (α−β1−α ) θ−1 =

κ

β (1− β) (1− σ)

r (bF (θ))PS (bF (θ))
α

1−α p (θ)
α
α−1 N (θ)

1
β (α−β1−α ) θ−1 = τ

β
1−β

κ

β (1− β) (1− σ)

r
(
bF (θ)

)
PS
(
bF (θ)

) α
1−α p (θ)

α
α−1 N (θ)

1
β (α−β1−α ) θ−1 = τ

β
1−β

(
1 + τ

β
β−1

) 1
β (β−α1−α ) κ

β (1− β) (1− σ)

which implies that

r (bF (θ))PS (bF (θ))
α

1−α

r (bH (θ))PS (bH (θ))
α

1−α
= τ

β
1−β and

r
(
bF (θ)

)
PS
(
bF (θ)

) α
1−α

r (bH (θ))PS (bH (θ))
α

1−α
= τ

β
1−β

(
1 + τ

β
β−1

) 1
β (β−α1−α )

(13)

Therefore, the productivity cuto�s for foreign customers bF (θ) and bF (θ) depend on the supplier type
θ only through their dependence on the productivity cuto� for domestic customers bH (θ), as given
by the above two relationships. Rewriting the free entry condition using the variety market clearing
condition and the �rst order conditions for linkage formation, we have

(1− β) p (θ)
α
α−1 N (θ)

β−α
β(α−1) θ−1

[(
1 + τ

β
β−1

)α
β ( 1−β

1−α)
Y P

1
1−α + I1 (bH (θ))

]
− κI2 (bH (θ)) = ν

where we save notation by de�ning the following sums of integrals:

I1 (bH (θ)) ≡
∫ bF (θ)

bH(θ)
β (1− σ) r

(
θ′
)
PS
(
θ′
) α

1−α N
(
θ′
)
g
(
θ′
)
dθ′

+
(

1 + τ
β
β−1

)α
β ( 1−β

1−α) ∫ θ

bF (θ)
β (1− σ) r

(
θ′
)
PS
(
θ′
) α

1−α N
(
θ′
)
g
(
θ′
)
dθ′

I2 (bH (θ)) ≡
∫ bF (θ)

bH(θ)
N
(
θ′
)
g
(
θ′
)
dθ′ +

(
1− τ

β
1−β
)∫ bF (θ)

bF (θ)
N
(
θ′
)
g
(
θ′
)
dθ′ + 2

∫ θ

bF (θ)
N
(
θ′
)
g
(
θ′
)
dθ′

By the previous argument, these two sums of integrals above depend on the supplier type θ only
via their dependence on bH (θ). Since the above equation must hold for all values of θ, it must

be that bH (θ) and p (θ)
α
α−1 N (θ)

β−α
β(α−1) θ−1 are both constant across �rm types: for all θ ∈ Θ,

bH (θ) = bH and p (θ)
α
α−1 N (θ)

β−α
β(α−1) θ−1 = D where bH and D are some constants to be solved

for in equilibrium. Accordingly, bF (θ) and bF (θ) must also be independent of the supplier type:
for all θ ∈ Θ, bF (θ) = bF and bF (θ) = bF . Substituting these results back into the variety mar-
ket clearing condition shows that �rm revenue is proportional to �rm productivity: r (θ) = Bθ,
where B is a constant depending on aggregate variables only and is to be solved for in equilib-
rium. Furthermore, the constant cuto�s for customer selection imply that µH (bH , θ) = µH (bF , θ) =
µH
(
bF , θ

)
= 1, µF (bH , θ) = µF (bF , θ) = 0 , and µF

(
bF , θ

)
= 1 for all supplier type θ ∈ Θ. There-

fore, the producer price index for the marginal customer �rms with productivity level θ = bH is

given by PS (bH)
α
α−1 =

∫
Θ p (θ′)

α
α−1

{[
µH (bH , θ

′) + τ
β
β−1µF (bH , θ

′)
]
N (θ′)

}α
β ( 1−β

1−α)
g (θ′) dθ′ = DA,

where A ≡
∫

Θ θN (θ) g (θ) dθ is aggregate productivity. Similarly, we can derive PS (bF )
α
α−1 = DA

and PS
(
bF
) α
α−1 =

(
1 + τ

β
β−1

)α
β ( 1−β

1−α)
DA. Substituting the expressions of �rm revenue and producer
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price index into the equations (13) yields bF = τ
β

1−β bH , and bF =
(

1 + τ
β

1−β
)
bH . Finally, substi-

tuting r (θ) = Bθ into the variety market clearing condition allows us to solve for the constant term
B = L/ {[1− β (1− σ)]A}, which then allows us to deduce from the equation at the beginning of this
proof that bH = κ [1− β (1− σ)]A2/ [β (1− β) (1− σ)L].

