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Nonsmooth maximum principle for control problems in Banach
state space.
by
Atle Seierstad
University of Oslo, Norway

Abstract Necessary conditions in the form of a maximum principle is
proved for the optimal control of solutions to nonsmooth nonlinear differen-
tial equations in Banach space. The conditions constitute a generalization
to infinite dimensions of the maximum principle of Clarke. The approach is
closely related to that of Yong (1990) and utilizes an approximating smoother
system that exhibits Gateaux differentiability. The results are applicable to
Volterra integral equations and mild solutions of certain types of weakly non-
linear evolution equations.

1. Introduction The purpose of this paper is to give necessary conditions
in the form of a maximum principle for the optimal control of solutions to
nonsmooth nonlinear differential equations in Banach space. The conditions
constitute a generalization to infinite dimensions of the maximum principle
of Clarke, involving a sort of pseudoHamiltonian. The approach is closely
related to that of Yong (1990), but here a general Banach space is considered,
and the differential equation has no special structure. On the other hand,
Yong considers a semilinear (or weakly nonlinear) evolution equation. In a
remark below it is noted how the results in this paper can be translated to
be applicable to Volterra integral equations, and then to mild solutions of
certain types of semilinear evolution equations. As in the paper of Yong,
an approximating smoother system is utilized, which in the present paper
exhibits Gateaux differentiability. The smoothing differs slightly from that
of Yong. A selection of references to control problems in Banach space is
included, mostly they involve applications to partial differential equations.
Works discussing nonsmooth problems include those of Barbu, Fattorini and
Frankowska (1991) and Fattorini (1993), (1999), (at least in the abstract
parts of these works).

2. Terminology and notation

Two real Banach spaces X and Y are given. For any set A, clA means the
norm-closure (or metric) closure of A. The topological dual of X is X*, and
if A is a bounded linear map from X into Y, then A* is the topological dual
map from Y* into X*. For any locally Lipschitz continuous real-valued func-
tion ¥(x) on X, d°¥(x)(w) is the Clarke generalized directional derivative,



at x, in direction w, see Clarke (1983). The Clarke generalized gradient of a
real-valued locally Lipschitz continuous function f(z) on X is written 0f(z).
If needed, we write 0, when it is taken with respect to z. Measurability and
integrability of vector valued functions are used in the sense of Dunford and
Schwartz (1967), often called strong or Bochner measurability (integrability).
Let J :=[0,T],T a fixed number > 0. The set of (Lebesgue) measurable func-
tions for which [, |z(t)[P < oo, p € [1,00), is denoted L,(J, X). If p = oo,
L (J,X) consists of measurable essentially bounded functions. A function
z(.) : J — X, is defined to be antidifferentiable if it is absolutely continuous
and has a derivative a.e. which is integrable. (Then z(t) = z(0) + fg x(s)ds.
) For any set M, 1, is the corresponding indicator function.

3. The control system

The control system is defined by the differential equation
dz(t)/dt = g(t,z(t),u(t)),t € J,x(0) = z9 € X. (1)

Here, x( is a fixed point, g : J x X x U — X is a fixed function, and U
is a given metric space. The controls u(t) : J — U are (Lebesgue) mea-
surable, i.e. the u(.)s” are a.e. limits of step functions. The set of all such
control functions is denoted 2. For each x and each u(.) € U,t — g(t, x, u(t))
is assumed to be (Lebesgue) measurable. The solutions x(t) of (1) are an-
tidifferentiable functions taking values in X. The constraints in the problem
are:

(i) G(z(T)) € C,C a closed convex set, (i) u(.) € U. (2)

Here, G is a given locally Lipschitz continuous function from X into Y, C'is a
fixed subset in Y, and U is given family of measurable functions u(.) : J — U,

(U is a subset of U).

The criterion to be maximized is

o(z(T)), where ¢ : X — R is a given locally Lipschitz continuous
function. (3)

The maximization problem is thus

max,()u() ¢(z(1)) subject to (1),G(x(T)) € C, and u(.) eU.  (4)

A 7system pair” is a pair (z(.),u(.)) such that (1) and (2)(ii) are satisfied,
with z(.) antidifferentiable. If the system pair also satisfies G(z(T")) € C,
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it is called ”"admissible”. If z(.) is unique for a given u(.), we often write
x(.) = 2"(.), (below, conditions will be imposed securing uniqueness for u(.)’s
close to the optimal w*(.)). The control problem (4) amounts to maximizing
¢(x(T)) in the class of admissible pairs (z(.),u(.)).

A free end problem is a problem where the condition G(z(7)) € C is omit-
ted, or, equivalently, where Y = {0} C R, (and C' = {0}, G(.) = 0). The free
end case is referred to as Y = {0}. Below, (z*(.),u*(.)) denotes an optimal
admissible pair, assumed to exist in the problem. Two assumptions are made:

For some number ¢ > 0,

for all u(.) € U, there exist measurable functions M, (t) € Li(J,R),
MUO(t) € Ly(J,R) , such that, for all z € B(z*(t),<) and for all ¢,
lg(t, z,u(t))| < My)(t) and such that, for all t, x — g(¢, z, u(t))
is Lipschitz continuous in z € B(z*(t),s) of rank < M*()(¢). Finally,
¢ and G
are Lipschitz continuous in B(z*(T'), ¢) of ranks M, and Mg, respectively.(5)

U is closed under switching, i.e. wuy(.),us(.) € U, M measurable =
us(.) €U,

where uz(t) = uy(t) for t € M, us(t) = us(t) for t ¢ M. Moreover, U
is essen-

tially closed in the pseudometric o(us(.), us(.)) := meas{t : ui(t) #

us(t)} (6)

The assumptions made about X, Y, ¢, G, g, C, U, z*(.),u*(.) and U in this sec-
tion are used throughout this paper.

4. Necessary conditions

The following theorem holds in the free end, Gateaux differential case, (for
the definition of the latter term, see Fattorini (1999), p. 310).

Theorem 1 (Free end, Gateaux derivative in z.) Let Y = {0}. Assume
that for each t € J, & — g(t,2"(t) + Z,u*(t)) has a Gateaux derivative
gz (t,x*(t),u*(t)) at £ = 0. Assume, furthermore, that ¢ has a Gateaux
derivative at z*(7T"). Then the following maximum principle holds: For all
u(.) € U, for ¢t not in a null set Ny,

(g(t,z*(t),u(t)), p(t)) < (g(t,z"(t),u"(1)),p(t)). (7)



Here p(t) : J — X* is absolutely continuous and satisfies

p(T) = [pu(a*(T))] ®)
and, for all z € X,

d(@,p(t))/dt = (—ga(t, 2" (), u"(t))Z, p(t)) (9)

for all ¢ not in a null set N;. O

The next theorem to be stated concerns the nondifferentiable case. To for-
mulate it, a few definitions are needed. Let —* denote weak* convergence
and — denote norm convergence.

For any locally Lipschitz continuous function f : X — Z, (Z a Banach
space), for any given 5 > 0, (z,2*) € X x Z*,|2*| < 3, define

dﬁ(f7i>5*)(w) = lim Supz*—>*2*,z*GclB(O,B),y—ME,)\\O<)‘_1[f(y + Aw) —
fw)], 7). (10)

Below, write d?(g (t z,u),2*) = d°(f, 2,2 ) for f(x) = g(t,z,u), B(t) :=
(My+ Mg) exp(ft M*(s)ds) and ~(t) := M*(t)3(t), (Mg = 0 in the free end
case.)

Theorem 2 (Free end, local Lipschitz continuity in z.) Let Y = {0}. As-
sume that M*O(.) < M*(.) and My,)(.) < M,(.) for all u(.) € U, where
M*(.) € Lo(J,R), M,(.) € L1(J,R). There exists an absolutely continuous
function p(.) : J — X*, such that, for all u(.) € U, for t not in a null set
Ny(), the inequality (7) holds. Moreover, [p(t)| < §(t) for all ¢, and for all
w € X, for t not in a null set N,

—d(w, p(t)) /dt < d7(g(t,2*(t),u* (1)), p(t)) (w), (11)
and, finally,
p(T) € d¢(a*(T)). (12)

g

In the end constrained case, the following four conditions are needed in or-
der to formulate a constraints qualification (see (17) below), needed for our
necessary conditions to hold.



o(u,u*) <ée. (13)

, Forallu(.) e U, [,{(g (t)aU(t))ap(t»—<9(t7ﬂf(t)yﬁ(t)%p(f»}aéf)

For all w € X, for t ¢ Ny q(), (Nw,a() & null set),
—d(w, p(t)) /dt < di(g(t, x(t), alt)), p(t)) (w). (15)

/ For all w € X, (w, p(T) — p) < dMe¢(G,z(T),y*)(w), |p| < €,| y*| >
1/2,
(C = G(a(T)),y7) = 0. (16)

Theorem 3 (End constraint, local Lipschitz continuity in x.) Assume that
MUO() < M*(.) and M,()(.) < M.(.) for all u(.) € U, where M*(.) €
Ly(J,R), M, (.) € Li(J,R). Assume also that there exists a vector y € Y and
a number ¢ > 0, such that for any quintuple (z(.),a(.),p(.),p,y*), where
p e Xy e Y* (x(.),a(.)) is a system pair and p(.) : J — X* absolutely
continuous,

if (xz(.),a(.),p(t),p,y*) satisfies the four conditions (13)-(16), then
{yy) = ¢ (17)

Then there exist a number Ay > 0, and elements p and p in X* and y*
in Y*, (Ao,y") # 0, and an absolutely continuous function p(.) : J — X*,
Ip(t)| < B(t), such that (7) and (11) hold, together with the following condi-
tion:

(C=G(T)),y*) 2 0,p(T) =p+p,p € M0o(x*(T)),
for all w € X, (w, p) < dMe(G, z*(T), y*)(w (18)

Remark 1 In the three theorems above, p(t) satisfies |p(t)—p(s)| < f s)ds,t >

s. There exists a scalarwise integrable function p(.) : J — X *, with |p( )| <
v(t) a.e. and |p(.)] measurable, such that, for any w € X, for a.e. t,

d{w, p(t))/dt = (w,p(t)). Given absolute continuity, this equality, together
Wlth p(T) = pr, is equivalent to:

(w,p(t)) = (w, pr)+ f;(w,ﬁ(s»ds for all . (19)

The function p(t) is also written p(t), and is called a ”scalarwise derivative”
of p(t). In the case X is separable or reflexive, p(.) belongs to La(J, X*).



