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On misspecification:

Let yt denote a variable of interest to predict, say, inflation
In empirical applications, it is frequently of interest to build a
prediction of yt, say, f(xt−1,θ)
A leading example is the linear prediction

f(xt−1,θ) = θ′xt−1 = θ1x1,t−1 + · · ·+ θKxK,t−1

Often, it is assumed that E(yt|Ft−1) = f(xt−1,θ), and that
the DGP is

yt = E(yt|Ft−1) + ut (∗)
This is clearly unrealistic! It will only be true if you are
tremendously lucky
So, in practice, f(xt−1,θ) is a prediction under
misspecification: f(xt−1,θ) ̸= E(yt|Ft−1), (∗) not the DGP
In linear regression, under suitable assumptions, it is
well-known that the linear prediction θ′

0xt−1 exists, and that
θ0 can be consistently estimated by OLS
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Our paper:

Let ϕt denote the non-negative variable we would like to
predict. Note: ϕt is observable

Our setup:

▷ (ϕt)t∈N can be stationary or nonstationary

▷ The specification of E(ϕt|Ft−1) can be unknown

▷ The DGP of ϕt can be unknown

The general form of our predictor of ϕt:

µt(θ;ϕt−1, ϕt−2, . . . , ϕ1), θ ∈ Θ,

▷ µt : Θ× [0,∞)t−1 → [µ,∞) is a measurable function for
some constant µ > 0

▷ µt is continuous in θ for all ϕt−1, . . . , ϕ1

▷ Θ is a compact subset of Rd

Example of µt, the GARCH(1,1): µt = c+ aϕt−1 + bµt−1
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Our paper (cont.):

Outline:

Key assumption of our framework: Uniqueness. That is, there
exists a unique “pseudo-true” parameter θ0 that minimises
the limit of the expected loss (QLIKE)

Consistency: Under assumptions, θ̂ →p θ0 where θ̂ is the
QMLE

Asymptotic Normality (AN): Under assumptions,√
n(θ̂ − θ0) →d N(0,Σ)

Consistent estimation: Under assumptions, Σ̂ →p Σ

Monte Carlo simulations

Empirical illustration
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Related literature:

“Philosophical”:

▷ Box and Draper (1987, p. 424): “all models are wrong, but
some are useful”

Empirical:

▷ It is well-known that the GARCH(1,1) model is difficult to
beat in volatility prediction in a variety of contexts

▷ Example: Hansen and Lunde (2005): “Does anything beat a
GARCH(1,1)? A forecast comparison of volatility models”,
Journal of Applied Econometrics 20, pp. 873–889

Theoretical:

▷ Li and Sucarrat (2025): “Volatility prediction under
misspecification” (working paper), a heterogeneous
log-ARCH-X prediction under misspecification and stationarity
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Theory
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Assumptions:

A1: Assume the existence, for all θ ∈ Θ, of
L(θ) = limn→∞ Ln(θ),

Ln(θ) =
1

n

n∑
t=2

Eℓt(θ) and ℓt(θ) =
ϕt

µt(θ)
+ lnµt(θ),

and assume also the existence of a unique θ0 ∈ Θ such that

θ0 = argmin
θ∈Θ

L(θ)

Note: θ0 is the “pseudo-true” parameter

A2: The sequence {ϕt, µt(θ)}t≥1 is α-mixing uniformly in θ ∈ Θ

A3: There exists a ν > 0 such that suptE
(
ϕ1+ν
t

)
< ∞
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Assumptions (cont.):

A4: For all θ,θ1 ∈ Θ, there exist K1,K2 > 0 and ρ, ρ1 ∈ [0, 1)
such that

|µt(θ)− µt(θ1)|

≤ K1∥θ − θ1∥1
t−2∑
i=0

ρi1 {1 + ϕt−i−1 + µt−i−1(θ)} ,

µt(θ) ≤ K1

t−2∑
i=0

ρi (1 + ϕt−i−1) ,

µt(θ1) ≥ K2

[
1 + ρi1 {ϕt−i−1 + µt−i−1(θ1)}

]
, 0 ≤ i ≤ t− 2.