Proof of Lemma 6

Firm revenue r (θ) = θL/ {[1− β (1− σ)]A} follows directly from the proof of Lemma 5. Variety
prices p (θ) can be derived by substituting the linkage �rst order conditions, the monopolistic pricing

condition p (θ) = PS (θ)1−σ / (βθ), and p (θ)
α
α−1 N (θ)

β−α
β(α−1) θ−1 = D (see the proof of Lemma 5)

into the de�nition of the producer price index (7). The number of �rms in each industry N (θ)

then follows from N (θ) = D
β(1−α)
α−β p (θ)

αβ
α−β θ

−β(1−α)
β−α . The constant term D can be solved from the

de�nition of aggregate productivity A ≡
∫

Θ θN (θ) g (θ) dθ =
∫ bH
θ θN (θ) g (θ) dθ+

∫ bF
bH
θN (θ) g (θ) dθ+∫ bF

bF
θN (θ) g (θ) dθ +

∫ θ
bF
θN (θ) g (θ) dθ, which implies that

D = I3 (bH)
β−α

σβ(1−α) A
α−β

σβ(1−α)
+
[
1−2α

β ( 1−β
1−α)

]
( 1−σ

σ )
{
β (1− β) (1− σ)L

κ [1− β (1− σ)]

}α
β ( 1−β

1−α)( 1−σ
σ )

β
1
σ ( α

1−α)

where we save notation by de�ning the following sum of integrals:

I3 (bH) ≡
∫ bH

θ
θ
αβ
β−α−σ

α(1−β)
β−α g (θ) dθ +

{
κ [1− β (1− σ)]A2

β (1− β) (1− σ)L

}α(1−β)
β−α (1−σ) ∫ bF

bH

θ
αβ
β−α−

α(1−β)
β−α g (θ) dθ

+
(
τ

β
β−1

)α(1−β)
β−α (1−σ)

∫ bF

bF

θ
αβ
β−α−σ

α(1−β)
β−α g (θ) dθ

+
(

1 + τ
β
β−1

)α(1−β)
β−α (1−σ)

{
κ [1− β (1− σ)]A2

β (1− β) (1− σ)L

}α(1−β)
β−α (1−σ) ∫ θ

bF

θ
αβ
β−α−

α(1−β)
β−α g (θ) dθ

The above integral sum (and hence the constant term D) only depends on two equilibrium unknowns:
bH and A, because the relationship between the other two cuto�s (bF and bF ) and bH is readily given by
Lemma 5. Henceforth I use the notation D (bH , A) to make clear its dependence on the two equilibrium
unknowns. Finally, the two common terms ΨP (bH , A) and ΨN (bH , A) from the equilibrium variety
prices and �rm mass respectively are given as below:

ΨP (bH , A) ≡
{
κ [1− β (1− σ)]A2

β (1− β) (1− σ)L

}( 1−β
β

)
(1−σ)

[D (bH , A)A]−( 1−α
α )(1−σ) β−1

ΨN (bH , A) ≡
{
κ [1− β (1− σ)]A2

β (1− β) (1− σ)L

}−α(1−β)
β−α (1−σ) [

D (bH , A)A−( 1−σ
σ )
]−β(1−α)

β−α σ
β

αβ
β−α
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Proof of Lemma 7

The interior solutions of µH (θ′, θ) and µF (θ′, θ) can be derived by substituting the de�nition of pro-

ducer price index (7), equilibrium �rm revenue r (θ) = θL/ {[1− β (1− σ)]A}, and p (θ)
α
α−1 N (θ)

β−α
β(α−1) θ−1 =

D (see the proof of Lemma 5) into the linkage �rst order conditions. The partition of the productivity
support Θ ≡

[
θ, θ
]
into intervals of interior/corner solutions follows directly from Lemma 5.

