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Abstract In this paper we consider goods which incur indirect network effects, through

infrastructure. In a our model a new network technology competes with a mature network

technology, which may induce environmental damage. Consumers initially face higher costs

using the new technology, but through technological progress the new technology can leapfrog

the conventional one with a certain probability. The network owners have to decide about

network size before the success of technological progress is revealed. We find that that,

depending on parameters, notably the probability of R&D success, it can be optimal to

build up only one large network or two small networks. We show that all socially optimal

network allocations are also equilibria of a decentralized economy, but that multiple equilibria

can exist, some of them being not socially optimal. Finally, we suggest a mechanism for

auctioning off network licenses that helps decentralizing socially optimal network structures.

We extend that model to the case of two competing technologies engaging in R&D.
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1 Introduction

Network effects play an increasing role in many markets, and impact on consumers purchase

decisions, in particular for durable goods. In their pioneering paper, Katz and Shapiro

(1985) classify the different kinds of network effects, notably direct network effects where

a consumer’s utility increases directly with the number of other users, as is especially the

case for social networks, but also for telecommunication devices. In other markets indirect

network effects play a pre-dominant role, where consumers’ utility of some good increases

with the size and quality of a physical network. Prominent examples are networks for

conventional gas stations, and nowadays growing physical networks for charging battery

driven electric vehicles and for pumping hydrogen for fuel cell driven cars.

In this paper we focus on indirect network effects and address the question about which

network to build, how many of them, and at what size. This in particular relevant in infant

markets with new technologies with expected technological progress. We start by studying

a simple model with two competing technologies based on physical networks, a mature

technology, and a new technologies which initially causes high use costs for consumers, as is

the case for the first generation of electric vehicles, but where through R&D the use cost for

consumers are likely to fall with some exogenously given probability.

First characterize efficient allocations of networks. It turns out that, depending on

parameters, notably the probability of R&D success, it can be optimal to build up only one

large network or two small networks. We further show that all socially optimal network

allocations are also equilibria in a economy with decentralized decision making, but that

multiple equilibria can exist, some of them being not socially optimal. While these results

hold in general with and without pollution externalities, we further study the case where the

mature technology causes pollution, and we investigate second best policies, how a regulator

can avoid the mature technology to build a network, if not yet existent, or how the old

technology can be driven out of the market, in case it is operated by an incumbent.

We extend our model to the case with two technologies engaging in R&D to decrease

the use costs for consumers, and show that the main results still hold.

Our paper is organized as follows. In section 2 we survey the related literature. In
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section ?? we outline the model and the underlying assumptions. In section ?? we study

the basic model with one mature technology and one technology that is still in an R&D

process to lower the use costs. In section ?? we extend out model to the case of two network

owners engaging in R&D. We wrap uu and draw some policy conclusions in section ??. The

appendix contains several of the proofs.

2 Related Literature

Katz and Shapiro (1985) is the pioneering work on network externalities. The authors first

introduce the distinction between direct and indirect network effects. They then set up a

static model where consumers first form expectations about the size of different networks

associated with different substitutable goods with network effects and firms then play a

Cournot game in quantities taking the consumers’ expectations as given. Firms can choose

to make their products compatible with others, but as a result the authors find that firms

don’t go for full compatibility even if this is socially optimal. The others also stress that –

as in our model – multiple equilibria can occur.

Liebowitz and Margolis (1994, 1995) provide a useful taxonomy of network externalities.

However, the examples they provide show that there is no sharp borderline between direct

and indirect network externalities. If a physical service-network such as a network of gas

stations grows with the number of car drivers this can also seen as a direct network effect

even though consumers do not derive utility from a larger number of drivers in the first

place – on the contrary, they suffer from congestion effects. The authors discuss a couple of

instances where decentralized decisions in network industries do not lead to socially optimal

outcomes. The authors also point at the important difference between owned and non-owned

networks. In this sense our model focuses on owned networks.

Amir et al. (2019) extend the Katz and Shapiro (1985) specification with incompatible

networks by studying firm specific versus a single network in a static oligopoly model. With

firm specific networks prospects for successful launch of a new network decrease with more

firms in the market. Also viability, output, and social welfare are higher with compatible

than with incompatible networks.
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Baake and Bloom (2001) study incentives for compatibility in different competing net-

works, finding that in equilibrium firms always want to offer adapters,

Also related to our model Katz and Shapiro (1992) analyze a model with endogenous

technological change. In terms of modelling assumptions, there are two interesting differences

between their and our paper. While Katz and Shapiro look for conditions where one firm can

innovate by introducing an incompatible technology, we allow for several firms in the market

to make decisions concerning the introduction of (incompatible) new technologies. The

extension of their model to heterogeneous consumers is related to Farrell and Saloner (1986),

who investigate the trade-off between standardization and horizontal product differentiation.

De Bijl and Goyal (1995) also study technological change in a duopoly model with

network externalities in which firms have to decide simultaneously on product innovation and

compatibility of the successor technologies with the established industry standard. (They

show that in markets with homogeneous consumers there may be a bias towards a new

standard (excess momentum), despite the presence of network externalities and an installed

base. In markets with heterogeneous consumers, sufficient conditions for the coexistence of

two incompatible networks are derived and it is shown that both excess momentum and

excess inertia are possible.) Shy (1996) also considers technological progress in markets with

network effects and studies how the duration of adopted technology and the frequency of

technology adoptions depends on network size versus other product aspects.

Cabral (2011) considers a dynamic model of competition between two proprietary net-

works. Consumers die and are replaced with a constant hazard rate, and firms compete for

new consumers to join their network by offering network entry. He focuses above all on the

aftermath piece competition, while we focus on the ex ante decision on network sizes. Far-

rell and Klemperer (2007) focus on consumers who can choose between networks but incur

switching costs. We abstract form the latter as we assume that consumers buy some network

dependent product once and for all, and have to decide for one network ex ante. Kim (2002)

also addresses compatibility of networks and argues that incompatibility may signal better

quality. But, contrasting from us, he does not focus on the choice of network sizes.

Our paper is also slightly related to the literature of “bandwagon games” (Michihiro

and Rob (1998)). Those authors apply the stochastic evolutionary approach to this class of
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games and determine conditions under which one technology takes over another technology

by directly switching consumers from the latter to the former, also referred to as direct

domination. Mitchell and Skrzypacz (2006) study a dynamic duopoly model with network

externalities where the value of the product depends on the current and past network size,

but focus mainly on the evolution of standards. Serfes and Zacharias (2012) address the

locational choice. In a Hotelling model with two rival networks, they show that the first

entrant locates at the center whereas the second entrant chooses an extreme (niche) location.