Theorem 1 (consistency). Under A1–A4 and the assumptions
on Θ, θ̂ converges in probability to θ0.
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Assumptions (cont.):

A5: Assume that, for almost all sequences (ϕt), all the functions
θ 7→ µt(θ), for t ≥ 2, are twice continuously differentiable in a
neighbourhood of θ0

Let ϕt = (ϕt, µt(θ0), ∂µt(θ0)/∂θ
′)′, V1:t = σ{ϕu : 1 ≤ u ≤ t} and

Vt:∞ = σ{ϕu : u ≥ t} and define

α∗
m = sup

t≥1
sup

A∈V1:t,B∈Vt+m:∞

|P (A ∩B)− P (A)P (B)|

A6: There exists ν > 0 and τ > 0 such that supt≥1Eϕ2+ν+τ
t < ∞

and
∑∞

m=0 (α
∗
m)ν/(2+ν) < ∞, where (α∗

m) is the sequence of
α-mixing coefficients
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Assumptions (cont.):

A7: For all ε > 0, there exists a neighbourhood V (θ0) of θ0, and
constants K1,K2 > 0 and ρ1, ρ2 ∈ (0, 1) such that
ρ1/ρ2 < (1 + ε) and for all θ ∈ V (θ0)∥∥∥∥∂µt(θ)

∂θ

∥∥∥∥+

∥∥∥∥∂2µt(θ)

∂θ∂θ′

∥∥∥∥ ≤ K1

t−2∑
i=0

ρi1 {1 + ϕt−i−1} ,

µt(θ) ≥ K2ρ
i
2 {1 + ϕt−i−1} , 0 ≤ i ≤ t− 2.

Lemma 3. The assumptions so far entail the existence of the
matrices

In(θ) = Var

{
1√
n

n∑
t=1

∂ℓt(θ)

∂θ

}
, Jn(θ) = E

{
1

n

n∑
t=1

∂2ℓt(θ)

∂θ∂θ′

}

for all θ belonging to some neighborhood V (θ0) of θ0. Moreover,
Jn(·) is continuous at θ0 uniformly in n
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Assumptions (cont.):

A8: There exist matrices I and J such that In(θn) → I and
Jn(θn) → J in probability when θn → θ0 in probability

A2∗: The sequence
{
ϕt, µt(θ), ∂µt(θ0)/∂θ, ∂

2µt(θ0)/∂θ∂θ
′}

t≥1
is α-mixing uniformly in θ ∈ Θ

Lemma 3. Under the assumptions so far, for all sequences θn

which converges in probability to θ0, we have

Ĵn :=
1

n

n∑
t=1

∂2ℓt(θn)

∂θ∂θ′ → J in probability

[Note: This means J can be estimated consistently]

A9: There exists a neighborhood V (θ0) of θ0 such that L and Ln

are differentiable on V (θ0) and

lim
n→∞

√
n

{
∂L(θ)

∂θ
− ∂Ln(θ)

∂θ

}
= 0, for all θ ∈ V (θ0).

[Note: This assumption holds under stationarity]
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Assumptions (cont.):

A10: The pseudo-true parameter θ0 belongs to the interior of Θ

Theorem 2 (asymptotic normality). Under the assumptions of
Theorem 1 and A6–10,

√
n
(
θ̂ − θ0

)
→d N

(
0,J−1IJ−1

)
The matrix I can be estimated with the HAC-type estimator
proposed by De Jong and Davidson (2000):

În =
1

n

n∑
t=1

n∑
s=1

l̇t(θ̂)l̇s(θ̂)
′ k

(
(t− s)/γn

)
,

where the k(·)’s are kernel weights, and γn is the bandwidth

A11 (kernel) k(·) belongs to the kernel class detailed in De Jong
and Davidson (2000)

A12 (bandwidth) γn → ∞ and γn = o(n1/2)
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Assumptions (cont.):

Theorem 3 (consistent estimation of I). Under the
assumptions of Theorem 2 and A11–A12, În →p I
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Examples
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Example: The ARMA(p, q) predictor:

µt(θ) = c+

p∑
i=1

aiϕt−i +

q∑
j=1

bjµt−j , t ≥ 2

Note: The ARMA(p, q) predictor = GARCH(p, q)

If:

Θ is a compact subset of (0,∞)p+q+1

∀θ ∈ Θ:
∑q

j=1 bj < 1

Then:

A4, A5 and A7 hold
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Example: The AR(1) predictor

Recall A1: θ0 ∈ Θ uniquely minimises L(θ)
Assume the DGP is

ϕt = htηt, ht = 0.1 + 0.1ϕt−1 + 0.8ht−1, ηt
iid∼ χ2(1)