Remark 2 If X is reflexive, then for some null set N, for ¢t ¢ N,

—p(t) € D (g(t, 2" (), u* (), p(t)) : = {a* € X* : for all w €
X, (w, x*)
< liminfs o ftt_é A2V (g(s, 2*(s),u*(s)), p(s)) (w)ds}. (20)

where the integral is a Lebesgue lower integral in case the integrand is non-
measurable, i.e. the supremum of the integrals of all measurable functions
smaller than or equal to the integrand for all ¢. The integrand is surely mea-
surable in t, if either X is separable, or if ¢ is simultaneously continuous in
(t,u). If X is separable, then, for some null set N, for ¢ ¢ N,

—p(t) € A2V (g(t,2* (), u* (1)), p(t)) : = {a* € X* : for all w €
X, (w, x*)

< di(g(t, 2" (t), u* (1)), p(t)) (w). (207)

Remark 3 (A weaker constraints qualification.) Theorem 3 holds even if (17)
is replaced by the weaker condition: There exist a finite dimensional subspace
Y' of Y, and, if Y\Y’ # (), a vector y € Y, and a number & > 0 such that
for any quintuple (z(.),a(.),p(.),p,y*),(p(.) absolutely continuous, x(.),a(.)
a system pair), if (z(.),a(.), p(t), p,y*) satisfies the four conditions (13)-(16)
and [(¢7,y*)| < €'|y| for all ¢’ € Y’ then (y,y*) > €. (No constraints qualifi-
cation is needed when Y\Y’ = ().) This weakened constraints qualification is
automatically satisfied if Y = Y'+Y” Y is a closed subspace, Y'NY"” = {0},
and if for some z € Y, some € > 0,11"B(z,¢) C II"[(C' — G(z*(T"))) N B(0, 1)],
where I1” is the projection onto Y.

Remark 4 (A different constraints qualification) A locally Lipschitz con-
tinuous function h : X — Y is said to have a ”directional multiderivative”
at x, if the set Ah(z)(w,r) := {\"Hh(z+  w) — h(x)} : X € (0,7]} is norm-
compact for some r > 0, and its directional multiderivative is then defined
as Dh(x)(w) := Ny=oAh(z)(w,r). Assume in the situation of Theorem 3,
that C' = {0}, that (17) does not hold, but that, for all u(.) € U and all
t, & — g(t,z,u(t)) has a directional multiderivative at all x € B(x*(t),<).
Then, provided M*0(.) = M O(.) = constant and M,)(.) = M,()(.) =
constant, and condition (3), p. 306 in Seierstad (1997) holds, then the con-
clusion of Theorem 3 still holds, even with Ay = 1. For brevity, the condition
(3) just mentioned is not stated here, it contains a certain type of approx-
imate attainability condition on the directional multiderivatives of the end



points 2%")(T), u(.) close to u*(.), obtained by perturbing u(.) at small in-
tervals. From this result, a result for general closed convex sets C' can be
obtained.

The proof consists in applying Theorem 2 to a free end problem where the
restriction G(x) = 0 is replaced by a penalization term, using the exact pe-
nalization result, Theorem 1, in Seierstad (1997). O

Remark 5 (A case where a2 (g(t,z*(t),u*(t)),p(t)) can be replaced by

d2{g(t,z,u*(t)),p(t)).) Assume that, for any (¢f,w) € J x X, for any sequence

of pairs (z1,\x) converging to (z*(¢),0), \x, > 0, the sequence A, '{g(t, s +

Apw, u*(t)) — g(t, x, u*(t))} contains a norm-convergent subsequence. Then,

n (11) and (20),

d (g(t, 2*(), w* (1), p(t)) (w) can be replaced by d2(g(t, 2 (¢), u*(t)), p()) (w )7
the Clarke generalized directional derivative of z — (g(t, z, u*(¢)), (t)>

x = x*(t). Moreover, in this case, —p(t) € 0, (g(t,x*(t), u*(t)), p(t)) a. 1fX

is separable.

Remark 6 (Relation of (17) to another constraints qualification.) In the case
My()(.) = My+(y(.) = constant, M) () = M“)(.) = constant, the con-
straints qualification (17) is implied by a standard one used in the continuous
Frechet derivative case (the case where Frechet derivatives of © — ¢(t, z, u)
(for all ¢,u), of ¢(x), and of G(x) exist and are continuous in B(z*(t),), re-
spectively, B(z*(T'),<)). In the continuous derivative case, (Ao, y*) # 0 if, for
some z € Y, e >0, B(z,¢e) C cd{(dG(z*(T))/dx)qu(T) — c + G(z*(T)) : u =
u(.) € U,c € C}, where g,(.) is the solution of dgq,/dt = g(t,z*(t),u(t)) —
g(t,x*(t),u*(t)) + (Og(t, *(t),u*(t))/0x)q a.e.,q(0) = 0. (A weakening simi-
lar to that of Remark 3 is possible.)

Remark 7 (Weakened boundedness and Lipschitz condition.) In (5) it can
be assumed that M*") € L;(J,R), and in Theorems 2 and 3, it can be as-
sumed that M*(.) € Ly(J, X). Also, in Theorems 2 and 3, the definition of
B(t) can be changed to 8(t) := (M4 + M) exp(ftT M%) (s)ds), (Mg =0 in
the free end case). A further generalization is that, in Theorems 2 and 3,
(and Remarks 1-3), the conditions M“")(.) < M*(.) and M,((.) < M,(.) for
all u(.) € U can be dropped, however it is then needed to replace U in (14)
by some subset ¢ for which the two inequalities hold for some M*(.), M.,(.).

Remark 8 (Applications to Volterra integral equations.) The above results
can be applied to Volterra integral equations, and hence to mild solutions of



certain abstract weakly nonlinear evolution equations: Consider the Volterra
integral equation

y(t) := zo(t) + [ g(t, s, y(s), u(s))ds, t € J, (21)

where z¢(.) € C(J,X), g : Jx I x X xU — X. Let 7, : C(J,X) - X
be defined by msi(.) = fv( ) z(.) € C(J,X). Next, consider for a moment
the integral equation

2(1,t) == wo(t) + [y g(t,s,2(s,s),u(s))ds, 7,t € J (22)
This equation we may rewrite as

2(T, )+ Jo 9(s s, msz(s, ), u(s))ds, T € J, (23)

where z(7,.) : J — C(J, X). Taking the last space as our state space and
writing z(7,.) = z(7), this integral equation can equivalently be expressed as
an ordinary differential equation

dz/ds = g(s, z(s),u(s)), z(0) = xq, (s, 2(s),u(s)) = g(., s, ms2(s), u(s)),(24)

(xg = z0(.)). For this to work, we have to assume that g is separately contin-
uous in ¢, that g(., s, z,u(s)) : J x X — C(J, X) is measurable in s, for each

u(.) € U, and that g(.,s,z,u(.)) is bounded by an integrable My(y(s) in
B(z*(t), ) and is Lipschitz continuous in z here, with integrable Lipschitz
rank M“0)(s). (Again (z*(t),u*(t)) is a given optimal pair.) The criterion to
be maximized is now ¢(m7z(T)) = ¢(y(T')), and the end constraint takes the
form G(mrz(T)) = G(y(T)) € C. For each solution y(t) € B(z*(t),<) of (21),
there is a solution z(.) with mz(t) € B(x*(t),<) of (24) with mz(t) = y(t),
and vice versa. O

5. Proofs

The proof of Theorem 1 is closely parallel to that of Theorem 1 in Pallu
de la Barriere, p. 383, (1980). A proof is given in Appendix.

Proof of Theorem 2 (free end case) The proof is based on the use of The-
orem 1, and is structured as follows. First, by using suitable mollifiers, the
dependence on x in g is smoothened to such an extent that Gateaux deriva-
tives exist. The control w*(.) is approximately optimal in the smoothened
problem. Ekeland’s principle is used to obtain an optimal control w.(.) in the



smoothened problem. To this problem, Theorem 1 is applied, yielding an ad-
joint function p,(t) satisfying the maximum condition (7) and the standard
adjoint equation (9), as well as the transversality condition (8). The molli-
fiers are then shrunk ”to nothing”, and a cluster point of the p,(.)-functions
are shown to satisfy the conditions in Theorem 2. A lemma on mollifiers is
needed.