In our paper we abstract, however, from spatial aspects.

The paper by Struben and (2008) is close to the spirit of ours as it studies compe-

tition among alternative fuel vehicles. Within a dynamic diffusion model they show that

a critical threshold for sustained adoption of alternative technologies is crucial. Brécard

(2013) examines green network effects in a market with consumers’ environmental awareness

of green versus brown goods. However, she focuses on the direct network effects rather than

the indirect effects through service networks.

Greaker and Midttømme (2016) study the effects of emission taxes in a model where

innovative clean and dirty goods induce (direct) network effects. They find that emission

taxes must be sufficiently high to guarantee diffusion of clean technology and to overcome

excess inertia of dirty technology. In this paper we abstract from pollution externalities.

3 The Model

We consider a model where consumers use a physical network such as a network of gasoline

stations or a loading system for electric cars. Consumers draw utility from the network

and pay a charge for using it. In addition they incur private use costs, notably the cost to

buy and run a car. These depend on the state of technological development. There is in

particular uncertainty about the development of one or several technologies. For example,

through technological progress electric and/or hydrogen cars may become cheaper in the

future.

We assume there are two competing technologies A and B. The present use costs

incurred by the consumers are denoted by ci, i ∈ {A,B}. With exogenous probabilities
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pi ∈ (0, 1) these cost decrease by a fraction εi, such that costs become (1 − εi) ci. We can

think of a cost-decreasing R&D process, which we consider exogenous in the basic version of

this model.

The size of the network of technology i ∈ {A,B} is denoted by ki. Consumers incur

a gross utility u(ki) when using technology i, where u(·) is a twice differentiable, strictly

increasing, and strictly concave function. We further assume u(0) = 0, and limk→0 u
′(k) =∞

to assure interior solutions for the network sizes.

For special cases and examples we specify the utility function as

u(K) =
kα

αα (1− α)1−α
(1)

with α ∈ (0, 1).

In a decentralized economy, there are two firms A and B owing the networks and

charging a use fee qi, i = A,B. A consumer does only use one of the two technologies (for

example by buying a conventional gasoline driven car, or by buying a battery driven electric

vehicle).

Facing prices qi, i = A,B and choosing network i, a typical consumer’s net utility

is then given by u(ki) − c̃i − qi, where c̃i = ci if there is no technological progress, and

c̃i = ci(1− εi) if cost decreasing R&D has been successful to lower the cost by a fraction εi.

Consumers choose the network with higher net utility u(ki)− c̃i − qi, once they know

the realizations of c̃i. If u(kA)− c̃A− qA = u(kB)− c̃B − qB, we assume that consumers split

up equally among the two networks. We will show below, however, that in a social optimum

this will never happen.

Social welfare

In order to define welfare, we first define an indicator variable 1
i ∈ {0, 1} to denote R&D

success of technology i ∈ {A,B}.

Then

c̃i(1i) =

 ci if 1
i = 0

(1− εi)ci if 1
i = 1

Now we can define ex-post welfare W ep by
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W ep(1A,1B) = max{u(kA)− c̃A(1A), u(kB)− c̃B(1B)} (2)

We implicitly assume that variable costs of providing the network by the network owner are

normalized to zero. Costs for gasoline or battery loading are included in ci.

In a similar way, we can define ex-ante welfare as

W = pApBW ep(1, 1) + pA(1− pB)W ep(1, 0)

+(1− pA)pBW ep(0, 1) + (1− pA)(1− pB)W ep(0, 0)− kA − kB (3)

4 One technology ready, one under development

In this section we start by studying the special case where technology A is still under devel-

opment with uncertain future cost, while technology B is a mature technology with certain

use cost cB. By contrast, technology A under development has present use costs of cA, which

can be reduced by R&D to (1−ε) cA with probability pA = p. To have a meaningful problem,

we assume

(1− ε) cA < cB < cA. (4)

i.e. the mature technology is cheaper to use at the present stage, but with a certain probability

the new technology is superior in terms of lower use costs. Which technology will be used

by the consumers depends on both R&D success and the sizes of the networks kA and kB.

4.1 Welfare

To determine expected welfare, the planner needs to anticipate the ranking of net utilities

for the technologies by the consumers in the different states of the world. Depending on the

sizes of the networks, there are three cases:

• case BAA: Technology B has the highest net utility, independent of R&D success.

• case ABA: Technology A has the highest net utility if R&D is successful, but not

otherwise.
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• case AAB: Technology A has the highest net utility, even if R&D is unsuccessful.

The naming of the cases, BAA, ABA and so on, denote the ranking of net utilities from

left to right. So in case ABA, for instance, the first A indicates that technology A will be

used in case of R&D success, and B otherwise, while A will be not be used in case of R&D

failure.

The expected welfare in the case where only technology B is available or used is given

by

WBAA = u(kBBAA)− cB − kBBAA

where kBBAA solves

u′(kBBAA) = 1. (5)

The expected welfare in the case where only technology A is employed is given by

WAAB = p[u(kAAAB)− (1− ε)cA] + (1− p)[u(kAAAB)− cA)]− kAAAB

where kAAAB solves

u′(kAAAB) = 1 (6)

Note that

kAAAB = kBBAA

kBAAB = kABAA = 0.
(7)

The expected welfare in the case of employing both technologies – technology A if R&D

is successful, and technology B otherwise – is given by

WABA = p[u(kAABA)− (1− ε)cA] + (1− p)[u(kBABA)− cB)]− kAABA − kBABA

where kAABA and kBABA solve

pu′(kAABA) = 1 (8)

(1− p)u′(kBABA) = 1 (9)

8



Even though we have assumed the cost ranking (4), it is not always optimal to employ

technology A, even in case of R&D success. The reason is that the decisions to build

the networks are to be made ex ante, i.e. before the outcome of R&D is known. Thus,

the decision about the optimal network sizes depends crucially on the probability of R&D

success. The following result characterizes the socially optimal decisions depending on the

R&D probability p:

Proposition 4.1 i) There exists a lower probability bound p > 0 such that for all p < p

it is optimal to employ the mature technology B only.

ii) There exists an upper probability bound p < 1 such that for all p > p it is optimal to

employ the new technology A only.

iii) For intermediate values of p, it can be optimal to build two small networks for A and

B. But it can also be optimal that for any value of p it is optimal to build a single

network only, i.e. that p = p.

The proof is given in the appendix.

