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Figure 1: Γ1 and its strategic form.

1 Introduction

The purpose of this paper is to present axioms for systems of conditional preferences,

and to provide representation results for various sets of such axioms. The preferences

are over acts, being functions from uncertain states to outcomes, while the represen-

tations are in terms of beliefs over the states and utility of the outcomes. It builds

on Asheim and Perea (2005) and Asheim (2006, Chapter 3).

The central question posed by the present paper is the following: Does a preference

between two acts change when new information, ruling out states at which the two

acts lead to the same outcomes, becomes available? At first thought one may conclude

that such news are uninformative about the relative merits of the two acts and hence

should not influence the preference of the decision maker. However, by considering

Kreps and Wilson’s (1982) sequential equilibrium in game Γ1 of Figure 1, we are lead

towards a different conclusion. Assume that both players’ payoffs are less than one if

F and f are chosen. Still, the play of F by player 1 is part of a sequential equilibrium

where 1 believes that 2 makes his rational choice of playing d. This means that player

1 unconditionally considers all three of his strategies as equally good, yielding him a

payoff of one. However, if by surprise player 2 responds to F by playing f , then player

1’s preference between FT and FB will be refined (provided that FT and FB yield

different payoffs for 1 when 2 chooses f). Treating player 1 as the decision maker,

player 2’s strategies d and f as the uncertain states he faces, and FT and FB as two

acts, we see that 1’s preference between these two acts change when state d is ruled

out, even though FT and FB lead to the same outcome in this state.

In Asheim and Perea (2005) we epistemically characterize sequential equilibrium

and van Damme’s (1984) quasi-perfect equilibrium, and define the corresponding non-

equilibrium concepts — sequential rationalizability and quasi-perfect rationalizability.
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These characterizations require that conditional preferences be specified.

How can conditional preferences be specified? There are various ways to do so.

One possibility is to represent a system of condtional preferences by means of a

conditional probability system (CPS) where each conditional belief is a subjective

probability distribution.1 Another possibility is to apply a single sequence of subjec-

tive probability distributions—a so-called lexicographic probability system (LPS) as

defined by Blume et al. (1991)—and derive the conditional beliefs as the conditionals

of such an LPS. Since each conditional LPS is found by constructing a new sequence,

which includes the well-defined conditional probability distributions of the original

sequence, each conditional belief is itself an LPS.

However, the analysis of Asheim and Perea (2005) show that neither a CPS nor

a single LPS may adequately represent a system of conditional preferences.

Quasi-perfectness cannot always be modeled by a CPS since the modeling of pref-

erence for cautious behavior may require lexicographic probabilities. To see this,

consider game Γ2 of Figure 2. In this game, if player 1 believes that player 2 chooses

rationally, then player 1 must assign probability one to player 2 choosing d. Hence, if

each (conditional) belief is associated with a subjective probability distribution—as is

the case with the concept of a CPS—and player 1 believes that his opponent chooses

rationally, then player 1 is indifferent between his two strategies. This is inconsis-

tent with quasi-perfectness, which requires players to have preference for cautious

behavior, meaning that player 1 in Γ2 prefers D to F .

Moreover, sequentiality cannot always be modeled by means of conditionals of

a single LPS since preference for cautious behavior is induced. To see this, con-

sider a modified version of Γ2 where an additional subgame is substituted for the

(0, 0)–payoff, with all payoffs in that subgame being smaller than one. If player 1’s

conditional beliefs over strategies for player 2 is derived from a single LPS, then a

well-defined belief conditional on reaching the added subgame entails that player 1

deems possible the event that player 2 chooses f , and hence, player 1 prefers D to F .

This is inconsistent with sequentiality, under which F is a rational choice.

Therefore, this paper reports on a new way of representing a system of conditional

preferences, by means of what Andrés Perea and I call a system of conditional lexi-

1This is the terminology introduced by Myerson (1986). In philosophical literature, related con-

cepts are called Popper measures. For an overview over relevant literature and analysis, see Hammond

(1994) and Halpern (2005).
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Figure 2: Γ2 and its strategic form.

cographic probabilities (SCLP) (cf. Asheim and Perea, 2005). In contrast to a CPS,

an SCLP may induce conditional beliefs that are represented by LPSs rather than

subjective probability distributions. In contrast to the system of conditionals derived

from a single LPS, an SCLP need not include all levels in the sequence of the origi-

nal LPS when determining conditional beliefs. Thus, an SCLP ensures well-defined

conditional beliefs representing nontrivial conditional preferences, while allowing for

flexibility w.r.t. whether to assume preference for cautious behavior. This is accom-

plished by combining an LPS with a length function, specifying for each conditioning

event the number of levels of the original LPS used to represent the conditional pref-

erences.

The analysis is based on the Anscombe-Aumann framework (Anscombe and Au-

mann, 1963), where preferences are defined over functions from states to objective ran-

domizations over outcomes. Such functions will be referred to as Anscombe-Aumann

acts (in constrast to acts in the Savage, 1954, sense; i.e., functions from states to

deterministic outcomes). A strategy in a game is a function that for each opponent

strategy choice, determines an outcome. A pure strategy determines for each oppo-

nent strategy a deterministic outcome, while a mixed strategy determines for each

opponent strategy an objective randomization over the set of outcomes. Hence, a

pure strategy is an example of an act in the sense of Savage (1954), while a mixed

strategy is an example of an act in the generalized sense of Anscombe and Aumann

(1963).