Lemma 1 Let X be a separable Banach space. Let f be a Lipschitz contin-
uous function on B(%,d") C X, with values in a Banach space Z. Let M/ be
the Lipschitz rank of f. There exists a sequence of mollifications of f, written
f®(z),k =1,2,..., defined on B(&,d/2), such that |f*)(z) — f(z)| < M7 /k
for all z in B(Z,8'/2). Moreover, on B(%,d'/2), f*)(x) is Lipschitz continu-
ous of rank < M/ and is bounded by M; := |f(%)| + & M/. In fact, f® (z)
is bounded on B(&,d/2) by any bound M; that f has on B(&,d). Further-
more, f¥)(z) has a Gateaux derivative Vf*)(z) at each z € B(%,6'/2) and
IVf®)(2)| < M. Finally, let 2* be any element in c/B(0,3) C Z* and let
D*(f,z,z*) be the set of points * € X*, with the property that there exists
a sequence (zy,z;) € X X Z*, where xp — &, 2z —* 2*, z; € cB(0,0),
such that z* is a weak™® cluster point of a sequence of convex combina-
tions 2% = Y07, HZ-LEZ%, all k7 > j, of the elements i} := [V f®) (zp)]* 2.
Then D*(f,&,2*) C 0°(f, &, 2*), where 0°(f,2,2%) == {a* € X* : (w,2*) <
d°(f, 2, 2%)(w) for all w € X}; (for dP; see (10)).

Proof Let ag = 0 € X, and let a;,7 = 1,2, ..., be a sequence of unit vectors
in X such that U,,E,, is dense in X, where E,, :=linspan{ay, ...,a,},m =
1,2,.... Let 6 € (0,40'/2) be given, and define a,, 5(\) := a,(A),n =1,2, ..., to
be a Lipschitz continuous nonnegative function on (—oo, 00) vanishing out-
side (—0/2",4+6/2"), bounded by 1/(6/2") and with [, a,(A)dX = 1. The
function is taken to be piecewise linear. (By necessity, the Lipschitz rank
goes to infinity with n.)

Write A" := (A1, .o, An), @ (A") = a1(A1) - oo - @n(Ay) and let [ denote
an m-tuple integral over R™. For any « € B(%,d'/2), define the n- multiple
integral Izi(x) =L p(x) = [" f(x—Zfzo Aia;) " (A™)dA™, k < n. Note that
a™(A\") is non-vanishing only if |\;| < /27, i = 1,...,n, and | F_ Mias| < &
for such \;, so the calculation of I, x(x) involves only values of f on B(&,d"/2+
9), when z € B(%,0'/2). Now, |11 n41(x) — L p(x)] <

fn | fll flz— Z:':rol i) 01 (A1) dA g1 — f (2 — Zf:o Aia;) | (A™)dA™ <
fn{f |f(17—27:+ol Aiai)_f@:_Zf:o /\iai)|an+1(>‘n+1)d)‘n+1}an(/\n)d)‘n <
fn(fl{Mf| Z?:Jrklﬂ Aiti| Y1 (Ang1)dApg1)a™ (A™)dA™ <



JH M S 8/2 s s ) Ja (A)dA™ < MT§ /28 (25)

To obtain the next to last inequality, note that when integrating with re-
spect to )\; , the integration can be confined to (—4/2%),6/2%). Write I%/ (z) :=
137 (x). By (25), |Igf:1( V—I%(z)] < M'§/2™, s0, for each v € B(z,8'/2), {13/ ()},
is a Cauchy sequence, with limit ) (z), 2 € B(Z,6'/2). When § = 1/k, we
write f*)(z) instead of f(/%). We shall show that this sequence has the prop-
erties claimed in the lemma. Letting k = 0 in (25) yields | n+1(:v) — f(2)| <
M6, (f(z) = In,O( 7)), 80, in the limit, for all z € B(#,'/2), |9 (z)—f ()| <
MYs.

It is trivial that I9/(z) is bounded by My, for = € B(&,d'/2). It is then
easily seen that in B(Z,8'/2), I3/ (x) has a Lipschitz rank < M/, taking lim-
its, also f(® is seen to have a Lipschitz rank < M7. The first claim in fact
follows from linearity of mollification: I7*/ ™ h)( ) = ol (z) + BISH(z), so
IO gy = 1370 () — 1270 (2) . Thus, for &, 342 € B(#,8/2), since
|f(z+2)— f(z)] < MY|z| for z,x+2 € B(&,5), then | I3/ (i +2) — I3/ ()| =
BT @) = 17O @) = 1Y) < Mz,

Next, we turn to the proof of Gateaux differentiability. Let z € B(z,4'/2).
Choose some natural number m, and let w := Z:'io w;a; € E,, . For n > m,
write

Im(x) == [ flae =30 Nit) - Wt (A1)« oo (M)A g1 - - d g,

and let I"™(xz) = lim, o I"(z), (this limit exist for the same reasons as
I(x) exists, moreover I"(z) and I ™(z) are bounded by M; and have Lips-
chitz rank MY). Note that I3/ (x) = [ I™(z — >°1%, Mia;)a™(A™)dA™, and
by dominated convergence, that f = [MI™(@ =37 Niag)a™(A™)dA™.

Evidently, (f©(x + tw) — fO(2))/t = lim,, t "I/ (z + tw) — I3/ (2)} =

lim,, fm Iz + tw — D007 ) — I (= 300 Niag) o™ (™) dA™ =
[T HI™ (@ + tw — Y07 Na) — ™ (@ = Y00 i)™ (A™)dA™ =

[ ft U (z+ 300wy — N)ag)ar(M) - oo am(Am)dAr - - dA—
f ft 1[m — ZZO )\Z'CLZ'>041()\1) et Oém()\m)d)\l et d)\m =

f ft 1]m ZZZO /\zaz)al()\l—i—twl)am(/\m—i—twm)d/\ld/\m—
fm llm Zz:O )\Zaz)am()\m)d)\m =

7 i (e S N A 4 ) — (A = (0, (29)

where w™ = (w1, ..., Wy,).
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Now, Va™(A™) exists for a.e. A, hence limp o[a (A" +tw™) —a™(A™)]/t =

Va™(A™)w™ exists for a.e. A™. By Lipschitz continuity, [a/™(A™ + tw™) —

a™(A™)]/t has a bound independent of A and ¢. Moreover, I"™(x— """, N;a;)

is similarly bounded, hence, limp o ¢ (#) exists and equals [ I™(z—>"7", Nia;) Va™ (A™)w™d\™.
Because the last expression is linear in w™, w — f© (z + w) has a Gateaux

derivative at w = 0 on E,,, in fact on U,,E,,. Moreover, as f® has the

Lipschitz rank M7, then |((t)] < M7|w|, so |[Vf©®(x)] < M/. By density of

UnEm in X, at w = 0,w — fO(x +w) has a Gateaux derivative on X, (see

Appendix, Lemma A).

Finally, let us prove that D*(f,%,2*) C 0°(f,%,2*). Let w be any given
unit vector in X. For any given ¢ > 0, there exist a x € (0,9'/4) and a weak™
neighbourhood W of 2* in ¢lB(0, 3) such that ([f(y + \w) — f(y)]/\, 2*) <
d°(f, 2, 2")(w) + € when y € B(2,2k),\ € (0,k),2* € W. Let § < K, < k.
Then, for z € B(z,k),2* € W,

<[f(5)($+ Aw) = O (2)]/A, 2%) =
lim,, ["A7f(x + Aw — >0 ) — fz— Zl 0 Aia;)], Z)a™(AN)dA™ <
lim,, ["(d°(f,2,2%)(w) + €)a™(A")d\"* = d°(f, 2, 2*)(w) + ¢.

Hence, letting A N\, 0, we get that (V£ (z)w, 2*) < d°(f,2,2")(w) + ¢
for all x € B(#,k),0 € (0,k), 2" € W.

Let 2* € D*(f, &, 2*). Then, by definition, there exists a sequence (x, 2;), vx, —
T, zf =% 2%z € cB(0, ), such that z* is a weak™ cluster point of a se-
quence of convex combination I} := S Ont;;, all kJ > j, of the elements
it o= [Vf®) (z,)]* 2. For k large, (w4.25) € B(%, k) x W. Thus, as all #} satis-
fies (w, #;) < d°(f, &, 2*)(w)+e for k large, then (w,z}) < d°(f, &, 2*)(w)+e
for j large, hence (w, z*) < d°(f,#, 2*)(w) +¢. By the arbitraryness of € and
w, ¥ € O°(f, &, 2%). O

Lemma 2 Let, in Lemma 1, f be Lipschitz continuous in B(z', ") with rank
M/. Then, d°(f,%,2*)(w) is upper semicontinuous in (%, 2*) € B(#/,§") x
clB(0,3), in the norm x weak* topology.

Proof: Let 2* € clB(0,3),z € B(2',9"”), and let ¢’ be so small that B(z,d") C
B(#',6"). For any given w € B(0,1), and any given € > 0, there exist a
k € (0,0") and a weak* open neighbourhood W of 2* in ¢l B(0, 3) such that
([f(y +  w) — fF()]/N z*) < d°(f, %, 2*)(w) + ¢ when y € B(%,K/2),\ €
(0,k/2), 2" € W. Let (&, 2*) € B(#,k/2) x W. Evidently, d°(f, , 2*)(w) <
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SUPyeB(a,m/2) 7e(0/2), 2 ew (L (y+Aw) = f(y)] /A, 2%y < d°(f, &, 2%)(w)+e.0

Continued proof of Theorem 2 First, we assume that X is separable.
For 6 = 1/k < ¢/2, let ¢*(s,z,u) = f®(z), for f(z) = g(s,z,u). Simi-
larly, write ¢* for ¢® when § = 1/k. Then, by Lemma 1, |¢*(s, z, u(s)) —
g(s,z,u(s))| < M (s)/k < M*(s)/k, uniformly in (s,z),z € B(2*(s),5/2)
and |¢*(z) — ¢(z)| < My/k,xz € B(x*(T),s/2). Let z“*(t) be the solution
of dx®F/ds = gk(s,x,u(s)),x“’k(O) = x. Consider first u = u*. By a local
existence theorem, z* *(.) exists in B(z*(t), g/ 2), at least on a small inter-
val [0,#]. Write a(t) := 1+ [} M*(s)dsexp( [, M*(s)ds) and note that when
t <, then |29k (t) — 2*(t)| =

[fo 9% (s, 2% (s),u*(s)) — g(s,2(s), u*(s))ds| <

| o (5,27 F(s), u*(s)) — g(s, 2% F(s), u*(s))ds|+
| f 9(s, 27 (s),u*(5)) — g(s, 2%(s), u*(s))ds| <
(1/K) [y M*(s)ds + [; M*(s)|z" *(s) — a*(s)|ds.