As part iii) it is shown by examples that both cases can occur, we use u(k) as specified

in (1). For this case, the following expressions are useful:

kAAAB = kBBAA =
α

1− α
(10a)

kBAAB = kABAA = 0 (10b)

kAABA =
α

1− α
p

1
1−α (10c)

kBABA =
α

1− α
(1− p)

1
1−α (10d)
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Moreover:

u(kAAAB) =
1

1− α
(11a)

u(kAAAB)− kAAAB = 1 (11b)

pu(kAABA)− kAABA = p
1

1−α (11c)

(1− p)u(kBABA)− kBABA = (1− p)
1

1−α (11d)

u(kAABA) =
p

α
1−α

1− α
(11e)

u(kBABA) =
(1− p)

α
1−α

1− α
(11f)

4.2 Decentralization of investment into networks

In this section we consider decentralized decisions between firms building competing net-

works. The firms engage in a two stage game, where in the first stage they build up the size

of their networks – still facing uncertainty about the technological progress of technology A

– and in the second stage they engage in price competition charging prices qj for using the

network. (e.g. charging batteries or refueling cars).

We assume that the owner of technology i has full control over the whole network, and

there are no competing gas stations for one technology.

The profit of a typical firm serving the consumers (who buy the product which yields

the larger utility) is given by

Πj = qj − kj (12)

i.e. revenues minus the cost of building the network. Consumers have a mass of unity, such

that qj reflects total revenues from the whole mass of consumers. Firms maximize their

expected profits under the condition that consumers, after having observed R&D success or

failure, choose the product which yields the larger utility. Therefore we need to distinguish

several cases.

Obviously, in the different outcomes the firms can charge different prices. Let us

therefore denote the prices of firm A in the different situations by qA1 if A was successful and

qA0 if it was not successful, respectively. Accordingly, qB1 (qB0 ) is the price of firm B if firm A
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was successful (unsuccessful).

Then consumers choose technology A iff:

u(kA)− (1− ε) cA − qA1 > u(kB)− cB − qB1 (13)

Solving for qA1 yields:

qA1 < u(kA)− (1− ε) cA − [u(kB)− cB] + qB1 (14)

Accordingly, consumers choose technology B iff:

qB1 < qA1 +
[
u(kB)− cB − u(kA) + (1− ε) cA

]
(15)

and they split up equally between the two networks if (13) holds with equality.

Now assume firms choose kA and kB such that

u(kA)− (1− ε) cA > u(kB)− cB (16)

holds. Then the term in brackets on the RHS of (15) is negative. Thus firm A can press the

price threshold for qB1 , given by the RHS of (15), down to zero by charging

qA1 = u(kA)− (1− ε) cA − [u(kB)− cB] (17)

Generally speaking, expected profits of the two firms are defined as:

πA(kA, kB) = p max
{
u(kA)− (1− ε) cA −max

{
u(kB)− cB, 0

}
, 0
}

+ (1− p) max
{
u(kA)− cA −max

{
u(kB)− cB, 0

}
, 0
}
− kA (18)

πB(kA, kB) = p max
{
u(kB)− cB −max

{
u(kA)− (1− ε) cA, 0

}
, 0
}

+ (1− p) max
{
u(kB)− cB −max

{
u(kA)− cA, 0

}
, 0
}
− kB (19)

Now we need to consider different cases:

case AAB) Consumers will always choose technology A, independently of R&D success:

u(kA)− (1− ε) cA > u(kA)− cA ≥ u(kB)− cB (20)
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Expected profits in equilibrium are then given by:

πAAAB(kA, kB) = p max
{
u(kA)− (1− ε) cA −max

{
u(kB)− cB, 0

}
, 0
}

+ (1− p) max
{
u(kA)− cA −max

{
u(kB)− cB, 0

}
, 0
}
− kA (21)

πBAAB(kA, kB) = −kB (22)

First-order conditions for network sizes maximizing expected profits are

u′(k̂AAAB) = 1 (23)

k̂BAAB = 0 (24)

case ABA) Consumers will choose technology A if and only if R&D is successful:

u(kA)− (1− ε) cA > u(kB)− cB > u(kA)− cA (25)

Expected profits are then given by

πAABA(kA, kB) = p
[
u(kA)− (1− ε) cA −max

{
u(kB)− cB, 0

}]
− kA (26)

πBABA(kA, kB) = (1− p)
[
u(kB)− cB −max

{
u(kA)− cA, 0

}]
− kB (27)

First-order conditions for network sizes maximizing expected profits are

p u′(k̂AABA) = 1 (28)

(1− p)u′(k̂BABA) = 1 (29)

Expected profits in equilibrium are then:

πAABA(k̂AABA, k̂
B
ABA) = p

(
u(k̂AABA)− (1− ε) cA −

(
u(k̂BABA)− cB

))
− k̂AABA (30)

πBABA(k̂AABA, k̂
B
ABA) = (1− p)

(
u(k̂BABA)− cB −

(
u(k̂AABA)− cA

))
− k̂BABA (31)

case BAA) Consumers will choose technology B, independently of R&D success:

u(kB)− cB > u(kA)− (1− ε) cA > u(kA)− cA (32)

Expected profits can then be written as

πABAA(kA, kB) = −kA (33)

πBBAA(kA, kB) = u(kB)− cB − p max
{
u(kA)− (1− ε) cA, 0

}
− (1− p) max

{
u(kA)− cA, 0

}
− kB (34)
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First-order conditions for profit maximizing network sizes are then given by:

k̂ABAA = 0 (35)

u′(k̂BBAA) = 1 (36)

Expected profits in equilibrium:

πABAA(k̂ABAA, k̂
B
BAA) = 0 (37)

We conclude

0 = k̂ABAA < k̂AABA < k̂AAAB (38)

0 = k̂BAAB < k̂BABA < k̂BBAA (39)

4.3 Welfare analysis of equilibria

The next question to ask is whether equilibria lead to (socially) optimal investment into

network sizes, or vice versa, whether and how socially optimal networks can be decentralized.

We start by providing the good news that socially optimal network allocations are always

equilibrium outcomes.

The bad news is that for many parameter constellations equilbria are not unique, and

besides the socially optimal outcome other, inefficient equilibria exist.

We start by showing the following result:

Proposition 4.2 All social optimal allocations (kA∗, kB∗) there is a price vector (qA, qB)

such that are (kA∗, kB∗, qA, qB) is a subgame- perfect Nash equilibrium.