Allowing for objective randomizations and using Anscombe-Aumann acts are

convenient in game-theoretic applications for the following reason: The Anscombe-

Aumann framework allows a player’s payoff function to be a von Neumann-Morgen-

stern (vNM) utility function determined from his preferences over randomized out-

comes, independently of the likelihood that he assigns to the different strategies of
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his opponent. This is consistent with the way games are normally presented, where

payoff functions for each player are provided independently of the analysis of the

strategic interaction.

In addition to allowing for flexibility concerning how to specify conditional pref-

erences, the Anscombe-Aumann framework will be generalized in two other ways in

this paper.

First, I will follow Blume et al. (1991) by imposing the conditional Archimedean

property (also called conditional continuity) instead of Archimedean property (also

called continuity). This is important for modeling caution, which requires a player to

take into account the possibility that the opponent makes an irrational choice, while

assigning probability one to the event that the opponent makes a rational choice. I.e.,

even though any irrational choice is infinitely less likely than some rational choice,

it is not ruled out. Such discontinuous preferences are also useful when modeling

players’ preferences in extensive games.

Second, I will relax the axiom of completeness to conditional completeness. While

complete preferences will normally be represented by means of subjective probabilities

(cf. Propositions 1, 2, 3, and 5 of this paper), incomplete preferences are insufficient

to determine the relative likelihood of the uncertain states.2 Subjective probabilities

are not part of the most common deductive procedures in game theory—like iterated

elimination of strongly dominated strategies, the Dekel-Fudenberg procedure, and the

backward induction procedure. One can argue that, since they make no use of subjec-

tive probabilities, one should seek to provide epistemic conditions for such procedures

without reference to subjective probabilities (see, e.g., Asheim, 2006, Chapters 6 and

7). Indeed, subjective probabilities play no role in the epistemic analysis of backward

induction by Aumann (1995). Moreover, forward induction can fruitfully be modeled

by means of incomplete preferences (cf. Asheim and Dufwenberg, 2003).

Proofs of the results reported below are contained in an appendix.

2 Axioms

Consider a decision maker under uncertainty, and let F be a finite set of states. The

decision maker is uncertain about what state in F will be realized. Let Z be a finite

2One possibility is, following Bewley (1986), to represent incomplete preferences by means of a

set of subjective probability distributions. See also Aumann (1962).
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set of outcomes. For each ϕ ∈ 2F \{∅}, the decision maker is endowed with a binary

relation (preferences) over all functions that to each element of ϕ assign an objective

randomization on Z. Any such function is called an act on ϕ, and is the subject of

analysis in the deciscion-theoretic framework introduced by Anscombe and Aumann

(1963). Write pϕ and qϕ for acts on ϕ ∈ 2F \{∅}. (For acts on F , write simply p

and q.) A binary relation on the set of acts on ϕ is denoted by %ϕ, where pϕ %ϕ qϕ

means that pϕ is preferred or indifferent to qϕ. As usual, let �ϕ (preferred to) and

∼ϕ (indifferent to) denote the asymmetric and symmetric parts of %ϕ.

Consider the following five axioms, where the numbering of axioms follows Blume

et al. (1991).

Axiom 1 (Order) %ϕ is complete and transitive.

Axiom 2 (Objective Independence) p′
ϕ �ϕ (resp. ∼ϕ) p′′

ϕ iff γp′
ϕ +(1−γ)qϕ �ϕ

(resp. ∼ϕ) γp′′
ϕ + (1− γ)qϕ, whenever 0 < γ < 1 and qϕ is arbitrary.

Axiom 3 (Nontriviality) There exist pϕ and qϕ such that pϕ �ϕ qϕ.

Axiom 4 (Archimedean Property) If p′
ϕ �ϕ qϕ �ϕ p′′

ϕ, then ∃0 < γ < δ < 1

such that δp′
ϕ +(1− δ)p′′

ϕ �ϕ qϕ �ϕ γp′
ϕ + (1− γ)p′′

ϕ.

Say that e ∈ F is Savage-null if p{e} ∼{e} q{e} for all acts p{e} and q{e} on

{e}. Denote by κ the non-empty set of states that are not Savage-null; i.e., the set of

states that the decision maker deems subjectively possible. Write Φ := {ϕ ∈ 2F \{∅} |
κ∩ϕ 6= ∅}. Refer to the collection {%ϕ| ϕ ∈ Φ} as a system of conditional preferences

on the collection of sets of acts from from subsets of F to outcomes.

Whenever ∅ 6= ε ⊆ ϕ, denote by pε the restriction of pϕ to ε.

Axiom 5 (Non-null State Independence) p{e} �{e} q{e} iff p{f} �{f} q{f},

whenever e, f ∈ κ, and p{e,f} and q{e,f} satisfy p{e,f}(e) = p{e,f}(f) and q{e,f}(e) =

q{e,f}(f).