Let 1/k < ¢/4a(T). By Gronwall’s inequality, |z% *(t) — 2*(t)| < a(t)/k <
a(T)/k <¢/4,t € [0,t']. An existence and continuation argument gives that
a7k (t) exists on all J in clB(z*(t),s/4) and the preceding inequalities hold
for ¢ = T. Using this and |¢*(z) — ¢(z)| < My/k yield

|6 (a"H(T)) — p(2*(T))] < |¢* (= H(T)) — ¢"(a*(T)) [+
|6 (2*(T)) = d(2*(T))| < &/, (27)

where & := Mya(T) + M.

Define oy(u, ) = fg(l + M. (5))1{ru(r)2a()} (s)ds. Note that |f0t(:p“k(3) -
ik (s))ds| =

| fy 6" (5,2 (s),0(s)) — g (s, 2"*(s), u(s))ds| <
[ Jy 9 (Sa Ji(s)) = g (s, 2% (s), u(s))ds|+
1 fy 9 (8 U(S)) g" (s, 2" (s), u(s))ds| <
20 (u, @) fo M*(s)|x“k(s) %k (s)|ds,

when k > 4«a(T)/s. For 4 = u*, by these inequalities, Gronwall’s inequal-
ity, and an existence and continuation argument, for v € Dy = {u € U,
or(u,u*) < g/8exp fo M*(s)ds)}, k > 4a(T)/s, the solution x%*(t) exists
on all J in clB(x* *(t),c/4) C cB(z*(t),s/2). In fact, the inequalities and
Gronwall’s inequality give, for u,u € Dy, that
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|z@k (t) — 2% ()| < 204 (u, @) exp(fot M*(s)ds). (28)

For the metric o7 on U, the space U is complete, (we identify a.e. equal
functions). Even the closed ball Dy is complete. Using (27), by Ekeland’s
variational principle, for any k > 4«(T)/s, there exists a control u; € Dr,
with o7 (ug, u*) < (£/k)2, which is optimal in the problem

e,y {6 (T)) — (€/0) o, ), (29)
subject to
dz*/dt = g* (s, z,u(s)), 2(0) = 2, u(.) € Dr. (30)

Below, k is > 4a(T') /<. Let y*(t) be the solution of dy/dt = (1+M. (1)) 1riu(r)£u ()3 ()
a.e.,,y(0) = 0, and write ¢*(z,y) := ¢*(x) — (f/k)%y. Then u;, maximizes
¢*(xz™(T),y*(T)) for u € Dp. Applying Theorem 1 in the present situa-

tion yields an adjoint function py(t):= (px(t), Px(t)) such that, for any given

u(.) € Dp, for t not in a null set Ny u.()s

((g" (8 2 (), u(t)), (1 + Mu(t)) Liriu(ryun o)y (1)), (pi(t), Pe(t))) <
((g"(t, 2 (1), uk(t)), 0), (pw(t), P(1))). (31)

Here pi(t) is an absolutely continuous function from J into X*, satisfying,
for all w € X, for ¢ not in a null set N,

d(w, pi(t))/dt = (=Vg*(t, 2" (t), ur(t))w, pr(t)) (32)

where here, (and below), V denotes a Gateaux derivative with respect to
x. Moreover, Py(t) € R* =R,dP/dt =0 a.e., and

(p&(T), Pu(T)) = (VF (2(T)), —(&/k)?) (33)

Note that, by Gronwall’s inequality, (32) and (33), |px(t)| < My exp(— fT M*(s)ds) =

B(t), (Mg = 0), so, recalling v(t) = M*(t)5(t), we get d(w,px(t))/dt €
clB(0,y(t)|w]).

Let {b;}5°, be dense in the unit ball in X. Note that the derivative d(b;, px(t))/dt
exists in a set J \N*, where N* is a null set independent of ¢ and k, and
Yik(t) = d(bi,pr(t))/dt € Ly(J,R), (more precisely, let v; x(¢) := 0 1y« +
d(bi, p(t))/dt - 1pn+). In fact, for t &€ N* |vie(t)] < v(@®)|b:i] < y(t), (im-
plying uniform countable addtivity of E — [, 7 x(s)ds),k = 1,2,...), and
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1Yk (t) — Yok (t)] < v(£)|b; — by|. Below, a certain subsequence k,, of the se-
quence k = 1,2, ... is introduced. By diagonal selection, we can find a subse-
qUENCe Yk, (.) of i, (.) such that Vi, (.) is weakly convergent in Ly (J, R)
to some p'(.) € Li(J,R), for all i. We can also assume that (bi, P, (T)) s
convergent for each 7. For simplicity, assume that these convergence proper-
ties hold for the sequence k,, itself. Since {7i, (.)}m is weakly convergent,
for each fixed ¢, a sequence of convex combination of the functions ;. (.)
converges in L;—norm, to p'(.). By diagonal selection, a sequence of convex
combinations {p;;(.)};, Piji() = doniy 0,7, (), all ki, > j, exists such
that for all i, {p;;(.)}; converges in Ly—norm to p'(.) € Li(J,R). We may
even assume pointwise convergence on a set J\N’, N’ a null set. Evidently,
Yix(t) € clB(0,7(t)) a.e. = p'(t) € clB(0,7(t)) a.e.

Let N = N'"U N*. For each t ¢ N, it is easily seen that there exists an
element p(t) € X* such that p‘(t) = (b;, p(t)) for all i. To give some details of
the argument, let b;; be a subsequence of linearly independent vectors such
that, for each k, by € linspan{b;, : i; < k} = E*. On U,LE* we define the
linear functional p(t) by p(t)(z) = 3 5;p%(t), if = 3 3;b;;, (a finite sum).
Fortunately, consistency holds: If x = b; and b; = }_ 3;b;;, then, for a.e. t,
pi(t) = limg i x(t) = limy d(3_ Bjbi;, pi(t))/dt = 3 B; limy, d(bs;, pi(t)) /dt =
> B limy s, k() = Y- B;pY(t) = p(t)(b;). From now on, we write (z,p(t))
instead of p(t)(x). For all 4, |{b;, p(t))]| < y(t) for t ¢ N. By density of {b;}32,
in the unit ball in X and Lipschitz continuity of x — (z,p(t)) on the set
{b;}2,, p(t) has an extension to all X, such that |[(z,p(t))| < v(¢)|z| for all
reX,t¢ N.

Let p*(t) € X* be defined by (b;,p(t)) = 7ix(t), (the extension to X is
again trivial). Then [{(x,p*(t))| < ~v(t)|z| for all z € X,t ¢ N*. Evidently,
by density of the b;’s, p(t) is a weak™® limit point of the sequence p;(t) :=

"6 pFma(t),t ¢ N. Moreover, by density of the b;’s, py, (T) converges
weakly* to some limit py and, for any ¢, p(t) := pr+ th p(s)ds is a weak™ limit
of py,, (t), (by weak convergence of {7, x,. (.)}m). All the properties in Remark
1 hold for p(.). Moreover, by applying Lemma 1 to ¢, (with Z =R, 2* = 1),
it is obtained that pr belongs to (¢, 2*(T),1) = d¢(x*(T)).

Now, a subsequence uy,, (.) of u(.) satisfies o7 (us,,, u*) < 1/2™F!. Then
Cj = Upsi{s : Uy, (s) # u*(s)} satisfies meas(C;) < 1/27, by definition of o7.
Let C = N;C;. For simplicity write wy,,(.) = g, (), Tm(.) = g, (), Pn(.) =
Py (.), and py,(.) = pr,,(.). Observe that, for any ¢, for any ¢ > 0,

gt (8, 2t (2), u(t)) — g(t, 2*(t), u(t))] < & (34)
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when m is large, uniformly in u(.). To see this, note that, for any ¢,

g™ (v (8), u(t)) — g(t, 27 (8), w(t))] <
[gh (&, 2 (), u(t)) — g™ (&, 2% (), u(t)) [+ g™ (£, 27 (8), u(t)) =g (¢, (), u(®))].

The first term is small by Lipschitz continuity and the fact that z*(t) —
x*(t), (see (28)), and the second term is small due to the construction of the
mollifier, (see Lemma 1). Moreover, for any ¢” > 0 and for any ¢, for m large
enough,

(1+ M. ())(§/ k)2 < €” ;50 | Pu(t)|(1+ Mi(t)) < &, (35)

by (33). Let e > 0,e arbitrary. For any t ¢ Ny), Nu) = UeNu()un()s
for m large, the following inequalities can be shown:

(g(t, z* (), u(t)), pm(t)) — 2¢ < (" (t, 2 (1), u(t)), pm(t)) — € <
(" (t, 2z (), u(t)), pm(t)) + (1 + Mu(t) L ru(r)um (0} (1) P (t) <
((g" (t, 2" (b)), um (1)), pm (1)) < (g(t, (1), um(t)), pm(t)) + €.

The first inequality follows from (34), the second one from (35), the third
one from

optimality of u,,(.), ((31)), and the fourth one from (34). (Also the bound
B(t) on all functions p,,(t) has been used.)