The proof is given in the appendix. The proof is a bit tedious as it requires to distinguish

several cases. For each candidate for a social optimum AAB, ABA, and BAA we need to

show that neither firm A nor B can make a higher profit by building up a different network

size. In particular, if a monopoly network by firm A or by firm B is socially optimal, the

respective other firm is not able to challenge the incumbent. The reason is that the entrant

always incurs the cost of building the network, which for the incumbent is sunk already. If,

by contrast two small networks are socially optimal (case ABA), it does not pay for the one

of the two firms to build a large network and gain a monopoly position.
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In a next step we show that market equilibria are not unique. In particular besides the

social optima there may be further equilibria that are not socially optimal.

We show this by examples, using the specification (1). The corresponding capital stocks

in the three cases are given in (10).

4.3.1 Conditions for (kAAAB, k
B
AAB) to be an equilibrium

Consider first the profits when A builds up a network of size kAAAB. As in the equilibrium

AAB firm A is a monopolist, firm A can do no better that choosing kAAAB, and we only have

to consider the alternative options for firm B. If B chooses a network of size kBAAB = 0, its

Profit is zero.

Another option for firm B is to build a large network of size kBBAA. But since by

assumption cA(1 − ε) − cB < 0 it follows that u(kBBAA) − cB − u(kAAAB) + cA(1 − ε) < 0.

Therefore a large network is not profitable. Thus, the only option for firm B is to build a

network of size kBABA. If R&D is successful, consumers will choose network A. If R&D is not

successful, it depends on the size of B’s network – and thus on the R&D success probability

p – whether consumers choose A or B. The critical value pa is determined by

u(kBABA)− cB = u(kAAAB)− cA

⇔ pa = 1−
(
1− (1− α) (cA − cB)

) 1−α
α (40)

If p ≥ pa, firm A remains monopolist and firm B incurs the cost of building up the network

without any revenues, so firm B will surely not choose kBABA. If p < pa, firm B’s profit is

πB(kAAAB, k
B
ABA) = (1− p)

(
(1− p)

α
1−α − cB − 1

1− α
+ cA

)
(41)

Firm B has an incentive to build up the network of size kBABA if this leads to positive expected

profit. This is the case if and only if p < pb, with the critical value pb determined by

(1− pb)
α

1−α − cB =
1

1− α
− cA (42)

⇔ pb = 1−
(

1

1− α
− cA + cB

) 1−α
α

< pa. (43)

Thus we have established
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Lemma 4.1 With utility (1), (kAAAB, k
B
AAB) is an equilibrium (i.e., neither firm has an in-

centive to deviate) if and only if

p ∈ [pb, 1] (44)

provided right-hand side is not empty.

If [pb, 1] is empty, no equilibrium of type AAB exists, implying that it is also not socially

optimal to build a single network for technology A.

Efficient and inefficient equilibria of type AAB Note that the network allocation

(kAAAB, k
B
AAB), with firm A serving the whole market, is efficient if the following two conditions

hold:

u(kAAAB)− kAAAB − cA(1− εp) ≥ u(kBBAA)− kBBAA − cB

⇔ cB ≥ cA(1− εp)

⇔ p ≥ p∗a :=
cA − cB

εcA
(45)

and:

u(kAAAB)− kAAAB − cA(1− εp) ≥ p[u(kAABA)− (1− ε)cA]

+ (1− p)[u(kBABA)− cB]− kAABA − kBABA (46)

⇔ 1 + [cB − cA] ≥ p
1

1−α + (1− p)
1

1−α + p[cB − cA] (47)

The latter inequality implicitly defines a threshold p∗b such that (46) is satisfied for p ≥ p∗b .

To see this define f1(p) = 1−(1−p)[cA−cB]−p
1

1−α−(1−p)
1

1−α . We observe that f1(0) =

cB − cA < 0 and f1(1) = 0. Moreover we have f ′1(p) = − 1
1−αp

α
1−α + 1

1−α(1− p)
α

1−α + cA − cB

and thus f ′1(0) = 1
1−α + cA − cB > 0 and f ′1(1) = − 1

1−α + cA − cB which can be larger or

smaller than 1. Moreover, it is easy to see that f ′′(p) < 0. Therefore f(p) is either increasing

on [0, 1] or f(p) is inverted U-shaped with a unique solution f(p∗b) = 0 with 0 < p∗b < 1.

From these considerations we can derive the following result:

Proposition 4.3 For

p ∈ [max{p∗a, p∗b}, 1] (48)
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(kAAAB, k
B
AAB) is an efficient equilibrium outcome, while for

p ∈ [pb,max{p∗a, p∗b}] (49)

the network size allocation kAAAB, k
B
AAB is an inefficient equilibrium, provided the intervals in

(49) and (48) are non-empty.

4.3.2 Conditions for (kAABA, k
B
ABA) to be an equilibrium

Next consider the profits when the two firms build up networks of sizes (kAABA, k
B
ABA):

πA(kAABA, k
B
ABA) = p

(
p

α
1−α − (1− ε) cA − (1− p)

α
1−α

1− α
+ cB

)

πB(kAABA, k
B
ABA) = (1− p)

(
(1− p)

α
1−α − cB − p

α
1−α

1− α
+ cA

) (50)

Profit of firm A is positive if p is larger than some threshold value pc, and profit for firm B

is positive if p is smaller than another threshold value pd, defined by

p
α

1−α
c − (1− ε) cA =

(1− pc)
α

1−α

1− α
− cB and

(1− pd)
α

1−α − cB =
p

α
1−α
d

1− α
− cA

(51)

Only if both conditions are met, (kAABA, k
B
ABA) can be an equilibrium.

Now consider the incentives for either of the firms to build up a larger network of size

kAAAB = kBBAA.

Consider first such incentives for firm A. A necessary condition for the profitility of

a large network is that firm B’s network kBABA is small enough such that A earns positive

revenues in case of being not successful. This is the case if and only if p ≥ pa, with pa given

by equation (40).
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Even if (40) is satisfied, a deviation from kAABA to kAAAB does not pay if and only if:

u(kAAAB)− kAAAB − cA(1− pε)− u(kBABA) + cB

< p[u(kAABA)− (1− ε)cA − u(kBABA) + cB]− kAABA

⇔ 1− cA(1− pε)− (1− p)
α

1−α

1− α
+ cB

< p
1

1−α − p[(1− ε)cA +
(1− p)

α
1−α

1− α
− cB]

⇔ f2(p) := 1− (1− p)(cA − cB)− p
1

1−α − (1− p)
1

1−α

1− α
< 0 (52)

We observe that f2(0) = 1 − (cA − cB) − 1
1−α < 0 and f2(1) = 0. Moreover, we have

f ′2(p) = cA − cB − p
α

1−α

1−α + (1−p)
α

1−α

(1−α)2 . From this we derive f ′2(0) = cA − cB + 1
(1−α)2 > 0 and

f ′2(1) = cA− cB− 1 < 0. Finally we have f ′′(p) < 0. This implies there exists a pe, such that

for p < pe, firm A has no incentive to build a large network.