Define the conditional binary relation of %ϕ on ε, %ϕ|ε, by p′
ϕ %ϕ|ε p′′

ϕ if, for some

qϕ, (p′
ε,qϕ\ε) %ϕ (p′′

ε ,qϕ\ε), where ∅ 6= ε ⊆ ϕ. By Axioms 1 and 2, this definition does

not depend on qϕ. Note that %ϕ|ε corresponds to the decision maker’s preferences

when having received information that the true state is in ϕ and only considering the

event that the true state is in ε ⊆ ϕ, while %ε denotes the decision maker’s preferences
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when having received information that the true state is in ε. The following axiom

states that preferences over acts when having received information that the true state

is in ε equals the preferences when having received information that the true state is

in ϕ (⊇ ε) and only considering the event that the true state is in ε.

Axiom 6 (Conditionality) pε �ε (resp. ∼ε) qε iff pϕ �ϕ|ε (resp. ∼ϕ|ε) qϕ, when-

ever ∅ 6= ε ⊆ ϕ.

It is an immediate observation that Axioms 5 and 6 imply non-null state inde-

pendence as stated in Axiom 5 of Blume et al. (1991).

Lemma 1 Assume that the system of conditional preferences {%ϕ| ϕ ∈ Φ} satisfies

Axioms 5 and 6. Then, ∀ϕ ∈ Φ, pϕ �ϕ|{e} qϕ iff pϕ �ϕ|{f} qϕ whenever e, f ∈ κ∩ϕ,

and pϕ and qϕ satisfy pϕ(e) = pϕ(f) and qϕ(e) = qϕ(f).

Turn now the relaxation of Axioms 1, 4, and 6, as motivated in the previous

section.

Axiom 1′ (Conditional Order) %ϕ is reflexive and transitive and, ∀e ∈ ϕ, %ϕ|{e}

is complete.

Axiom 4′ (Conditional Archimedean Property) ∀e ∈ ϕ, if p′
ϕ �ϕ|{e} qϕ �ϕ|{e}

p′′
ϕ, then ∃0 < γ < δ < 1 such that δp′

ϕ +(1− δ)p′′
ϕ �ϕ|{e} qϕ �ϕ|{e} γp′

ϕ +(1−γ)p′′
ϕ.

Axiom 6′ (Dynamic Consistency) pε �ε qε whenever pϕ �ϕ|ε qϕ and ∅ 6= ε ⊆ ϕ.

Axiom 1′ constitutes a weakening of Axioms 1, since completeness implies re-

flexivity. This weakening is substantive since, in the terminology of Anscombe and

Aumann (1963), it means that the decision maker has complete preferences over

‘roulette lotteries’ where objective probabilities are exogenously given, but not nec-

essarily complete preferences over ‘horse lotteries’ where subjective probabilities, if

determined, are endogenously derived from the preferences of the decision maker.

Axiom 4′ is the weakening of the Archimedean property (Axiom 4) introduced by

Blume et al. (1991). Blume et al. (1991) also considers an axiom in between Axioms

4 and 4′ (with the numbering also for this axiom following their scheme).

Axiom 4′′ (Partitional Archimedean Property) There is a partition {π′
1, . . . ,

π′
L|ϕ} of κ ∩ ϕ such that

7



• ∀` ∈ {1, . . . , L|ϕ}, if p′
ϕ �ϕ|π′

`
qϕ �ϕ|π′

`
p′′

ϕ, then ∃0 < γ < δ < 1 such that

δp′
ϕ + (1− δ)p′′

ϕ �ϕ|π′
`
qϕ �ϕ|π′

`
γp′

ϕ + (1− γ)p′′
ϕ, and

• ∀` ∈ {1, . . . , L|ϕ− 1}, pϕ �ϕ|π′
`
qϕ implies pϕ �ϕ|π′

`∪π′
`+1

qϕ.

Axiom 6′ entails that preferences over acts when having received information that

the true state is in ε refines the preferences when having received information that

the true state is in ϕ (⊇ ε) and only considering the event that the true state is in ε.

Say that e ∈ κ is deemed infinitely more likely than f ∈ F (and write e � f)

if p{e,f} �{e,f} q{e,f} whenever p{e} �{e} q{e}. Consider the following two auxiliary

axioms.

Axiom 11 (Partitional priority) If e′ � e′′, then ∀f ∈ F , e′ � f or f � e′′.

Axiom 16 (Compatibility) There exists a binary relation %∗
F satisfying Axioms 1,

2, and 4 ′ such that p �∗
F |ϕ q whenever pϕ �ϕ qϕ and ∅ 6= ϕ ⊆ F .

While it is straightforward that Axiom 1 implies Axiom 1′, Axiom 4 implies Axiom

4′, and Axiom 6 implies Axiom 6′, it is less obvious that

• Axiom 1 together with Axioms 2, 4′, 5, and 6 imply Axiom 11, and

• Axiom 6 together with Axioms 1 2, 4′, and 5, imply Axiom 16.

This is demonstrated by the following lemma.

Lemma 2 Assume that (a) %ϕ satisfies Axioms 1, 2, and 4 ′ if ϕ ∈ 2F \{∅}, and (b)

the system of conditional preferences {%ϕ| ϕ ∈ Φ} satisfies Axioms 5 and 6. Then

{%ϕ |ϕ ∈ Φ} satisfies Axioms 11 and 16.