Proof of Proposition 5

First, we express a type-θ �rm's total number of downstream links in terms of the two equilibrium
unknowns bH and A using the results about equilibrium �rm mass N (θ) and linkage densities from
Lemma 6 and 7:

z (bH , A) ≡
∫

Θ

[µH (θ′, θ) + µF (θ′, θ)]N (θ′) g (θ′) dθ′

=

∫ bH

θ

β (1− β) (1− σ)Lθ′

κ [1− β (1− σ)]A2
N (θ′) g (θ′) dθ′ +

∫ bF

bH

N (θ′) g (θ′) dθ′

+

∫ bF

bF

{
1 +

β (1− β) (1− σ)Lθ′

κ [1− β (1− σ)]A2
− τ

β
1−β

}
N (θ′) g (θ′) dθ′ + 2

∫ θ

bF

N (θ′) g (θ′) dθ′

⇔ z (bH , A) = ΨN (bH , A)
β (1− β) (1− σ)L

κ [1− β (1− σ)]A2

∫ bH

θ

(θ′)
α(2β−1)
β−α +

α(1−β)
β−α (1−σ)

g (θ′) dθ′

+ ΨN (bH , A)

{
κ [1− β (1− σ)]A2

β (1− β) (1− σ)L

}α(1−β)
β−α (1−σ) ∫ bF

bH

(θ′)
(2α−1)β
β−α g (θ′) dθ′

+ ΨN (bH , A) τ
αβ
α−β (1−σ)

∫ bF

bF

{
1 +

β (1− β) (1− σ)Lθ′

κ [1− β (1− σ)]A2
− τ

β
1−β

}
(θ′)

(2α−1)β
β−α +

α(1−β)
β−α (1−σ)

g (θ′) dθ′

+ ΨN (bH , A) 2

[(
1 + τ

β
β−1

) κ [1− β (1− σ)]A2

β (1− β) (1− σ)L

]α(1−β)
β−α (1−σ) ∫ θ

bF

(θ′)
(2α−1)β
β−α g (θ′) dθ′

If linkage �xed costs are su�ciently high (κ > κ), bH has an interior solution (θ < bH < ∞). In
this case, the CS condition is given by bH = κ [1− β (1− σ)]A2/ [β (1− β) (1− σ)L], which can be
substituted into the FE condition to obtain the following equation with bH as the only equilibrium
unknown: √

[1− β (1− σ)] ν2

κβ (1− β) (1− σ)L
bH +

T1

T2 −
(
bH
θ

)ζ− αβ
β−α+σ

α(1−β)
β−α

− 1− β (1− σ)

β (1− σ)
= 0 (14)
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where we save notation by de�ning below two expressions T1 and T2 that summarize the impact of
variable trade costs τ :

T1

αβ
β−α − σ

α(1−β)
β−α − ζ

≡
(
τ

β
β−1

)−[
αβ
β−α−

α(1−β)
β−α −ζ

] (
1 + τ

β
β−1

) αβ
β−α−σ

α(1−β)
β−α −ζ

 1
αβ
β−α −

α(1−β)
β−α − ζ

−
2

αβ
β−α −

β(1−α)
β−α − ζ

 τ
β
β−1

1 + τ
β
β−1



+

(
τ

β
β−1

)−[
αβ
β−α−

β(1−α)
β−α −ζ

]
− 1

αβ
β−α −

β(1−α)
β−α − ζ

−

(
τ

β
β−1

)−[
αβ
β−α−

α(1−β)
β−α −ζ

]
− 1

αβ
β−α −

α(1−β)
β−α − ζ

−

(
τ

β
β−1

)−[
αβ
β−α−

α(1−β)
β−α −ζ

] (
1− τ

β
β−1

)(1 + τ
β
β−1

) αβ
β−α−σ

α(1−β)
β−α −ζ−1

− 1


αβ
β−α − σ

α(1−β)
β−α − ζ − 1

T2

αβ
β−α − σ

α(1−β)
β−α − ζ

≡


(
τ

β
β−1

)−[
αβ
β−α−

α(1−β)
β−α −ζ

] (1 + τ
β
β−1

) αβ
β−α−σ

α(1−β)
β−α −ζ

− 1

+ 1


 1

αβ
β−α − σ

α(1−β)
β−α − ζ

−
1

αβ
β−α −

α(1−β)
β−α − ζ


Let F (bH) denote the left hand side of the equilibrium condition (14) as a function of bH . F (bH) is

increasing in bH (F ′ (bH) > 0) because
[
ζ − αβ

β−α + σα(1−β)
β−α

]
T1 can be shown to always be positive. In

addition, we can establish the following limits:

lim
bH→θ

F (bH) =

√
[1− β (1− σ)] ν2

κβ (1− β) (1− σ)L
θ +

T1

T2 − 1
− 1− β (1− σ)