For firm B, to not build a large network, firm A’s network kAABA must be small enough

to guarantee

u(kBBAA)− cB ≥ u(kAABA)− (1− ε) cA,

which is the case if and only if p ≤ pf , with pf given by

pf =
(
1− (1− α) (cB − (1− ε) cA)

) 1−α
α . (53)

If p ≤ pf , firm B has no incentive to build a larger network if and only if:

u(kBBAA)− cB − kBBAA − u(kAABA) + cA(1− pε)

< (1− p)u(kBABA)− kBABA − (1− p)[cB + u(kAABA)− cA]

⇔ 1− cB − p
1

1−α

1− α
+ cA(1− pε)

< (1− p)
1

1−α + (1− p)(cA − cB)− (1− p) p
α

1−α

1− α

⇔ f3(p) := 1 + p(cA − cB)− pεcA − (1− p)
1

1−α − p
1

1−α

1− α
< 0 (54)

Here we have f3(0) = 0 and f3(1) = 1 + (1 − ε)cA − cB − 1
1−α < 0. Moreover, f ′3(p) =

(1 − ε)cA − cB + (1−p)
a

1−a

1−a − p
a

1−a

(1−a)2 . This yields f ′3(0) = (1 − ε)cA − cB + 1
1−a > 0 and
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f ′3(1) = (1− ε)cA − cB − 1
(1−a)2 < 0. It is easy to see that f ′′3 (p) < 0. Therefore there exists

a unique value pg such that it does not pay for firm B to build a larger net work if p > pg.

We thus have established

Lemma 4.2 With utility (1), (kAABA, k
B
ABA) is an equilibrium (i.e., neither firm has an in-

centive to deviate) if and only if

p ∈ [pc, pd] ∩ [max{pf , pg}, pe] (55)

Efficient and inefficient equilibria of type ABA To figure out the (in-)efficient equi-

libria we again look at the efficiency conditions. An allocation of networks kAABA, k
B
ABA is

efficient if, first, (46), and thus (47) are reversed, i.e. two small networks yield higher welfare

than a large network by firm A.

Secondly, two small networks yield also higher welfare than a large network by firm B,

formally:

u(kBBAA)− kBBAA − cB ≤ p[u(kAABA)− (1− ε)cA]

+ (1− p)[u(kBABA)− cB]− kAABA − kBABA (56a)

⇔ 0 ≤ p
1

1−α + (1− p)
1

1−α − 1 + p[cB − cA(1− ε)] (56b)

The latter inequality implicitly defines a threshold p∗c such that (56a) is satisfied for p ≥ p∗c .

To see this define h(p) = p
1

1−α+(1−p)
1

1−α−1+p[cB−cA(1−ε)]. We observe that h(0) = 0

and h(1) = cB − (1− ε)cA > 0. Moreover we have h′(p) = 1
1−αp

α
1−α − 1

1−α(1− p)
α

1−α + [cB −

cA(1−ε)] and thus h′(0) = − 1
1−α +[cB−cA(1−ε)] and h′(1) = 1

1−α +[cB−cA(1−ε)] > h′(0).

Moreover, it is easy to see that f ′′(p) > 0. Therefore f(p) is either increasing on [0, 1] or

is U-shaped with a unique solution f(p∗c) = 0 with 0 < p∗c < 1. In the latter case, (56a) is

satisfied for p ≥ p∗c .

This brings us to the characterization of the efficient and inefficient equilibrium regions:

Proposition 4.4 i) For

p ∈ [p∗c , p
∗
b ] (57)

(kAABA, k
B
ABA) is an efficient equilibrium.

18



ii) For

p ∈ {[pc, pd] ∩ [max{pf , pg}, pe]} \ [p∗c , p
∗
b ] (58)

(kAABA, k
B
ABA) is an inefficient equilibrium, provided the intervals in (61) and (62) are

non-empty.

4.3.3 Conditions for (kBBAA, k
A
BAA) to be an equilibrium

Finally we look under what conditions building a large network by firm B is an equilibrium.

For this to be the case, first, it must not pay for firm A to make a positive profit by

any stragegy. First we observe that since cA > cB, we have u(kAAAB) − cA < u(kBAAB) − cB,

and firm A makes no revenues in case of R&D failure. This rules out a the profitability of

large network.

Second, it must also not pay for firm A to build a small network. This is the case if

pu(kAABA)− kAABA − p[(1− ε)cA + u(kBBAA)− cB] < 0

⇔ f4(p) := p
1

1−α + p[cB − (1− ε)cA − 1

1− α
] < 0 (59)

We observe that f4(0) = 0, and f4(1) = 1 − 1
1−α + cB − (1 − ε)cA which can be smaller

and larger than zero. Moreover, we have f ′4(p) = 1
1−αp

α
1−α + cB − (1− ε)cA − 1

1−α . Next we

observe that f ′4(0) = − 1
1−α + cB − (1− ε)cA < 0 and f ′4(1) = cB − (1− ε)cA > 0, moreover

k′′(p) > 0. Thus f4(p) is U-shaped, and either smaller than zero throughout, or there is a

unique ph such that f(ph) = 0, and (59) holds for p ≤ ph.

Thus we have proven:

Proposition 4.5 With utility (1), (kABAA, k
B
BAA) is an equilibrium if and only if

p ≤ ph (60)

Efficient and inefficient equilibria of type BAA To figure out the (in-)efficient equi-

libria we again look at the efficiency conditions. An allocation of networks kABAA, k
B
BAA is

efficient if (45) and (56b) are reversed, i.e. if p ≤ min{p∗a, p∗c}.

This leads us the the following result:
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Proposition 4.6 i) For

p ≤ min{p∗a, p∗c} (61)

(kABAA, k
B
BAA) is an efficient equilibrium.

ii) For

p ∈ [min{p∗a, p∗c}, ph] (62)

(kABAA, k
B
BAA) is an inefficient equilibrium, provided the intervals in (61) and (62) are

non-empty.