Hence, even though Axiom 16 may not express a compelling intuition and is designed

to ensure the existence of an underlying LPS in the representation results of the next

section (cf. Proposition 5 and Corollary 1), it is implied by the set of axioms that

Blume et al. (1991) employ.

Table 2 illustrates the relationships between the sets of axioms that we will con-

sider. The arrows indicate that one set of axioms implies another. The figure indicates

what kind of representations the different sets of axioms correspond to, as reported

in the next section.

8



Table 1: Relationships between different sets of axioms and their representations.

Complete and 1 2 3 4 5 6 → 1 2 3 4 5 6′ 16

continuous Prob. distr. CPS

↓

Complete and 1 2 3 4′′ 5 6 ↓
partitionally continuous LCPS

↓

Complete and 1 2 3 4′ 5 6 → 1 2 3 4′ 5 6′ 16

discontinuous LPS SCLP

↓

Incomplete and 1′ 11 2 3 4′ 5 6

discontinuous Dynamic

Conditionality consistency

3 Representation results

In view of Lemma 1 and using the characterization result of Anscombe and Aumann

(1963), we obtain the following result under Axioms 1, 2, 3, 4, 5, and 6; cf. Blume et

al. (1991, Theorem 2.1).

For the statement of this and later results, denote by υ : Z → R a vNM utility

function, and abuse notation slightly by writing υ(p) =
∑

z∈Z p(z)υ(z) whenever

p ∈ ∆(Z) is an objective randomization. In this and later results, υ is unique up to

positive affine transformations.

Proposition 1 (Anscombe and Aumann, 1963) The following two statements

are equivalent.

1. (a) %ϕ satisfies Axioms 1, 2, and 4 if ϕ ∈ 2F \{∅}, and Axiom 3 if and only

if ϕ ∈ Φ, and (b) the system of conditional preferences {%ϕ| ϕ ∈ Φ} satisfies

Axioms 5 and 6.

2. There exist a vNM utility function υ : ∆(Z) → R and a unique subjective
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probability distribution µ on F with support κ such that, ∀ϕ ∈ Φ,

pϕ %ϕ qϕ iff
∑

e∈ϕ
µ|ϕ(e)υ(pϕ(e)) ≥

∑
e∈ϕ

µ|ϕ(e)υ(qϕ(e)) ,

where µ|ϕ is the conditional of µ on ϕ.

In view of Lemma 1, and using Blume et al. (1991, Theorem 3.1), we obtain the

following result under Axioms 1, 2, 3, 4′, 5, and 6.

For the statement of this and later results, we need to introduce formally the

concept of a lexicographic probability system. A lexicographic probability system

(LPS) consists of L levels of subjective probability distributions: If L ≥ 1 and,

∀` ∈ {1, . . . , L}, µ` ∈ ∆(F ), then λ = (µ1, . . . , µL) is an LPS on F . Denote by

L∆(F ) the set of LPSs on F . Write suppλ := ∪L
`=1suppµ` for the support of λ. If

suppλ ∩ ϕ 6= ∅, denote by λ|ϕ = (µ′
1, . . . µ

′
L|ϕ) the conditional of λ on ϕ.3

Furthermore, for two utility vectors v and w, denote by v ≥L w that, whenever

w` > v`, there exists k < ` such that vk > wk, and let >L and =L denote the

asymmetric and symmetric parts, respectively.

Proposition 2 (Blume et. al, 1991) The following two statements are equivalent.

1. (a) %ϕ satisfies Axioms 1, 2, and 4 ′ if ϕ ∈ 2F \{∅}, and Axiom 3 if and only

if ϕ ∈ Φ, and (b) the system of conditional preferences {%ϕ| ϕ ∈ Φ} satisfies

Axioms 5 and 6.

2. There exist a vNM utility function υ : ∆(Z) → R and an LPS λ on F with

support κ such that, ∀ϕ ∈ Φ,

pϕ %ϕ qϕ iff(∑
e∈ϕ

µ′
`(e)υ(pϕ(e))

)L|ϕ

`=1
≥L

(∑
e∈ϕ

µ′
`(e)υ(qϕ(e))

)L|ϕ

`=1
,

where λ|ϕ = (µ′
1, . . . µ

′
L|ϕ) is the conditional of λ on ϕ.

In view of Lemma 1 and using Blume et al. (1991, Theorem 5.3), we obtain the

following rusult under Axioms 1, 2, 3, 4′′, 5, and 6.

3I.e., ∀` ∈ {1, . . . , L|ϕ}, µ′
` = µk`|ϕ, where the indices k` are given by k0 = 0, k` = min{k |

µk(ϕ) > 0 and k > k`−1} for ` > 0, and {k | µk(ϕ) > 0 and k > kL|ϕ} = ∅, and where µk`|ϕ is given

by the usual definition of conditional probabilities; cf. Definition 4.2 of Blume et al. (1991).
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For the statement of this results, we need to introduce the concept that is called a

lexicographic conditional probability system in the terminology of Blume et al. (1991,

Definition 5.2). A lexicographic conditional probability system (LCPS) consists of L

levels of non-overlapping subjective probability distributions: If λ = (µ1, . . . , µL) is

an LPS on F and the supports of the µ`’s are disjoint, then λ is an LCPS on F .

Proposition 3 (Blume et. al, 1991) The following two statements are equivalent.