Now, for any ¢t ¢ C' U Ny, for some j;, t ¢ C},, and u,,(t) = u*(t) for

m 2 Ji, SO
(gt 2™ (t), u(t)), pm(t)) —2e < (g(t,2*(t),u(t)), pm(t)) +e for m > ji,(36)

m large, and, by (32),

pre(t) = =[Vghn (&, 2 (t), w (£)"pm(t) for m = ji. (37)

From (36), it follows that the cluster point p(¢) must also satisfy (g(¢, z*(t), u(t)), p(t))—
2e < ((g(t,z*(t),u*(t)),p(t)) + ¢, for t ¢ C' U Ny(). By the arbitraryness of

e, (7) holds for all u(.) € Dy, for t ¢ C'U N,y. But then, (7) holds a.e. for

any u(.) in U, since it holds for u(.) = a(.)1; +u*(.)(1 — 1;), where I is any

interval so small that u(.) € Dr. By (37) and the last part of Lemma 1, the

limit p(t) satisfies (20°) for a.e. ¢, which implies (11).
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Let us now remove the assumption of separability of X. Let U’ be a finite set
of controls, let U” := {3 Taru;(.) : us(.) € U’, {M;} is a finite measurable
partition of J}, (U” is the "switching closure” of U’), and let U"” be the
subset of U” obtained by requiring the M;’s to be intervals with rational end
points. (Then U" is countable.) Let U* be the o —closure of the set U”. Then
there exists a countable subset XU of X, containing xo, such that, a.e., 2% (¢)
belongs to cIXY" for all u := u(.) € Dy NU™. We shall assume that the sub-
set XV is so chosen that linspanXV" C cIX?’. This can always be arranged
by replacing XU by the countable set of finite sums Q(XU") := {3° iz : \;
rational, z; € XU'}. By (28), Lipschitz continuity of ¢ in x, and o—density
of U" in U* , for all u € U*N Dy, #%(t) € clXV for a.e. t. Then also 2%(t) €
clXY for such u. For simplicity, assume that an open set A exists such that
B(z*(t),s/4) € A C B(z*(t),s) for all t. (At least, there exist a finite num-
ber of points ¢;, ¢ = 1,...,7* | increasing in i, tg = 0,t;+21 = T, such that
B(z*(t),c/4) C A; == B(2*(t;),</2) C B(z*(t),5), for t € [t;, tiy1] =: J;. The
below construction can then be carried out on each J;.) For each z € XU N A,
for a.e. t, for all u(.) € U"”,g(t,x,u(t)) takes values in the closure clX,, of
some countable set X,. Let X}, := Q(XY U{U, yv',aXs}). Assuming the
countable set X(’j, defined, then, by induction, let for each z € XF, N A,
for a.e. t, for all u(.) € U”, g(t,x,u(.)) take values in the closure clXF,
where X* is countable, and let Xjf' = Q(XF, U {Ua:eXg,mAXa:})' Finally,
let Xy := UP, XE,. Note that Q(Xpv) = Xy, (XF, is increasing in k),
and note that for any x in the countable set Xy N A, for a.e. t, for all
u(.) € U, g(t, x,u(t)) takes values in c1Xy,. By continuity in x, for ¢ not in
a null set Ny, ( Ny not dependent on ), for all z € (c1Xy/) N B(z*(t),/4),
for all u(.) € U", g(t,z,u(t)) takes values in clXy». (We in this case say that
clXy is g, U'-invariant.) This even holds for all u(.) € U*, for ¢ not in a null
set Ny () independent of .

Let U’ be the family of finite sets U’ that contain u*(.). For any such finite set
U’, and any countable subset V of X, let XUV be the set clX,, obtained
by including V in the set XU with which we started the above construc-
tion. If, in the definition of df(t)(g(t,m,u),p)(w), see (10), y is restricted
to belong to a subset X' of X, we write ds"""' (9(t,z,u),p)(w). The latter
expression is written dX (¢, p(t))(w) when p = p(t),u = u*(t),z = 2*(t). Ap-
plying the necessary conditions for the separable case to U* instead of U,
with XUV as state space, and using the notation of Remark 1, we obtain a
ptUV e (XUVY* and a pU"V (\) € Li(J, (XU"Y)*), the topscript s indicating
scalarwise integrability, such that (39) below holds, such that (7) holds for
p(.) replaced by pY"V(.) (given in (41) below), for all u(.) € U*, a.e., and
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such that, for a.e. ¢, [pY"V(t)| < y(t). Thus, we have,
[z @), pVV (8))dt < [, y(t)|z(t)|dt for all z(.) € Loo(J, XU"Y), (38)

for all w € XUV, for ae. t, —(w,p" V(1)) < ax’v (t, pU"V (1) (w),
(39a)

(w, p" Uy < XY p(a*(T)) (w) for all w € XUV, (39b)
where d%X U/’Vgp(ﬁ(T ))(w) is the generalized directional derivative at x*(7T')
of ¢ restricted to XU"V. Below, we will apply the integrated version of the
maximum condition, namely:

Jigt, (), u()), pU-V (1)t < [ (g(t, (1), u* (1)), p""Y (£))dt, u(.) €
U*. (40)

Of course,
PV () = ptUY 4 [1 UV (s)ds. (41)

The function p”"" (.) represents a continuous linear functional on Ly(.J, XV"V).
By the Hahn-Banach Theorem, this functional has an extension to all Ly(J, X),
preserving its norm |y(.)|2. By a general representation theorem (Dunford-

Pettis theorem), the extended functional can be represented by a function

porv(.) € Li(J, X*), with |prv(.)]2 < |7(.)]2, see e.g. Fattorini (1999),

p.668. Similarly, the functional p™"U"V has an extension pryy to X, pre-

serving its norm My. Let I' be the directed set of pairs (U, V), U € U,

V a countable set in X, ordered by the relation (U’,V) = (U, V) iff U’ D

U,V D V. To each v := (U, V), there corresponds a pair (pl,p,(.)) :=

(prorv,Purv(.)). Since {(pX,p,(.)) : v € '} is bounded in X* x L5(J, X*),

the generalized sequence (pz, p,(.)),v € T, has a weak* cluster point (p”, p(.))

€ X* x Ly(J,X*). Let p(t) := pT + f; p(s)ds. Then, for each t, the gener-

alized sequence p,(t) := pg + th P (s)ds, has p(t) as a weak™ cluster point,

so (38),(39b) and (41) immediately imply two of the three properties below,

namely (42) and (44).

[ (@), p(t))dt < [, ~y(t)|x(t)|dt for all z(.) € Lo(J, X). (42)

For all w € X, —(w,p(t)) < d*(t,p(t))(w) for ¢ not in a null set N,
(43)
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p(t) = pT + [7 p(s)ds, (w,pT) < d®¥p(a*(T))(w) for all w € X.(44)

(The inequality in (42) follows from the fact that , for any z(.) € Lo (J, X),
there exists a countable set V' with the property that x(¢) € clV a.e., so for
such a V, 2(.) € Loo(J, XY"V) and (38) holds.) When p(.) is suitably chosen,
Ip(.)| can be assumed to be measurable, in fact all properties in Remark 1
hold. For any u(.) € U, (40) holds for any v = ({u(.),u*(.)},0), so (40) holds
for any such u(.), for the cluster point p(¢). Hence, (7) holds.

Finally, let us prove (43). (We don’t want to address the question if dX (¢, p(t))(w)
is measurable, this explains part of the route of proof taken). At this point
we need the property that if U7 ¢ U’, V C V, then XYV ¢ XUV This can

be assumed to hold: We can assume that when we chose X U for all subsets

U' c U’, we arranged it so that XV ¢ X",

Let w € X, X, = X et {29()}2, be dense in Ly(J, X;) and let
{20 }72, be dense in Xo. There exists a pair (p{,pi(.)) = (P2, P, (), 11 =
({u*},{w}), such that the following condition holds for £k = 1: For i,n €
{0, ...,k — 1},

(45)! J @ (), pe(t))dt — [ (a5, (8), p(6))dt] < 1/k, (@, pi ) = (x,p" ) < 1/,

Define by induction elements v = (Ulw, Vi) € T, K" € {1, ..k}, Y1 =

vk, closed separable g, U}, _,-invariant linear subspaces X1 := X U1V 1
increasing in &”, and sequences {z*" ()}, {o¥ =1} dense in Lo(J, Xpr_1)
and X1, respectively, such that (45) holds for k replaced by any k" €

{1,...,k}, with (pl, per () == (P] Py (). Thus, given that (45) holds

for k" < k, then, let X = X let {z%(.)}°2, be dense in Ly(J, X}) and

{zF}e ; be dense in X}, choose a 41 = i such that (45) holds for k + 1,

for pk+l(-) = p'}/k+1 ()7]3% - pzk-s-l'

Let Q := |7(.)|2 and X :=clU; X}, and observe that for a.e. ¢, z € (UpX}) N
B(z*(t),s/4) = g(t,z,u*(t)) € UpXy C X so for ae. ¢, z € X'N
B(x*(t),s/4) = g(t,z,u*(t)) € X". Note that for any z(.) € Lo(J, X?),
for any € > 0, there exists a step function #(.) with values in Uy X}, such
that |z(.) — z(.)]s < €/6Q), in fact #(J) C Xj for some k = k’. By den-
sity of {o¥ ()}, in Ly(J, Xp), for some n = n’, |&(.) — 2%,()]2 < £/6Q, so
l2(.) — 2%, ()|2 < ¢/3Q. For k > max{k/,n'}, so large that 1/k < /3, by
(45), | [, (a0 (8), (D)t — [, (% (6), 5(2))dt] < /3. Bvidently,
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’fj (1), dt fJ z(t),p(t))dt| = |fJ (t>; (t dt f] xﬁ (t),p ( ))dt|+
U:] fz ))dt— fJ Iﬁ( p(t))dt|+| fJ xfﬂ ), B(t))dt— fJ<‘T( (t))dt| <
e/3+ 6/3 + 5/3