β (1− σ)

lim
bH→∞

F (bH) = ∞

Therefore, an unique solution exists for bH ∈ (θ,∞), provided that√
[1− β (1− σ)] ν2

κβ (1− β) (1− σ)L
θ +

T1

T2 − 1
− 1− β (1− σ)

β (1− σ)
< 0

which is equivalent to

κ >
θ [1− β (1− σ)] ν2

β (1− β) (1− σ)L

[
1− β (1− σ)

β (1− σ)
− T1

T2 − 1

]−2

= κ

If linkage �xed costs are su�ciently low (κ 6 κ), bH has a corner solution (bH = θ). In this case,
substituting the CS condition bH = θ into the FE condition yields the following equation with aggregate
productivity A as the only equilibrium unknown:

(1− β)L

[1− β (1− σ)]A
− κz (θ,A) = ν

In the autarky limit (τ → ∞), the above equilibrium condition for aggregate productivity A reduces
to

κ

θ

 αβ
β−α −

α(1−β)
β−α − ζ

αβ
β−α −

β(1−α)
β−α − ζ

A2 + νA− (1− β)L

[1− β (1− σ)]
= 0 (15)

which admits an unique solution for A ∈ (0,∞).
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Proof of Proposition 6

Since µH (θ, θ′) and µF (θ, θ′) are independent of the supplier type θ′, using the monopolistic pricing

rule p (θ) = wσPS (θ)1−σ / (βθ) we can rewrite the de�nition of producer price index (7) as follows:

[βθp (θ)]
1

1−σ ( α
α−1 ) =

[
µH (θ, θ′) + τ

β
β−1µF (θ, θ′)

]α
β ( 1−β

1−α )
∫

Θ

p (θ′)
α
α−1 N (θ′)

α
β ( 1−β

1−α ) g (θ′) dθ′

⇔
∫

Θ

p (θ)
α
α−1 N (θ)

α
β ( 1−β

1−α ) g (θ) dθ =

[∫
Θ

(βθ)
α

1−α

{[
µH (θ, θ′) + τ

β
β−1µF (θ, θ′)

](1−σ)

N (θ)

}α
β ( 1−β

1−α )
g (θ) dθ

] 1
σ

Substituting the last equation into the de�nition of consumer price index P yields the expression of
welfare changes:

d lnW =
β − 1

β

d ln Λc + d ln

{∫
Θ
θ

α
1−α

[
Λm (θ)−(1−σ) µH

(
θ, θ′

)(1−σ)
N (θ)

]α
β ( 1−β

1−α)
g (θ) dθ

}− β
σα

(
1−α
1−β

)
(16)

Substituting the expression of Λm (θ) = µH (θ, θ′) /
[
µH (θ, θ′) + τ

β
β−1µF (θ, θ′)

]
into the identity of the

aggregate domestic expenditure share Λ = (1− ι) Λc + ιΛm, we have

Λ = Λc

∫
Θ

{
1 + ι [1− Λm (θ)]

[
µH (θ, θ′)

µF (θ, θ′)
− 1

]}
r (θ)

r
ĝ (θ) dθ (17)

Thus, (partial) trade elasticity is given by

ε ≡
d ln

(
1−Λ

Λ

)
d ln τ

|µH ,µF =
β

β − 1
+

d ln

 r−
∫
Θ ιΛm(θ)

[
1− µF (θ,θ′)

µH(θ,θ′)

]
r(θ)ĝ(θ)dθ

r+
∫
Θ ι[1−Λp(θ)]

[
µH(θ,θ′)
µF (θ,θ′)

−1

]
r(θ)ĝ(θ)dθ


d ln τ

|µH ,µF =
β

β − 1
(1 + χ1)

(18)

Substituting (17) and (18) back into the expression of welfare changes (16), we obtain the formula
presented in the proposition.