1. (a) %ϕ satisfies Axioms 1, 2, and 4 ′′ if ϕ ∈ 2F \{∅}, and Axiom 3 if and only

if ϕ ∈ Φ, and (b) the system of conditional preferences {%ϕ| ϕ ∈ Φ} satisfies

Axioms 5 and 6.

2. There exist a vNM utility function υ : ∆(Z) → R and a unique LCPS λ on F

with support κ such that, ∀ϕ ∈ Φ,

pϕ %ϕ qϕ iff(∑
e∈ϕ

µ′
`(e)υ(pϕ(e))

)L|ϕ

`=1
≥L

(∑
e∈ϕ

µ′
`(e)υ(qϕ(e))

)L|ϕ

`=1
,

where λ|ϕ = (µ′
1, . . . µ

′
L|ϕ) is the conditional of λ on ϕ (with the LCPS λ|ϕ

satisfying, ∀` ∈ {1, . . . , L|ϕ}, suppµ′
` = π′

` ).

Say that %ϕ is conditionally represented by a vNM utility function υ if (a) %ϕ

is non-trivial and (b) pϕ %ϕ|{e} qϕ iff υ(pϕ(e)) ≥ υ(qϕ(e)) whenever e is deemed

subjectively possible. Under Axioms 1′, 2, 3, 4′, 5, and 6 conditional representation

follows directly from the vNM theorem of expected utility representation.

Proposition 4 Assume that (a) %ϕ satisfies Axioms 1 ′, 2, and 4 ′ if ϕ ∈ 2F \{∅},
and Axiom 3 if and only if ϕ ∈ Φ, and (b) the system of conditional preferences

{%ϕ| ϕ ∈ Φ} satisfies Axioms 5 and 6. Then there exists a vNM utility function

υ : ∆(Z) → R such that, ∀ϕ ∈ Φ, pϕ %ϕ|{e} qϕ iff υ(pϕ(e)) ≥ υ(qϕ(e)) whenever

e ∈ κ ∩ ϕ.

Under Axioms 1, 2, 3, 4′, 5, 6′, and 16 we obtain the characterization result of

Asheim and Perea (2005).

For the statement of this result, we need to introduce the concept of a system of

conditional lexicographic probabilities. For this definition, if λ := (µ1, . . . , µL) is an

LPS and ` ∈ {1, . . . , L}, then write λ` := (µ1, . . . , µ`) for the LPS that includes only

the ` top levels of the original sequence of probability distributions.
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Definition 1 A system of conditional lexicographic probabilities (SCLP) (λ, `) on F

with support κ consists of

• an LPS λ = (µ1, . . . , µL) on F with support κ, and

• a function ` : Φ → {1, . . . , L} satisfying (i) suppλ`(ϕ) ∩ ϕ 6= ∅, (ii) `(ε) ≥ `(ϕ)

whenever ∅ 6= ε ⊆ ϕ, and (iii) `({e}) ≥ ` whenever e ∈ suppµ`.

The interpretation is that the conditional belief on ϕ is given by the conditional

on ϕ of the LPS λ`(ϕ), λ`(ϕ)|ϕ = (µ′
1, . . . µ

′
`(ϕ)|ϕ). To determine preference between

acts conditional on ϕ, first calculate expected utilities by means of the top level

probability distribution, µ′
1, and then, if necessary, use the lower level probability

distributions, µ′
2, . . . , µ

′
`(ϕ)|ϕ, lexicographically to resolve ties. The length function `

thus determines, for every event ϕ, the number of levels of the original LPS λ that

can be used, provided that their supports intersect with ϕ, to resolve ties between

acts conditional on ϕ.

Condition (i) ensures well-defined conditional beliefs that represent nontrivial con-

ditional preferences. Condition (ii) means that the system of conditional preferences

is dynamically consistent, in the sense that strict preference between two acts would

always be maintained if new information, ruling out states at which the two acts lead

to the same outcomes, became available. To motivate condition (iii), note that if

e ∈ suppµ` and `({e}) < `, then it follows from condition (ii) that µ` could as well

ignore e without changing the conditional beliefs.

Proposition 5 (Asheim and Perea, 2004) The following two statements are equi-

valent.

1. (a) %ϕ satisfies Axioms 1, 2, and 4 ′ if ϕ ∈ 2F \{∅}, and Axiom 3 if and only

if ϕ ∈ Φ, and (b) the system of conditional preferences {%ϕ| ϕ ∈ Φ} satisfies

Axioms 5, 6 ′, and 16 .

2. There exist a vNM utility function υ : ∆(Z) → R and an SCLP (λ, `) on F with

support κ such that, ∀ϕ ∈ Φ,

pϕ %ϕ qϕ iff(∑
e∈ϕ

µ′
`(e)υ(pϕ(e))

)`(ϕ)|ϕ

`=1
≥L

(∑
e∈ϕ

µ′
`(e)υ(qϕ(e))

)`(ϕ)|ϕ

`=1
,

where λ`(ϕ)|ϕ = (µ′
1, . . . µ

′
`(ϕ)|ϕ) is the conditional of λ`(ϕ) on ϕ.
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By strengthening Axiom 4′ to Axiom 4, we get the following corollary. For the

statement of this result, we need to introduce formally the concept of a conditional

probability system. A conditional probability system (CPS) consists of a collection of

subjective probability distributions: If, for each ϕ ∈ Φ, µϕ is a subjective probability

distribution on ϕ, and {µϕ | ϕ ∈ Φ} satisfies µε(δ) ·µϕ(ε) = µϕ(δ) whenever δ ⊆ ε ⊆ ϕ

and ε, ϕ ∈ Φ, then {µϕ | ϕ ∈ Φ} is a CPS on F with support κ.