4.3.4 Examples

Example 4.1 Let cA = 0.75, cB = 0.5, ε = 1, and α = 0.15. Then p∗a = 0.3333,

p∗b = 0.5420, p∗c = 0.1000. Thus the large network with the mature technology firm B,

i.e. the allocation (kBBAA, 0) is socially optimal for p ∈ [0, p∗c ] = [0, 0.10] (green dashed line in

Figure 4.1), two small networks are optimal for p ∈ [p∗c , c
∗
b ] = [0.10, 0.54] (blue dashed line in

Figure 4.1), while only a large network by firm A is optimal for p ∈ [p∗b , 1] = [0.54, 1.0]

(red dashed line in Figure 4.1). By contrast, (KB
BAA, 0) is an equilibrium outcome for

p ∈ [0, ph] = [0, 0.11] (green solid line in Figure 4.1), two small networks are an equilib-

rium for p ∈ [pd, pe]∩ [pf , pb]∩ [pc, 1]. = [0.09, 0.63]. Finally, a large network by firm A is an

equilibrium for p ∈ [pb, 1] = [0.35, 1.0] So in particular for p ∈ [pb, pd] = [0.35, 0.63] and for

p ∈ [pc, ph] = [0.09, 0.11] , there are multiple equilibria, only one of them being efficient.

Example 4.2 Parameters as in Example 4.1, but α = 0.25. Then p∗a = 0.3333, and a large

network with the mature technology firm B, i.e. the allocation (kBBAA, 0) is socially optimal for

p ∈ [0, p∗a] = [0, 0.33] (green dashed line in Figure 4.2), two small networks are never optimal,

while only a large network by firm A is optimal for p ∈ [p∗a, 1] = [0.33, 1.0] (red dashed line

in Figure 4.2). By contrast, (KB
BAA, 0) is an equilibrium outcome for p ∈ [0, ph] = [0, 0.58]

(green solid line in Figure 4.2), two small networks are an equilibrium for p ∈ [pd, pe] ∩

[pf , pb] ∩ [pc, 1] = [0.31, 0.49], though never being optimal. Finally, a large network by firm

A is an equilibrium for p ∈ [pb, 1] = [0.0, 1.0]. So in particular for p ∈ [pb, pd] = [0.31, 0.49]
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Figure 1: Upper panel: Welfare under a sole network B (dashed line), two small networks

(dotted-dashed line), and under a large network by firm A (solid line). Lower panel equilib-

rium regions.

and for p ∈ [0, ph] = [0, 0.58] , there are again multiple equilibria, only one of them being

efficient.

Example 4.3 Parameters as in Example 4.1, but α = 0.4. Then p∗a = 0.3333, and a large

network with the mature technology firm B, i.e. the allocation (kBBAA, 0) is socially optimal for

p ∈ [0, p∗a] = [0, 0.33] (green dashed line in Figure 4.2), again two small networks are never

optimal, while only a large network by firm A is optimal for p ∈ [p∗a, 1] = [0.33, 1.0] (red dashed

line in Figure 4.2). By contrast, (KB
BAA, 0) is an equilibrium outcome for p ∈ [0, ph] = [0, 1]

(green solid line in Figure 4.2), two small networks never an equilibrium, while a large

network by firm A is an equilibrium for p ∈ [pb, 1] = [0.0, 1.0]. So for the whole interval [0, 1]
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Figure 2: Upper panel: Welfare under a sole network B (dashed line), two small networks

(dotted-dashed line), and under a large network by firm A (solid line). Lower panel equilib-

rium regions.

there are multiple equilibria, only one of them being efficient.

4.4 Policy intervention to avoid inefficient equilibria

The previous subsections have shown that depending on parameters different market forms

can be optimal: one large network with only one technology or competing technologies with

smaller networks. Therefore it is difficult to derive a general policy recommendation. This

is in particular the case as the ex ante optimal network size depends on the probability of

R&D success, which is in particular difficult to figure out for a regulator.

If the regulator knew that a single network were optimal, s/he could launch an auction
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Figure 3: Upper panel: Welfare under a sole network B (dashed line), two small networks

(dotted-dashed line), and under a large network by firm A (solid line). Lower panel equilib-

rium regions.

for licences, in expectation that the owner of the ex ante more efficient network technology

would win the race.

If two small competing networks are the optimal solution, such an auction will fail to

induce efficient network sizes because the joint industry profits of a network duopoly would

fall short of the monopoly profit of the better network technology. So in this case, one option

for the regulator would be to issue a limited amount of licences for network capacity to each

of both network owners. The information requirement for the regulator is, however, high.
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4.4.1 Regulation under Environmental Externalities

Network externalities are in particular present with both environmentally friendly and en-

vironmentally detrimental technologies. It is often the case that mature technologies cause

environmental damage by the consumers using them - think of cars using fossil fuels - while

new technologies are developed with initial high cost but with the prospect of cost decreases

through R&D, learning and scale effects - think of battery driven electric vehicles.

In this section we assume that the mature technology causes an environmental exter-

nality of D per unit. Since we have assumed that the mass of consumers is normalized to 1,

D is also the total damage. The social use cost of the mature technology B is then given by

ĉB = cB +D (63)

The analysis of the first best allocation is the same with ĉB instead of cB. To internalize

the damage the regulator could in principle charge a Pigouvian tax τ = D, reflecting the

(marginal) damage of using the network.

If there is multiplicity of equilibria, however, we know from the previous section that a

Pigouvian tax does not guarantee that a socially optimal allocation will result. If in partic-

ular the owner of technology B is an incumbent, a second-best optimal tax rate exceeding

marginal damage may be necessary to drive some old technology out of the market, or at

least to reduce its capacity.

In the following we will study (second-best) situations where the regulator’s objective

is to maximize welfare taking into account the externality resulting from using technology

B.

We will study two situations, first - as before - where technology A and B need to build

their networks, i.e. the cost of building capacity are taken into account, and secondly, where

the owner of technology B is an incumbent such that the capacity building costs are already

sunk. For this we need to consider several cases.

The case AAB is efficient

We assume that under these assumptions the allocation AAB is socially optimal, but

BAA is also an equilibrium. Following Proposition 4.5 this implies:

min{p∗a, p∗b} ≤ p ≤ ph] (64)
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If both networks still need to be built and the regulator wants to avoid firm B to build

any network size (large or small) the use tax τ needs to satisfy

τ >τ1 := u(kBBAA)− kBBAA − cB (65)

This rules out the inefficient monopoly equilibrium (kBBAA, k
A
BAA) = (kBBAA, 0).