= e. Hence, {pi(.)}, for each t restricted to X°, is weakly* convergent in
L5(J, (X)), i.e. for the duality Lo(J, X9), L5(J, (X°)*). Denote the restric-
tions {p,(.)}, and let p/(¢) having a corresponding meaning. Similarly, {p? },
restricted to X is weakly* convergent, denote the restrictions {p{’}. This
implies that for each ¢, the sequence of corresponding restrictions {p}.(¢)} is
weakly* convergent in (X°)*, (i.e. for the duality X, (X%)*). Now, for any
k,m, k > m, we have —(w, pk(t)> < sup,s,, —(w,P,(t)) = an(t), and so
— [ (w, pi( )> t)dt < [ ann(t)x(t)dt, for any x(t) € Loo(J,R), x(t) > 0 a.e.
The next to last mequahty also holds in the limit, which entails —(w, p/(t)) <
() a.e. Since this holds for all m, then for a.e. t,—(w,p(t)) = —(w,p'(t))
< limy, (1) < limsup, {d* (¢, p},(t)) (w)} < limsup, {d*(t.p),(t))(w)} <
dX°(t,p' (1)) (w) = dX°(t,p(t))(w) < d¥(t, p(t))(w). The last equality follows
from the fact that, a.e., g(t,z,u*(t)) € X° when x € B(z*(t),s/4) N X°,
the next to last inequality follows from p/(t) = lim,, p/,(t) (weak™) and upper
semicontinuity, (see Lemma 2), and the next to first one from (39a). Hence,
(43), i.e. (11), holds. O

For later use, let us make the observation that, from the arguments above,
it follows that for any w € X, there exists a closed separable subspace X,
containing w, and a null set N,, such that the following properties hold. For
all t ¢ N,

—(w, p(t)) < & (g(t, 27 (8),u (1)), p(1)) (w) and g(t, XoNB(x*(t),</4),
X (46)

Proof of Theorem 3, (the end constrained case)

It is possible to reduce the proof to the case where G = I, (the identity map).
The general case is then obtained by applying the results for this case to a
control problem where J is replaced by [0, 7 + 1], and in which an auxiliary
control variable z is introduced, governed by 2 = G(x)1¢pr41(t), 2(0) = 0,
with g = 0 on (7', 7+ 1], and with end condition (x(7T+1),2(T+1)) € X xC.

Thus, assume that G = I, (Y = X). For any given ¢ > 0, define
U(z) := max(0, ¢p(z*(T)) — ¢(x) + &%) +dist(x, O) (47)
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Now, for any system pair (x(.),u(.)) with u(.) € Dr, we have ¥(z(T)) > 0,
(otherwise, if W(z(T")) < 0 then «(T) satisfies z(T) € C, and ¢(«*(T))+
e? < ¢(x(T)), which contradicts the optimality of z*(.)). Since ¥(z*(T)) =
g2, then W(x*(T)) < ¥(z(T)) + €* for all system pairs (z(.),u(.)). By Eke-
land’s theorem, there exists a system pair (z.(.),u.(.)) , ue(.) € Dr, such
that or(uc(.),u*(.)) < e and u.(.) minimizes

U (u(.)) = W (2*(T)) + eor(u(.), ue(.)) (48)

for u(.) in Dp. Thus, u.(.) gives minimum in a free end problem with criterion
U*. Let e = 27™, and then write u.(.) = up(.).

For a free end problem we have already found necessary conditions. To
apply them, the auxiliary state y has to be reintroduced. Let y“(¢) be the
solution of

dy/dt = (1 + M*(t))l{T;u(T)7gum(T)}(t), a.e. ,y(0) =0,
and write ¢*(z,y) := ¥(z) + y2~™. Then wu,, minimizes ¢*(x*(T),y"(T))
for u € Dp. Now, 2% (t) € B(z*(t),</2), by definition of Dr. Applying The-

orem 2 to u,,(.), /2 instead of u*(.),s, with (46), yields an adjoint function
Pm(t):= (pm(t), Pn(t)) such that, for any u(.) € Dr, for a.e. t,

((g(t, 2 (), u(t)), (1 + Mo(O)Lirouir) (1)} (8))s (P (8), P (1)) S(

((g(t, 2" (L), um(t)),0), (Pm (1), P (1))- 49)

Here p,,(t) is an absolutely continuous functlon from J into X*, with
scalarwise derivative p(t), such that p,,(t) = )+ fT Dm(8)ds, such that

S (@), P (t))dt < [ 4(t)|z(t)|dt for all z(.) € Loo(J, X), (50)

and such that, for all w € X, a closed separable subspace X' exists, such
that, for ¢ not in a null set N,

—(w, (1)) < A2 (g1, 2 (1), (1)), P (1)) (),
g(t, X' N B(x*(t),s/8),u*(t)) C X (51)

Moreover, dP,,/dt = 0 a.e., and (p,(T), Pn(T)) = —(0¥ (2" (T)),27™).
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(Note that W is Lipschitz continuous of rank < M, + 1.)

Now, at any z = = € B(z*(T),s),0¥(2) C dmax(0,¢(z*(T)) — ¢(z) +
e?) + adist(z,C). Hence, any z* € %) can be written z* = 2* + I,
where &* € y°9(—¢(2)), y° € [0,1], and #* € X* satisfies |#*| < 1, and
(c,7*) < (z,&*) for all c € C.

Thus, write py,(T') = Yy, By, + Dy,, where py, € 06(x(T)), yp, € [0,1], [py,| <
,pLo€ X*, and (c,pL) > (z“=(T),pL) for all ¢ € C. Since ¥(z*(T)) > 0,
either ¢(z*(T))—¢(x* (T))+¢e? > 0, in which case y°, = 1, or dist(z"(T'),C) >

0, in which case pl, # 0. Normalizing, we can assume y2, + |pL| = 1 for all
m.

Choose a convergent subsequence y,), of yp,, j = 1,2, ..., and let (0, pT, pT, p(t))

be a weak* cluster point of (y&j,pﬁj,ﬁﬁj,pm (1)) in R x X* x X*x L§(J, X*).
Then y° € [0,1],p7 € 0¢(x*(T)), and pT satisfies (c,p?) > (z*(T),p") for
all ¢ € C. Moreover, if y° = 0, then for all large j, |f)%j[ > 1/2. Now, (13)-
(16) are satisfied for y* = prL, 2(.) = @m, (), @(.) = tm, (), p(.) = pm, (.) for j
large, in particular, y), [p, | < &’ for j large, so (16) holds. Then, by (17), for
all large j, (y,ﬁfnj) > €', hence (y,p’) > ¢’. Hence, in any case, (y°,p7) # 0.

Evidently, for each t, p(t) := 3! + pT + f;p(s)ds is a weak™® cluster
point of py,,(t). It is easily seen that the integrated version of the maxi-
mum condition holds for the cluster point p(t), so the pointwise maximum
condition (7) is satisfied by p(t). Furthermore, (50) entails the inequality
J{xz(t),p(t))dt < [~(t)|x(t)|dt for all 2(.) € Lu(J, X) for the cluster point
p(.) so |p(t)] < ~(t) a.e. holds. (Again p(.) can be chosen such that
Ip(.)| is measurable, in fact all properties of Remark 1 then hold.) Fi-
nally, consider the ”adjoint inequality” (11). Let w € X be given. For each
J = 1,2,..., we can imagine that a null set /V; and a closed separable sub-
space X containing w is constructed such that for all t ¢ N;, —(w, pm, (t)) <

A0 (Gt o, ()t (1)), P, ) (w) and (1, X0 0 B(2"™ (£),/8), thm, (1)) C

X7, see (51). We can even assume that X7 is increasing in j. To see this, if
X]Q is defined, let X ]Q 11 be the closed separable subspace X {um; 11X where
X7 is a countable and dense set in XPUXJ ', X7 = X7 Define X =clU; X7,
and note that, for a.e. t, for any x € (U;X}) N B(z*(t),/16), for j large
enough, g(t,z, upy,(t)) C Xj C X. Restricting Pm, (1) to the separable space
X, a subsequence py,; (.) of pn,(.) is weakly® convergent to p(.) (restricted
to X) in L§(J, X*). We also assume that Pm;, (T), when restricted to X, is
weakly* convergent to p(T'). Then, for each ¢, also DPrm;, (), when restricted
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to X, is weakly* convergent to p(t). Now, for any i,n, i > n, we have

<w pm] (t>> < SUpP;>p — <w pm] (t)> = an 7 S0 fJ —w pm] > ( )dt <
[ an()x(t)dt, for any x(t) € Loo(J,R), x(t) > 0 a.e. The next to last in-
equahty also holds in the hmlt p .), which entails —(w, p(t)) < a,(t) a.e.
For any t not in the null set C' = NMpCk, Cx = Uisg{t : U, F u*(t)},
we have that ¢ ¢ Cj, for some k;. Thus, for i > ki, u™(t) = wp, (t) and

A2 g0, (0 0m, (0 2, () (0) = A2 (g0, (8), 10 (1)) o, () 0).