Corollary 1 The following three statements are equivalent.

1. (a) %ϕ satisfies Axioms 1, 2, and 4 if ϕ ∈ 2F \{∅}, and Axiom 3 if and only

if ϕ ∈ Φ, and (b) the system of conditional preferences {%ϕ| ϕ ∈ Φ} satisfies

Axioms 5, 6 ′, and 16 .

2. There exist a vNM utility function υ : ∆(Z) → R and a unique LCPS λ =

(µ1, . . . , µL) on F with support κ such that, ∀ϕ ∈ Φ,

pϕ %ϕ qϕ iff
∑

e∈ϕ
µϕ(e)υ(pϕ(e)) ≥

∑
e∈ϕ

µϕ(e)υ(qϕ(e)) ,

where µϕ is the conditional of µ`(ϕ) on ϕ and `(ϕ) = min{` | suppλ` ∩ ϕ 6= ∅}.

3. There exist a vNM utility function υ : ∆(Z) → R and a unique CPS {µϕ | ϕ ∈
Φ} on F with support κ such that, ∀ϕ ∈ Φ,

pϕ %ϕ qϕ iff
∑

e∈ϕ
µϕ(e)υ(pϕ(e)) ≥

∑
e∈ϕ

µϕ(e)υ(qϕ(e)) .

4 Concluding remark

A full support SCLP (i.e., an SCLP where κ = F ) combines the structural implica-

tion of a full support LPS—namely that conditional preferences are nontrivial—with

flexibility w.r.t. whether to assume the behavioral implication of any conditional of

such an LPS—namely that the conditional LPS’s full support induces preference for

cautious behavior. A full support SCLP is a generalization of both

(1) conditional beliefs described by a single full support LPS λ = (µ1, . . . , µL)

(cf. Proposition 2): Let, for all ϕ ∈ Φ, `(ϕ) = L. With such a maximal length

function, the conditional belief on ϕ is described by the conditional of λ on ϕ,

λ|ϕ.

13



(2) conditional beliefs described by a CPS (cf. Corollary 1): Let, for all ϕ ∈ Φ,

`(ϕ) = min{` | suppλ` ∩ ϕ 6= ∅}. With such a minimal length function, it

follows from conditions (ii) and (iii) of Definition 1 that the full support LPS

λ = (µ1, . . . , µL) has non-overlapping supports—i.e., λ is an LCPS—and the

conditional belief on ϕ is described by the top level probability distribution of

the conditional of λ on ϕ. This corresponds to the isomorphism between CPS

and LCPS noted by Blume et al. (1991, p. 72) and discussed by Hammond

(1994) and Halpern (2005).4

However, a full support SCLP may describe a system of conditional beliefs that is

not covered by these special cases. The following is a simple example: Let κ = F =

{d, e, f} and λ = (µ1, µ2), where µ1(d) = 1/2, µ1(e) = 1/2, and µ2(f) = 1. If

`(F ) = 1 and `(ϕ) = 2 for any other non-empty subset ϕ, then the resulting SCLP

falls outside cases (1) and (2).

As we have seen, a CPS may lead to a refinement of a preference between two

acts when new information, ruling out states at which the two acts lead to the same

outcomes, becomes available. It might be tempting to ascribe such refinement to

the decision maker being initially unaware of the set of states which, according to

the new information, contains the true state. However, in the context of sequential

equilibrium and rationalizability (which can be modeled by means of a CPS), such an

interpretation is inconsistent with the fact that these game-theoretic concepts require

each player to consider all information sets of the game, also those which are assigned

zero unconditional probability.

It is sometimes claimed that in game-theoretic analysis, LPSs are needed for the

analysis of strategic games, while CPSs are suited for extensive games. This paper

shows that CPSs are not sufficient for extensive games, for the same reasons that

subjective probability distributions do not suffice for strategic games, namely that

CPSs cannot handle preference for cautious behavior. In contrast, the concept of

SCLP as defined in Definition 1 and characterized in Proposition 5 provides the

needed flexibility to account for cautiousness, while ensuring well-defined conditional

preferences.

4Hence, the isomorphism between CPS and LCPS noted by Blume et al. (1991, p. 72) and discussed

by Hammond (1994) and Halpern (2005) implicitly entails that a minimal length function supplements

the LCPS. Such a combination is a special case of an SCLP.
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Appendix: Proofs

Proof of Lemma 2. Part 1: Axiom 11 is implied. We must show, under

the given premise, that if e′ � e′′, then, ∀f ∈ F , e′ � f or f � e′′. Clearly,

e′ � e′′ entails e′ ∈ κ, implying that e′ � f or f � e′′ if f /∈ κ or e′′ /∈ κ. The

case where f = e′ or f = e′′ is trivial. The case where f 6= e′, f 6= e′′, f ∈ κ

and e′′ ∈ κ remains. Assume that e′ � f does not hold, which by completeness

(Axiom 1) entails the existence of p′
{e′,f} and q′

{e′,f} such that p′
{e′,f} -{e′,f} q′

{e′,f}
and p′

{e′} �{e′} q′
{e′}. It suffices to show that f � e′′ is obtained; i.e., p{f} �{f} q{f}

implies p{e′′,f} �{e′′,f} q{e′′,f}. Throughout we invoke Axiom 6 and Lemma 1, and

choose ϕ ∈ Φ so that {e′, e′′, f} ∈ ϕ.