Consider the AR(1) predictor: µt = c+ aϕt−1, θ = (c, a)′

Simulations suggest θ0 = (1.0, 0.13)′:
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ϕt = htηt, ht = 0.1 + 0.1ϕt−1 + 0.8ht−1, ηt
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Example: The seasonal predictor

Recall A1: θ0 ∈ Θ uniquely minimises L(θ)

Let (ϕt)t∈N be a seasonal process of periodicity s,
k ∈ {1, . . . , s}
Note: k(t) = 1+

(
(t− 1) mod s

)
, k(t) ∈ {1, . . . , s}

Assume (ϕt)t∈N is nonstationary periodic in the sense that

E
(
ϕt

)
∈ {m1, . . . ,ms} for all t

and mk1 ̸= mk2 for some pair k1, k2

Let µt(θ) with θ = (c1, . . . , cs)
′ be the seasonal predictor

µt(θ) = c1I
(
k(t) = 1

)
+ · · · + csI

(
k(t) = s

)
,

where the I(A)’s are indicator functions

There exists a θ0 that uniquely minimises L(θ)
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Example: The seasonal predictor

The (purely) seasonal predictor can straightforwardly be
combined with ARMA specifications

Example (simple):

µt(θ) = c1I
(
k(t) = 1

)
+ · · · + csI

(
k(t) = s

)︸ ︷︷ ︸
seasonal part

+ aϕt−1 + bµt−1︸ ︷︷ ︸
ARMA(1,1)

,

Example (more elaborate):

µt(θ) = c1I
(
k(t) = 1

)
+ · · · + csI

(
k(t) = s

)︸ ︷︷ ︸
seasonal part

+

p∑
i=1

aiϕt−i +

q∑
j=1

bjµt−j︸ ︷︷ ︸
ARMA(p, q)

,

18 / 28
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Simulations
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Simulations:

Recall: The asymptotic coefficient covariance in Theorem 2
(Asymptotic Normality) is of the form Σ ≡ J−1IJ−1

A main objective of our simulations is to study the ordinary

estimator of Σ, which we denote Σ̂
Ord

n , and the HAC-robust

estimator, which we denote Σ̂
HAC

n

We study two versions of the HAC-estimator, HAC1 (“short”)
and HAC2 (“long”): In HAC2 the bandwidth lag-length is
three times higher (when n > 100) than in HAC1

Main take-away: HAC2 (“long”) performs best across
experiments, since its estimates are close to the actual
standard errors under both correct and incorrect specification
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Empirical Illustration
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Empirical application:

Prediction of intraday USD/EUR exchange rate volatility
To keep the illustration simple, we distinguish between two
“seasons” only: Main trading session from 8h CET to 17h
CET, and overnight session from 17h CET to 8h CET the day
after (3 January 2017 – 31 December 2020)
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Illustration: Empirical application (cont.)

Squared percentage return: ϕt ≡
[
(lnPt − lnPt−1) · 100

]2
The seasonal models we fit:

Seasonal constant: µt = c1 + c2I
(
k(t) = 2

)
Seasonal AR(1): µt = c1 + c2I

(
k(t) = 2

)
+ aϕt−1

Seasonal ARMA(1,1): µt = c1 + c2I
(
k(t) = 2

)
+ aϕt−1 + bµt−1

(Note: k(t) = 2 is overnight return)

The ordinary (“non-seasonal”) models we fit:

Ordinary constant: µt = c1

Ordinary AR(1): µt = c1 + aϕt−1

Ordinary ARMA(1,1): µt = c1 + aϕt−1 + bµt−1
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Illustration: Empirical application (cont.)

Results:
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Conclusions
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Conclusions

In empirical practice, models are misspecified: They differ
from the conditional expectation and/or the DGP

We consider a broad class of predictive specifications for
non-negative variables (e.g. volatility, spreads, volume,
unemployment, duration)

The predictive specifications need not equal the (unknown)
conditional expectation or DGP, and the non-negative
variables can be nonstationary. Examples:

– ARMA/GARCH-specifications

– Nonstationary seasonality predictors

CAN is established for the QMLE under high-level
assumptions; they are verified for ARMA specifications

The finite sample properties of the estimator is studied by
simulation

An empirical application illustrates the results
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Thanks!
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