Hence, for a.e. t, we have that

/\/-\

(w0, 5(1)) < lim, a,(£) < Tmsup, de " (g(t, 2, (8,0 (8)), Py, (1)) () <

lim sup, A2 (g(t, @, (1), 0 (1)), prn,, (£))(w) < A (8, p(t))(w) < d¥(t, p(1)) (w),

The second inequality follows from (51) and X 0 5 X,” and the fourth one
from upper semicontinuity (Lemma 2) and the 1mphcat10n: For a.e. t ¢ Cy,,

x € (U;X7) N B(z*(t),s/16) = g(t, z,u*(t)) C X. O

Proof of Remark 2 Proof of —p(t) € 927 (g(t,z*(t),u* (1)), p(t)) ae . It is
claimed that this property holds when X is reflexive. Evidently, 6! ftt_ s(—w, p(s)
<671 [1d¥(s,p(s))(w)ds. When X is reflexive, p(.) can be assumed to be-
long to Lo(J, X*), hence p(.) has a Lebesgue point a.e. Let ¢t > 0 be such a
point. Then, for any w,

—(w, p(t)) < liminfs 6" [ d¥(s,p(s))(w)ds.

Proof of Remark 3 A proof of the assertion in Remark 3 is obtained
by choosing a convergent subsequence (y?nj, Ym,) of (v0 9. ) in the proof of
Theorem 3, where 3/, is the restriction of pZ to Y’ and considering the two
cases: lim; (y?nj,y;nj) =0, limj(ygnj,y;nj) # 0, (norm limits). In the former
case, the existence of y again yields a nonvanishing limit p?, in the latter
case, trivially, (y°,p7) # 0.

Proof of Remark 5 For any given w, we have shown that there exists
a closed separable space X =X, containing w and #*(t) for a.e. t, which,
for a.e. t,is g,u*—invariant, and for which (46) holds. The lemma below
shows that d (¢, p(t))(w) = ¥ (g(t, z*(t), w*()), p(1)) (w) <

d®X(g(t, z*(t),u*(t)), p(t))(w), so the assertion in Remark 5 follows.

Lemma 3 Let X be separable. Let h be Lipschitz continuous in B(z,¢)
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of rank K, with values in X. For any w € X, assume that for any se-
quence xj converging to x, and for any sequence A\, \, 0, the sequence
Ah(zg)(w, Ag) == [h(xg + Apw) — h(zg)]/Ax contains a norm-convergent sub-
sequence. Then, for any 8 > 0, d°(h, z,z*)(w) = d°(h(z), 2*)(w).

Proof: Given w € X. For some sequence (xy, z}, \i) converging to (x,x*,0),

(zp — z, 25 = 2*), 25 €clB(0, 8), we have d° (h, x, %) (w) = limy_, oo (Ah(z) (W, A1), T}).
We may assume that Ah(xy)(w, A\g) is norm-convergent, with limit 2’. Then
(AR(x)(w, A\g), 2%)— (2, #*) is small, uniformly in #* €clB(0, 3), so d°{(h(z), z*)(w) >
limg (Ah(zg)(w, A\g), x*) = (2, 2*) = limy (2, 2}) = limg (Ah(zg) (w, M), z5).0

Proof of Remark 7 We shall merely indicate proofs of the assertions in
Remark 7. The first assertion, (i.e. M0 (.), M*(.) € Li(J,R)), follows from
this idea: Let 7,(t) = v(£)Ltn<n(y<ns13 (t). Then each v, (.)p"" () represents
a continuous linear functional on Ly(.J, XU"V), with extension v,,(.)pyr v(.) to
Ly(J, X). The corresponding cluster point is denoted p,(.), it vanishes out-
side {t : n < y(t) < n+ 1} and satisfies (42), and so |p,(.)| < v(.). Evidently,
p(t) = >, Pa(t) (a Lj—limit) also satisfies the last inequality, and in fact
is a weak cluster point of the generalized sequence ) v,(.)py+v(.) for the
duality Lo (J, X), L§(J, X*). In the proof of (43), as well as in the proof of
Theorem 3, the terms weak™ limits and weak™ cluster points of functions in
Lo(J, X*) used can be replaced by corresponding weak terms referring to the
duality Leo(J, X), L5 (J, X™).

The second assertion follows from the fact that it suffices to prove the neces-
sary conditions for u(.) € U :={u(.) e U : fOT M*(8)1seu(s) 2w ()3 (5)ds < e},

for any given e > 0 so small that U. C Dy. But then, in fact, [V g* (¢, v (t), ux(t))]
< M*(s) := M*(8)1 {seup (s)2ux ()} (5) +M“*(')(8)1{5;uk(s):u*(s)}(s), so from (32)
and (33), |pk(t)] < My exp(j;T M**(s)ds) < Mgexp(e + ftT M* O (s)ds).
Hence, (11) holds for 3(t) replaced by (M, + Mc¢)exp(e + ftT M*O)(s)ds),
(with Mg = 0, in the free end case). Since ¢ is arbitrary, (11) holds even for

e =0. Le., (11) holds for §(t) = (My + Mg) eXp(ftT M* O (s)ds).

The third assertion follows from the fact that for any finite set U’ € U’ ,
functions M*(.) and M, (.) exist in L;(J,R), bounding the functions M*()(.)
and My(.) for all u(.) € U’ UU. Thus, Theorem 3 holds for U replaced by
the switching- and o—closure U* of U’ UU, for p(.) := py(.), for B3(t) as just
defined. A cluster point p(.) of the generalized sequence py/(.) (the sets U’
€ U’ directed by inclusion), then yields that Theorem 3 also holds for U, (for
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B(t) as just defined). O

A few proofs of assertions contained in the Remarks, can be found in Ap-
pendix.

Appendix

Lemma A If h : X — Y is Lipschitz continuous in B(z',¢") and has a
Gateaux derivative at &’ when restricted to a dense linear subspace X’ in X

containing z’, then h has a (bounded) Gateaux derivative at ' with respect
to X.

Proof: Let K be the Lipschitz rank of h. Then, |Vh(z')[z]| < K|z|, for all
x € X', so, evidently, Vh(2')[z] has an extension to all X. Next, let w € X,
and choose w’ € X’ such that |w — w'| < ¢/3K. Next choose § so small
that [\ "H{h(z' + ') — h(z)} — Vh(z)w'| < e/3K when X € (0,6). Now,
IANHA( + 2 ') — h(2)} = AN Hh(2' + A w) — h(2))} < K|w' —w| < e/3 and
|Vh(z)w' — Vh(z')w| < e/3. Hence, [N\ H{h(x' + A\w) — h(z')} — Vh(z )w| <
g, A€ (0,0).

Let g : J x X — X be separately measurable in ¢, and Lipschitz continuous
in B(z*(t),s) of rank (t), (k(t) integrable), where x*(t) is an antidifferen-
tiable function satisfying @*(¢) = g(t, 2*(¢)) a.e., z*(0) = v*. Assume that the
Gateaux derivative Vag(t, 2*(t)) exists for all ¢. Consider the equation

dx/dt = g(t, z(t)), 2(0) = v, (52)
and the corresponding variational equation
dq/dt = Vag(t, 2" (t))(q(t)), ¢(0) = v. (53)

By standard theory, the unique solution ¢(t) := ¢(t, v) to (53) can be written
q(t,v) = C(t,0)v, where C(t,0) is a bounded linear operator with C(0,0) = 1,
continuous in ¢ in operator norm. In fact, |C(t,0)| < exp(fot Kk(s)ds) < e,

where x* := [ k(s)ds.

Lemma B For v/ = ¢e=*" /2, (52) has a solution z(t) := z(t,v) in clB(z*(t),</2)
for all v € B(v*,7'). Moreover, v — x(t,v) has a bounded linear Gateaux
derivative Vox(t,v*), and ¢(t,v) = Vaox(t,v*)v. The resolvent C(t,0) of (53)
equals Vaz(t,v*).
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Proof Write z(t) = 2*(t) = z(t,v*). For simplicity, assume v* = 0. By
Gronwall’s inequality, a local existence and continuation argument, a solu-
tion z(s,v) exists and belongs to clB(z(s),</2), for |[v| < 4. Let v € X be
arbitrary, and, below, let A € (0,7'/|v|]. Define

2(v,8,0) = [a(t, W) =) /A = [o{lg(s,2(s)+Az(0, 8, 0) =g(s, 2(s))] /A }ds,

the norm of the integrand being < x(s)|z(v,s,A)|. Then, by Gronwall’s
inequality, |z(v,t,\)| < |v[e®", so [0z(v,s,\)/ds| < k(s)|v|e®. Note that
10q(s,v)/0s| < k(s)|q(s,v)]. By Gronwall’s inequality, |q(t,v)| < |v|e®, so
[9q(s,v)/0s| < k(s)|v]e”.