Let pϕ �ϕ|{f} qϕ. Assume w.l.o.g. that pϕ(d) = qϕ(d) for d 6= f, e′′, and p′
ϕ(d) =

q′
ϕ(d) for d 6= e′, f . By transitivity (Axiom 1), p′

ϕ -ϕ|{e′,f} q′
ϕ and p′

ϕ �ϕ|{e′} q′
ϕ

imply p′
ϕ ≺ϕ|{f} q′

ϕ. However, since %ϕ satisfies Axioms 2 and 4′, ∃γ ∈ (0, 1) such that

γpϕ +(1−γ)p′
ϕ �ϕ|{f} γqϕ +(1−γ)q′

ϕ. Moreover, pϕ(e′) = qϕ(e′) and p′
ϕ �ϕ|{e′} q′

ϕ

entail that γpϕ + (1− γ)p′
ϕ �ϕ|{e′} γqϕ + (1− γ)q′

ϕ by Axiom 2, which implies that

γpϕ + (1 − γ)p′
ϕ �ϕ|{e′,e′′} γqϕ + (1 − γ)q′

ϕ since e′ � e′′. Hence, by transitivity,

γpϕ + (1 − γ)p′
ϕ �ϕ|{e′,e′′,f} γqϕ + (1 − γ)q′

ϕ — or equivalently, γpϕ + (1 − γ)p′
ϕ �

γqϕ+(1−γ)q′
ϕ. Now, q′

ϕ %ϕ|{e′,f} p′
ϕ means that γpϕ+(1−γ)q′

ϕ % γpϕ+(1−γ)p′
ϕ by

Axiom 2, implying that γpϕ +(1−γ)q′
ϕ � γqϕ +(1−γ)q′

ϕ by transitivity (Axiom 1),

and pϕ � qϕ — or equivalently, pϕ �ϕ|{e′′,f} qϕ — by Axiom 2. Thus, pϕ �ϕ|{f} qϕ

implies pϕ �ϕ|{e′′,f} qϕ, meaning that f � c.

Part 2: Axiom 16 is implied. We must show, under the given premise, that

here exists a binary relation %∗
F satisfying Axioms 1, 2, and 4′ such that p �∗

F |ϕ q

whenever pϕ �ϕ qϕ and ∅ 6= ϕ ⊆ F . Clearly, since Axiom 6 is satisfied, %F fulfil

these requirements.

Proof of Proposition 5. 1 implies 2. Since %ϕ is trivial if ϕ /∈ Φ, we may

w.l.o.g. assume that Axiom 16 is satisfied with %∗
F |ϕ being trivial for any ϕ /∈ Φ.

Consider any e ∈ κ. Since %{e} satisfies Axioms 1, 2, 3, and 4′ (implying Axiom

4 since {e} has only one state), it follows from the vNM theorem of expected utility

representation that there exists a vNM utility function υ{e} : ∆(Z) → R such that

υ{e} represents %{e}. By Axiom 5, we may choose a common vNM utility function υ

to represent %{e} for all e ∈ κ. Since Axiom 16 implies, for any e ∈ κ, %∗
F |{e} satisfies

Axioms 1, 2, 3, and 4′, and furthermore, p �∗
F |{e} q whenever p{e} �{e} q{e}, we
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obtain that υ represents %∗
F |{e} for all e ∈ κ. It now follows that %∗

F satisfies Axiom

5 of Blume et al. (1991).

By Theorem 3.1 of Blume et al. (1991) %∗
F is represented by υ and an LPS

λ = (µ1, . . . , µL) on F with support κ. Consider any ϕ ∈ Φ. If pϕ �ϕ qϕ iff

p �∗
F |ϕ q, then

pϕ %ϕ qϕ iff(∑
e∈ϕ

µ′
`(e)υ(pϕ(e))

)L|ϕ

`=1
≥L

(∑
e∈ϕ

µ′
`(e)υ(qϕ(e))

)L|ϕ

`=1
,

where λ|ϕ = (µ′
1, . . . µ

′
L|ϕ) is the conditional of λ on ϕ, implying that we can set

`(ϕ) = L. Otherwise, let `(ϕ) ∈ {0, . . . , L− 1} be the maximum ` for which it holds

that

pϕ �ϕ qϕ if(∑
e∈ϕ

µ′
k(e)υ(pϕ(e))

)`|ϕ

k=1
>L

(∑
e∈ϕ

µ′
k(e)υ(qϕ(e))

)`|ϕ

k=1
,

where the r.h.s. is never satisfied if ` < min{k |suppλk ∩ ϕ 6= ∅}, entailing that the

implication holds for any such `. Define a set of pairs of acts on ϕ, I, as follows:

(pϕ,qϕ) ∈ I iff(∑
e∈ϕ

µ′
`(e)υ(pϕ(e))

)`(ϕ)|ϕ

`=1
=L

(∑
e∈ϕ

µ′
`(e)υ(qϕ(e))

)`(ϕ)|ϕ

`=1
,

with (pϕ,qϕ) ∈ I for any acts pϕ and qϕ on ϕ if `(ϕ) < min{` |suppλ` ∩ϕ 6= ∅}. Note

that I is a convex set. To show that υ and λ`(ϕ)|ϕ represent %ϕ, we must establish

that pϕ ∼ϕ qϕ whenever (pϕ,qϕ) ∈ I. Hence, suppose there exists (pϕ,qϕ) ∈ I such

that pϕ �ϕ qϕ. It follows from the definition of `(ϕ) and the completeness of %ϕ

(Axiom 1) that there exists (p′
ϕ,q′

ϕ) ∈ I such that

p′
ϕ %ϕ q′

ϕ and∑
e∈ϕ

µ`(ϕ)+1(e)υ(p′
ϕ(e)) <

∑
e∈ϕ

µ`(ϕ)+1(e)υ(q′
ϕ(e)) .

Objective independence of %ϕ (Axiom 2) now implies that, if 0 < γ < 1, then

γpϕ + (1− γ)p′
ϕ �ϕ γqϕ + (1− γ)p′

ϕ %ϕ γqϕ + (1− γ)q′
ϕ ;

hence, by transitivity of %ϕ (Axiom 1),

γpϕ + (1− γ)p′
ϕ �ϕ γqϕ + (1− γ)q′

ϕ . (1)
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However, by choosing γ sufficiently small, we have that∑
e∈ϕ

µ`(ϕ)+1(e)υ(γpϕ(e) + (1− γ)p′
ϕ(e))

<
∑

e∈ϕ
µ`(ϕ)+1(e)υ(γqϕ(e) + (1− γ)q′

ϕ(e)) .

Since I is convex so that (γpϕ + (1− γ)p′
ϕ, γqϕ + (1− γ)q′

ϕ) ∈ I, this implies that

γp + (1− γ)p′ ≺∗
F |ϕ γq + (1− γ)q′ . (2)

Since (1) and (2) contradict Axiom 16, this shows that pϕ ∼ϕ qϕ whenever (pϕ,qϕ) ∈
I. This implies in turn that `(ϕ) ≥ min{` |suppλ` ∩ϕ 6= ∅} since %ϕ is nontrivial.

By Axiom 6′, `(ε) ≥ `(ϕ) whenever ∅ 6= ε ⊆ ϕ. Finally, since, υ represents %{e} for

all e ∈ κ, it follows that p{e} �{e} q{e} iff p �∗
F |{e} q. Hence, we can set `({e}) = L,

implying `({e}) ≥ ` whenever e ∈ suppµ`.

2 implies 1. This follows from routine arguments.

Proof of Corollary 1. 1 implies 2. By Proposition 5, the system of conditional

preferences is represented by an SCLP (λ, `) on F with support κ. By the strength-

ening Axiom 4′ to Axiom 4, it follows from the representation result of Anscombe and

Aumann (1963) that only the top level probability distribution is needed to represent

each conditional preferences; i.e., for any ϕ ∈ Φ, `(ϕ) = min{` | suppλ` ∩ ϕ 6= ∅}.
This implies that any overlapping supports in λ can be removed without changing,

for any ϕ ∈ Φ, the conditional of λ`(ϕ) on ϕ, turning λ into an LCPS. Furthermore,

the LCPS thus determined is unique.

2 implies 1. This follows from routine arguments.

2 implies 3. {µϕ | ϕ ∈ Φ} is a CPS on F with support κ since µε(δ)·µϕ(ε) = µϕ(δ)

is satisfied whenever δ ⊆ ε ⊆ ϕ and ε, ϕ ∈ Φ. If an alternative CPS {µ̃ϕ | ϕ ∈ Φ}
were to satisfy, for any ϕ ∈ Φ,

pϕ %ϕ qϕ iff
∑

e∈ϕ
µ̃ϕ(e)υ(pϕ(e)) ≥

∑
e∈ϕ

µ̃ϕ(e)υ(qϕ(e)) ,

then one could construct an alternative LCPS λ̃ = (µ̃1, . . . , µ̃L) such that, for any

ϕ ∈ Φ, µ̃ϕ is the conditional of µ̃˜̀(ϕ) on ϕ, where ˜̀(ϕ) := min{` | suppµ̃` ∩ ϕ 6= ∅},
contradicting the uniqueness of λ.

3 implies 2. Construct the LCPS λ = (µ1, . . . , µL) by the following algorithm: (i)

µ1 = µF , (ii) ∀` ∈ {2, . . . , L}, µ` = µϕ, where ϕ = F\∪`−1
k=1suppµk 6= F\κ, and (iii)

∪L
k=1suppµk = κ. Then, for any ϕ ∈ Φa, µϕ is the conditional of µ`(ϕ) on ϕ, where

`(ϕ) := min{` | suppµ` ∩ ϕ 6= ∅}, and λ is the only LCPS having this property.
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