To avoid the equilibrium with two small firms that tax must also satisfy

τ >τ2 := (1− p)[u(kBABA)− cB − [u(kAABA)− cA]− kBABA (66)

It is easy to show by examples that τ1 can be smaller or greater than τ2.

If, by contrast, B is an incumbent and the investment cost for building the network

are sunk, the tax rate must satisfy:

τ >τ3 := u(kBBAA)− cB (67)

τ >τ4 := (1− p)[u(kBABA)− cB − [u(kAABA)− cA] (68)

Numerical examples show that at least the larger of the two threshold is always larger

than marginal damage.

The case ABA is efficient

Consider now the case, where two small networks, i.e. the allocation (kAABA, k
B
ABA) is

socially optimal and the regulator wants to deter B from building a large network. According

to Proposition 4.4 this is the case if

p ∈ [p∗c , p
∗
b ] (69)

If the regulator charges the Pigouvian tax τ = D, the social optimum is an equilibrium.

If the regulator wants to avoid the equilibrium with firm B building a large network,

the tax needs to satisfy

For firm B this is the case if

τ >u(kBBAA)− kBBAA − cB (70)
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But then firm B cannot make a positive profit in an equilibrium with two small networks.

For our special functional form this is easy to see as the profit with the small network is:

(1− p)[u(kBABA)− cB − τ − [u(kAABA)− cA]]− kBABA = (71)

(1− p)[u(kBABA)− cB − [u(kBBAA)− kBBAA − cB]− [u(kAABA)− cA]]− kBABA = (72)

(1− p)

[
(1− p)

α
1−α − 1− p

α
1−α

1− α

]
< 0 (73)

If the firm B is an incumbent and the regulator only wants firm B to reduce its network,

the condition is

u(kBBAA)− cB − [u(kAABA)− p(1− ε)cA] <τ ≤ (1− p)[u(kBABA)− cB − [u(kAABA)− cA]]

⇔ 1

1− α
− pεcA <τ ≤ (1− p)

α
1−α

1− α
(74)

However, such a tax may not exist. But one can show the following result

Proposition 4.7 If p and α are sufficiently small, a tax rate satisfying (74) exists. If, by

contrast p and α are sufficiently small a tax satisfying (74) does not exist.

5 Conclusions

We have studied a model with indirect network externalities and exogenous but stochastic

technological progress. We have characterized both global optimal network structures and

decentralized decision making. We found that, depending on the probability of R&D success

it may be optimal to build a sole network with the mature technology only, or building two

small networks, or to build a sole network with the new technology, even if there is some

chance of R&D failure. Another major insight is that typically multiple equilibria exist, only

one of them being efficient. In general no rule-based policy recommendation is possible. The

regulator rather has to engage in a case by case investigation and to apply a rule of reason.

Despite the simplicity of the model, the analysis gets quickly complicated. Still many

aspects need to be refined and the modelling to be made more realistic. In particular, the

case of elastic consumers’ demand as well as product differentiation between two competing

networks has to be subject to future research.
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A Appendix

Proof of Proposition 4.1 The proof is split into a couple of Lemmas.

First we compare welfare for the cases BAA and AAB, i.e. we consider

∆WBAA−AAB(p) = WBAA −WAAB

= u(kBBAA)− cB − kBBAA −
(
u(kAAAB)− cA + p ε cA − kAAAB

)
= cA − cB − p ε cA, (A.1)

where we have used (7).

Lemma A.1 There exists a unique pAB, 0 < pAB < 1, such that WBAA > WAAB for all

p < pAB and WAAB > WBAA for all p > pAB.

Proof: By (4), ∆WBAA−AAB(0) > 0, ∆WBAA−AAB(1) < 0 and ∆W ′
BAA−AAB(p) < 0, such

that there exists a unique pAB with ∆WBAA−AAB(pAB) = 0. q.e.d.

Now the question is how WBAA and WAAB compare to WABA. To study WABA as

a function of p, we first note the following, which follows from implicitly differentiating

conditions (8) and (9) with respect to p, and from the properties of u(k).

Lemma A.2 a) kAABA is monotonically increasing with p from kAABA
∣∣
p=0

= 0 to kAABA
∣∣
p=1

=

kAAAB.

b) kBABA is monotonically decreasing with p from kBABA
∣∣
p=0

= kBBAA to kAABA
∣∣
p=1

= 0.

We use this result to study how WABA depends on p. We have

lim
p→0

WABA = WBAA (A.2)

lim
p→1

WABA = WAAB (A.3)

Moreover,

∂WABA

∂p
= [u(kAABA)− (1− ε)cA]− [u(kBABA)− cB] + [pu′(kAi )− 1]

∂kAi
∂p

+[(1− p)u′(kBABA)− 1]
∂kBABA
∂p

= [u(kAABA)− (1− ε)cA]− [u(kBABA)− cB] (A.4)
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where the last equation follows from the first-order conditions (8) and (9).

Next we show

Lemma A.3 There exists a unique p̌, 0 < p̌ < 1, such that ∂WABA/∂p < 0 for all p < p̌

and ∂WABA/∂p > 0 for all p > p̌.

Proof: Observe first that WABA is a convex function of p:

∂2WABA

∂p2
= u′(kAABA)

∂kAABA
∂p

− u′(kBABA)
∂kBABA
∂p

> 0. (A.5)

Moreover,

∂WABA

∂p

∣∣∣∣
p=0

=

<0︷ ︸︸ ︷
[u(0)− (1− ε)cA]−

>0︷ ︸︸ ︷
[u(kBBAA)− cB] < 0 (A.6)

∂WABA

∂p

∣∣∣∣
p=1

= [u(KA
AAB)− (1− ε)cA]︸ ︷︷ ︸

>0

− [u(0)− cB]︸ ︷︷ ︸
<0

> 0. (A.7)

By continuity, there exists an ε0 > 0 such that WABA < WBAA for p > 0 and p < ε0.

Letting p be the largest ε0 for which this holds proves part i) of the proposition.

Also, by continuity, there exists an ε1 > 0 such that WABA < WAAB for p < 1 and

p > ε1. Letting p be the smallest ε1 for which this holds proves part ii) of the proposition.

Turning to part iii) we show by examples that both cases can occur.