Let € > 0 (e arbitrary), and a(v,s,\) := |z(v,s,A) — q(s,v)| . Then
a(v,0,\) = 0. Define y(v, s, A) := |a(s, \)—Vag(s, z(s))q(s,v)|, where a(s, ) :=
[9(s,z(s) + Aq(s,v)) — g(s,z(s))]/A. Note that limy\ o y(v, s, \) = 0. Because
la(s, M < K(s)la(s,v)| < w(s)vle, [Vag(s, () (g(s, )] < k(s)lq(s, v)] <
k(s)|vle®” < and v(v,s,\) < 2k(s)|v]e”, then, by dominated convergence,
for some r > 0, fJ v(v,5,\)ds < € when A < r. Evidently,

[g(s, 2(s)+Az(v, ., A)) —g(s, 2(s))]/A=[g(s, 2(s) +Aq(s, v)) =g(s, 2(s))] /Al

§ K(s)a(v, s, \).
g5, 2(5) + Ad(s,0)) — g(s, 2(s)]/A — Da(s,v)/0s] < (v, 5, ),

0z(v,5,A)/0s — Dq(s,v)/0s| = |[g(s,z(s) + Az(v,s,A)) — g(s, 2(5))]/A
—0q(s,v)/0s| < y(v,s,\) + K(s)a(v, s, \),

SO

Hence, by Gronwall’s inequality, a(v, s, \) < eexp(k*), when A € (0,r). O

Proof of Theorem 1 Let u(.) € U, and let ¢t be a Lebesgue point (see
Lebesgue set in Dunford and Schwartz, (1967)) of both g(.,z(.),u(.)) and
g(,x*(.),u*(.)), and let us(.) = u(.)1p_sq+u*(.)(1—=1p_s4),0 > 0. For § small
enough, the solution xs(t) of dx/ds = g(s,x(s),us(s)) a.e., x(0) = zy exists
in clB(x*(t),s/2). Moreover, by Gronwall’s inequality, for some constant C,
|z5(s) — x*(s)| < C6, (see (28)). Let a = g(t,x*(t), us(t)) — g(t, z*(t), u*(t)).
Then, |zs(t) — 2*(t) — da| =

g 931 560 g 9(5,2°(5), ()l G
< ‘ f[tfayt] g(S, LZ'(;(S), u§(8))d8 - f[tfzs,t] 9(87 iIZ'*(S 7u5(5))d5+
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Ji- s ¢ 2 (s), us(s)) f[t 5 905,27 (s), u(s))ds — ba| <
Ju_sqg M (s)Cods+] ft 50 9(8,2%(5),us(s))ds— [, 5 9(s,2"(s),u"(s))ds—
dal

Using these inequalities and that ¢ is a Lebesgue point, it follows that lim 6~ |z5(¢)—
*(t) —a| = 0, so im0 (z5(t) — 2*(¢)) = a. By Lemma B, z5(T) = C (T, t)a,
where C(T,t) is the resolvent of ¢ = g¢.(s,z*(s),u*(s))q, (C(t,t) = I).By
optimality, at § = 0,d¢(zs(T))/dé < 0, hence (do(2*(T'))/dx)C(T,t)a < 0.
Defining p(T') = (d¢(x*(T'))/dx) and p(t) = p(T)C(T,t), the maximum con-
dition (7) in Theorem 1 follows. Standard theory gives that p(t) is a weak*
solution of the adjoint equation.

Comment on Remark 1 The existence of p(.) comes out of the proof
of Theorems 2 and 3. However, it is also an easy consequence of abso-
lute continuity and (the stronger property) |p(t) s)| < f p)dp,t > s.
Let J' be the Lebesgue set of ~(.). For each w € X ( p(t)) is absolutely
continuous. Then, for all ¢ € J’' not in a null set N, there exists a real
number p,(t) such that (d/dt)(w, p(t)) = pw(t), where [Py, (t)] < v(t)|w]. As-
sume that t € J' also belongs to J\N,s. Then, (d/dt){(aw + fuw'),p(t))
=ap,(t) + Opw (t). In fact, w — p,(t) is linear on the set (in fact lin-
ear subspace) W; for which (d/dt){w,p(t)) exists, t € J'. By the Hahn-
Banach theorem, for each ¢ € J',p,(t) has an extension to all X, denoted
p(t), satisfying [p(t)| < ~(t). Trivially, (d/dt){w,p(t)) = (w,p(t)) is mea-
surable, and [ (w,p(t)) = [;(d/dt)(w,p(t)) = (w,p(t) — p(0)). The last
equality determines p(t) uniquely in the sense that the continuous linear
functional it represents is unique: If, for all s, [[(z,p(t))dt = [/ (&,p
p(.),p(.) € Li(J, X*), then for any countable set X’ C X, for some set Jy: of
full measure, for all t € Jx/, & € X', (z,p(t)) = (z,p(t)). This also holds for
z € clX'. Now, any z(.) € Lo(J, X) can be assumed to take values in a set
of the form clX’, so (x(t),p(t)) = (z(¢),p(t)), for t € Jx,, which shows the
uniqueness claimed.

Proof of y ¢ C = 0 ¢ 0dist(y,C). Choose ¢ € C, such that |y — c| <
3dist(y, C')/2. Write yx = Ay + (1 — X)c. Evidently, dist(y1/2,C) < |y1/2 —
cl = |y —c|/2 < 3dist(y,C)/4. Since A — dist(yx,C) =: a()\) is convex,
da(y)(-1) = do(y)(-1) < {(1/2) — o(1)}/(1/2) < {3dist(y,C)/4 -
a(1)}/(1/2) = —dist(y,C)/2 < 0, (y — dist(y,C) is convex, d' = d",
see Clarke 1983 p. 53, p. 40). Hence, [d°dist(z,C)],=y(c — y) < 0, so
0 ¢ [0dist(z, C)]szy-
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Proof of measurability of dg(t)(g(t,x*(t),u*(t)),p(t))(w). This function
is surely measurable if ¢ is simultaneously continuous in (t,u) and X is
separable. To see this, it suffices to note that by Lusin’s theorem, there exists
an increasing squence of closed sets Ji, meas(J\Jy) < 1/k, such that u*(t)
is continuous on Jy. Then, for all z € B(0,<), g(t,z*(t) + z,u*(t)) is contin-
uous on J, and for any § > 0 and weak™ neighourhood W in clB(0, 5(t)),
(0, W) := Suprep(0.6)0-ewre(0.6) (A Hg(t, 2*(t) + 2 + dw, u*(t)) — g(t, z*(t) +
x,u*(t)), z*)], x*) is lower semicontinuous on each J,. The weak® topology
on clB(0, 5(t)) is metric when X is separable, so when taking lim O(d, W),
we can confine ourselves to a sequence, 6, W,.

The function do” (g(t,z*(t),u*(t)),p(t)))(w) is convex in w, (the proof is
similar to the proof of convexity of d°(g(t, z*(t),u (t)),p(t)}(w), see Clarke
(1983), p.26. ).

Proof of the last assertion in Remark 3. If Y = Y'+Y” Y'nY" = {0},
and if for some z € Y, some ¢ € (0,1],II"B(z,¢) C II"[(C — G(z*(T))) N
B(0,1)], chooce & > 0 so small that ¢/ < (¢/16K’), where K’ € [1,00)
is greater or equal to the operator norm on II’; the projection onto Y’. Let
y € clB(0,1) be such that 1/2 < (y, y*). Then, by the additional condition in
Remark 3, |[(IT'g, y*)| < &/|Il'y| < Ke' < 1/4, for all § € ¢lB(0,1) C Y. Thus,
1/2 < (y,y") = (Wy,y") + "y, y"), so 1/4 < (II"y,y"). Now, by (16) 0 >
(C=G((T)))N B(0,1),y") = (II'+ 1I")[(C = G(«*(T))) N B(0, 1)], y*), so
K'e' > (II"[(C—G(z*(T)))NB(0,1)],y*) > (II"B(z,¢),y*). Now, z+¢ey/2 €
B(z,e), 50 /16 > K'e' > (II"(z + ey /2),y*) > (I"z,y*) + (II"ey/2,y*), or
—£/16 > /16 — (I"ey/2,y*) > (II"z,y*). Hence, &’ < (—11"z, y*).

Proof of Remark 6 Assume M,)(t) = M) = M,, M) = MWO() =
M*. Let us prove that the property B(z,e) C cl{G'(z*(T))qu(T) — ¢ +
G(z*(T)) : uw € U,c € C} implies (17): Note that for ¢’ € (0,e/64(1 +
M**)], where M** := 2M, exp(M*T), ¢ small enough, for any given set M
with meas(M) < €', B(z,¢/2) C {G'(z*(T))qu(T) — c + G(z*(T)) : ¢ €
C,u € Uyu = u* on M}. Moreover, B(z,e/4) C c{G'(z*(T))q.(T) — c +
G@*(T)) : ¢ € C,u € U,u = 4 on M} even if g, is redefined to satisfy
dgu/dt = g(t, x"(t), u(t)) — g(t,z*(t), a(t)) + g (¢, 2" (1), a(t)), ¢(0) = 0, when
{s + u(s) # u*(s)} € M, when £ is small enough. Finally, for any con-
tinuous function z(.) close enough to z*(.), B(z,6/8) C c{G'(x(T))q.(T) —
c+ Gx(T)) : c € Ciu € Uyu = G on M} even if g, is redefined to sat-
isfy dgu/dt = g(t,x(t),u(t)) — g(t, (1), a(t)) + g.(t, (), a(t))g, ¢(0) = 0.
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Thus, the last inclusion holds for &' small enough, for (z(.),a(.)) being a
system pair, with o(@, u*) < ¢’. We then write ¢,(t) = §,(t). Given any quin-
tuple (z(.),u(.),p(.),p,y*) satisfying (13)-(16). Now, (14) is equivalent to
(qu(T),p(T)) < €. By (16), [G"(z(T))]"y* = p(T) =D, s0, (¢u(T), [G'(x(T))]"y*) —
(qu(T),p(T)) < €'[qu(T)], by [p| < & in (16). Thus, (Gu(T), [G"(=(T))]"y") <
(@u(T), [G"(2(T)]"y") — (4u(T), p(T))

+(Gu(T),p(T)) < e'(1+ M*). Since, by (16), (—C' + G(x(T)), y*) < 0, then
(G"(2(T1))qu(T) —C+ G(x(T)), y) <€(1+M**) o (B(z,e/8),y") <'(1+
M*) . As (¢, y*) > 1/2 for some ' € clB(0,1) and z + y'/16 € B(z, 5/8)
then (z + ey//16,y*) < &'(1 4+ M**). Hence, (z,y*) < —(ey//16,y*) + (1 +
M) < —¢/324¢&(1+ M*) < —¢/64. Le., (—z,y*) > €
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