Proof of Lemma 8

If κ > κ, bH has an interior solution given by the unique root to the equation (14) with constants
T1 and T2 replaced by their values in autarky: limτ→∞ T1 and limτ→∞ T2. Applying the implicit
function theorem to this equilibrium condition (14), we can establish that 0 < d ln bH/d lnL < 1.
The comparative static dA/dL > 0 follows directly from the CS condition. Furthermore, for all
θ ∈ Θ, we have d ln r (θ) /d lnL = (1− d ln bH/d lnL) /2 > 0. If κ 6 κ, bH has a corner solution
bH = θ, which implies that dbH/dL = 0. In this case, aggregate productivity A is given by the unique
solution to the equilibrium condition (15). Applying the implicit function theorem to this equilibrium
condition (15), we can establish that 0 < d lnA/d lnL < 1. Furthermore, for all θ ∈ Θ, we have
d ln r (θ) /d lnL = 1− d lnA/d lnL > 0, d ln p (θ) /d lnL = (β − 1) (1− σ) / (βσ) d lnA/d lnL < 0.
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Proof of Proposition 7

If κ 6 κ, bH has a corner solution bH = θ. In this case, changes in welfare with respect to market size
is given by d lnW/d lnL = (1− β) / (σβ) d lnA/d lnL, where the responses of aggregate productivity
d lnA/d lnL can be obtained by applying the implicit function theorem to the equilibrium condition
(15). The condition for d lnW/d lnL > (1− β) /β is A > (2σ − 1) (1− β)L/ {[1− β (1− σ)]σν},
which holds if 2σ − 1 6 0. If 2σ − 1 > 0, the last inequality holds provided that

κ <

 αβ
β−α −

β(1−α)
β−α − ζ

αβ
β−α −

α(1−β)
β−α − ζ

 σ (1− σ) [1− β (1− σ)] ν2θ

(1− β) (2σ − 1)2 L

which is true since the right hand side is larger than the threshold κ (whose expression is given in the
proof of Proposition 5) in the limit of τ →∞.

Proof of Lemma 9

By the CS condition, if bH has an interior solution in equilibrium (θ < bH < ∞), then dbH/dτ and
dA/dτ must have the same sign. By the expression of equilibrium �rm sales r (θ) established in Lemma
6, dr (θ) /dτ must have the opposite sign of dA/dτ (and hence of dbH/dτ) for all θ ∈ Θ.

Derivation of the value added content of trade (Section 4.1)

Substituting the de�nition of the direct requirement coe�cients ω1
H (θ′, θ) and ω1

F (θ′, θ) into the ex-
pressions of the second order requirements, we have

ω2
H

(
θ′, θ

)
=

∫
Θ
ω1
H

(
θ′, θ′′

)
ω1
H

(
θ′′, θ

)
g
(
θ′′
)
dθ′′ +

∫
Θ
ω1
F

(
θ′, θ′′

)
ω1
F

(
θ′′, θ

)
g
(
θ′′
)
dθ′′

= ιΛmω
1
H

(
θ′, θ

)
+ ι (1− Λm)ω1

F

(
θ′, θ

)
ω2
F

(
θ′, θ

)
=

∫
Θ
ω1
H

(
θ′, θ′′

)
ω1
F

(
θ′′, θ

)
g
(
θ′′
)
dθ′′ +

∫
Θ
ω1
F

(
θ′, θ′′

)
ω1
H

(
θ′′, θ

)
g
(
θ′′
)
dθ′′

= ιΛmω
1
F

(
θ′, θ

)
+ ι (1− Λm)ω1

H

(
θ′, θ

)
where Λm ≡

∫
Θ

∫
Θ ω

1
H (θ, θ′) g (θ′) dθ′r (θ)N (θ) g (θ) dθ/

[
ι
∫

Θ r (θ)N (θ) g (θ) dθ
]
is the domestic ex-

penditure shares for intermediate inputs. Similarly, we can rewrite the expressions of the third order
requirements as below:

ω3
H

(
θ′, θ

)
≡
∫

Θ

∫
Θ
ω1
H

(
θ′, θ′′

)
ω1
H

(
θ′′, θ′′′

)
ω1
H

(
θ′′′, θ

)
g
(
θ′′′
)
dθ′′′g

(
θ′′
)
dθ′′

+

∫
Θ

∫
Θ
ω1
F

(
θ′, θ′′

)
ω1
F

(
θ′′, θ′′′

)
ω1
H

(
θ′′′, θ

)
g
(
θ′′′
)
dθ′′′g

(
θ′′
)
dθ′′

+

∫
Θ

∫
Θ
ω1
H

(
θ′, θ′′

)
ω1
F

(
θ′′, θ′′′

)
ω1
F

(
θ′′′, θ

)
g
(
θ′′′
)
dθ′′′g

(
θ′′
)
dθ′′

+

∫
Θ

∫
Θ
ω1
F

(
θ′, θ′′

)
ω1
H

(
θ′′, θ′′′

)
ω1
F

(
θ′′′, θ

)
g
(
θ′′′
)
dθ′′′g

(
θ′′
)
dθ′′

= (ιΛm)2 ω1
H

(
θ′, θ

)
+ 2ι2Λm (1− Λm)ω1

F

(
θ′, θ

)
+ [ι (1− Λm)]2 ω1

H

(
θ′, θ

)
61



ω3
F

(
θ′, θ

)
≡
∫

Θ

∫
Θ
ω1
F

(
θ′, θ′′

)
ω1
H

(
θ′′, θ′′′

)
ω1
H

(
θ′′′, θ

)
g
(
θ′′′
)
dθ′′′g

(
θ′′
)
dθ′′

+

∫
Θ

∫
Θ
ω1
H

(
θ′, θ′′

)
ω1
F

(
θ′′, θ′′′

)
ω1
H

(
θ′′′, θ

)
g
(
θ′′′
)
dθ′′′g

(
θ′′
)
dθ′′

+

∫
Θ

∫
Θ
ω1
H

(
θ′, θ′′

)
ω1
H

(
θ′′, θ′′′

)
ω1
F

(
θ′′′, θ

)
g
(
θ′′′
)
dθ′′′g

(
θ′′
)
dθ′′

+

∫
Θ

∫
Θ
ω1
F

(
θ′, θ′′

)
ω1
F

(
θ′′, θ′′′

)
ω1
F

(
θ′′′, θ

)
g
(
θ′′′
)
dθ′′′g

(
θ′′
)
dθ′′

= (ιΛm)2 ω1
F

(
θ′, θ

)
+ 2ι2Λm (1− Λm)ω1

H

(
θ′, θ

)
+ [ι (1− Λm)]2 ω1

F

(
θ′, θ

)
In general, we can write the n-th order requirement coe�cients as:

ωnH
(
θ′, θ

)
=

n−1∑
k=0

(
n− 1
k

)
(ιΛm)n−1−k [ι (1− Λm)]k

{
ω1
H

(
θ′, θ

)
[1− I (k is odd)] + ω1

F

(
θ′, θ

)
I (k is odd)

}
ωnF
(
θ′, θ

)
=

n−1∑
k=0

(
n− 1
k

)
(ιΛm)n−1−k [ι (1− Λm)]k

{
ω1
H

(
θ′, θ

)
I (k is odd) + ω1

F

(
θ′, θ

)
[1− I (k is odd)]

}
Summing up all orders of requirements, we have

∞∑
n=1

ωnH (θ′, θ) =

∞∑
n=1

n−1∑
k=0

(
n− 1
k

)
(ιΛm)

n−1−k
[ι (1− Λm)]

k {
ω1
H (θ′, θ) [1− I (k is odd)] + ω1

F (θ′, θ) I (k is odd)
}

=

∞∑
k=0

{
ω1
H (θ′, θ) [1− I (k is odd)] + ω1

F (θ′, θ) I (k is odd)
}

[ι (1− Λm)]
k
∞∑

n=k+1

(
n− 1
k

)
(ιΛm)

n−1−κ

=
1

1− ιΛm

∞∑
k=0

{
ω1
H (θ′, θ) [1− I (k is odd)] + ω1

F (θ′, θ) I (k is odd)
} [ ι (1− Λm)

1− ιΛm

]κ
=

1

1− ιΛm

{
ω1
H (θ′, θ) +

[
ι (1− Λm)

1− ιΛm

]
ω1
F (θ′, θ)

} ∞∑
k=1

[
ι (1− Λm)

1− ιΛm

]2(k−1)

=
(1− ιΛm)ω1

H (θ′, θ) + ι (1− Λm)ω1
F (θ′, θ)

(1− ι) {1− ι [1− 2 (1− Λm)]}
∞∑
n=1

ωnF (θ′, θ) =
(1− ιΛm)ω1

F (θ′, θ) + ι (1− Λm)ω1
H (θ′, θ)

(1− ι) {1− ι [1− 2 (1− Λm)]}

Substituting the above expressions of
∑∞

n=1 ω
n
H (θ′, θ) and

∑∞
n=1 ω

n
F (θ′, θ) into the de�nition of the

value-added exports from a type-θ industry V A (θ) yields the expression of aggregate value-added
exports V A given by (9).
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