We specify u(k) as in (1). Using (10), expected welfare in the three cases is

WAAB = 1− cA + p ε cA (A.8a)

WABA = p
1

1−α + (1− p)
1

1−α − cB + p
(
cB − (1− ε) cA

)
(A.8b)

WBAA = 1− cB (A.8c)

In order to show that parameters exist where WABA yields highest welfare, it is more conve-

nient to consider welfare as function of α as only WABA depends on α. Consider the extreme

cases first, i.e. α→ 0 and α→ 1. We these we obtain

lim
α→0

WABA = 1− cB + p
(
cB − (1− ε) cA

)
> max {WAAB,WBAA} for all p ∈ (0, 1), (A.9)

lim
α→1

WABA = −cB + p
(
cB − (1− ε) cA

)
< 0 for all p ∈ (0, 1).

(A.10)
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For any value of p ∈ (0, 1), WABA is monotonically decreasing in α. Thus, for any p ∈ (0, 1)

there exist an α(p) such that WABA > max {WAAB,WBAA} for this value of p and all α <

α(p).

If, however, α is sufficiently large, WABA is never larger than either WAAB or WBAA.

This concludes the proof.

Proof: of Proposition 4.2

case i): Assume first that the case BAA is socially optimal. This implies

u(kBBAA)− cB − kBBAA > p[u(kAAAB)− (1− ε)cA] + (1− p)[u(kAAAB)− cA]− kAAAB (A.11a)

and

u(kBBAA)−cB−kBBAA > p[u(kAABA)−(1−ε)cA]+(1−p)[u(kBABA)−cB]−kAABA−kBABA (A.11b)

If firm A chooses kAAAB, then its profit is:

Π(kAAAB, k
B
BAA) = p[u(kAAAB)− (1− ε)cA − [u(kBBAA)− cB]]

+(1− p)[u(kAAAB)− cA − [u(kBBAA)− cB]]− kAAAB

= p[u(kAAAB)− (1− ε)cA] + (1− p)[u(kAAAB)− cA]− kAAAB (A.12a)

−[u(kBBAA)− cB − kBBAA] (A.12b)

−kBBAA (A.12c)

Line (A.12a) and (A.12b) are the welfare difference between AAB and BBA, which is neg-

ative by (A.11a). Since (A.12c) is also negative, firm A cannot make a positve profit by

choosing kAAAB as a response to kBBAA.

Next assume A chooses kAABA. Then its profit is:

Π(kAABA, k
B
BAA) = p[u(kAABA)− (1− ε)cA − [u(kBBAA)− cB]]− kAABA (A.13a)

= p[u(kAABA)− (1− ε)cA] + (1− p)[u(kBABA)− cB] (A.13b)

−kAABA − kBABA (A.13c)

−[u(kBBAA)− cB − kBBAA] (A.13d)

+(1− p)[u(kBBAA)− cB]− kBBAA (A.13e)

−(1− p)[u(kBABA)− cB] + kBABA (A.13f)
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where we have added (1− p)[u(kBBAA)− cB]− kBBAA − (1− p)[u(kBBAA)− cB] + kBBAA = 0 and

(1− p)[u(kBABA)− cB]− kBABA − (1− p)[u(kBABA)− cB] + kBABA = 0.

Now (A.13b) through (A.13d) together are negative by (A.11b). Next we show that

(A.13e) and (A.13f) is also negative. Note that by definition of kBABA we have (1−p)u′(kBABA) =

1. Therefore, by concavity of u, we can estimate

(1− p)u(kBBAA) < (1− p)u(kBABA) + (1− p)u′(kBABA)[kBBAA − kBABA] (A.13g)

= (1− p)[u(kBABA) + [kBBAA − kBABA] (A.13h)

Therefore (1− p)u(kBBAA)− kBBAA < (1− p)u(kBABA)− kBABA.

case ii) Consider now the case where AAB is socially optimal. This implies

p[u(kAAAB)− (1− ε)cA] + (1− p)[u(kAAAB)− cA]− kAAAB

> u(kBBAA)− cB − kBBAA (A.14a)

and

p[u(kAAAB)− (1− ε)cA] + (1− p)[u(kAAAB)− cA]− kAAAB

> p[u(kAABA)− (1− ε)cA] + (1− p)[u(kBABA)− cB]− kAABA − kBABA (A.14b)

It is clear that firm A cannot gain by building a smaller network. But firm B can also not

gain by choosing kBBAA, for its profit would be:

Π(kBBAA, k
A
AAB) = u(kBBAA)− cB

−p[u(kAAAB)− (1− ε)cA]− (1− p)[u(kAAAB)− cA]− kBBAA(A.15a)

= u(kBBAA)− cB − kBBAA (A.15b)

−p[u(kAAAB)− (1− ε)cA]− [(1− p)[u(kAAAB)− cA] + kAAAB(A.15c)

−kAAAB (A.15d)

where we added kAAAB−kAAAB = 0. Now (A.15b) together with (A.15c) is negative by (A.14a),

while (A.15d) is also negative.

case iii) Finally assume that ABA is socially optimal. In this case (A.11b) and (A.14b)

hold with reversed inequality.
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If firm B chooses BAA its profit difference will be:

Π(u(kBBAA, k
A
ABA)− Π(u(kBABA, k

A
ABA)

= p[u(kBBAA)− cB − [u(kAABA)− (1− ε)cA]

+(1− p)[u(kBBAA)− cB − [u(kAABA)− cA]− kBBAA

−(1− p)[u(kBABA)− cB − u(kAABA)− cA] + kBABA

= u(kBBAA)− cB − kBBAA (A.16a)

−p[u(kAABA)− (1− ε)cA]− (1− p)[u(kBABA)− cB] + kBABA (A.16b)

But (A.16a) plus (A.16b) together are negative since the reverse of (A.11b) holds by assump-

tion.

Finally we need to investigate whether firm A can gain by building a larger network of

size kAAAB. In this case the difference in profits is given by:

Π(u(kAAAB, k
B
ABA)− Π(u(kAABA, k

B
ABA)

= p
[
u(kAAAB)− (1− ε)cA − [u(kBABA)− cB]

]
+(1− p)

[
[u(kAAAB)− cA − [u(kBABA)− cB]

]
− kAAAB

−p
[
[u(kAABA)− (1− ε)cA − [u(kBABA)− cB]

]
+ kAABA

= p[u(kAAAB)− (1− ε)cA] + (1− p)[u(kAAAB)− cA]− kAAAB (A.17a)

−p[u(kAABA)− (1− ε)cA]− (1− p)[u(kBABA)− cB] + kAABA + kBABA (A.17b)

−kBABA (A.17c)

where we have added kBABA − kBABA = 0. Now (A.17a) plus (A.17b) together are negative

which is negative since by assumption that the reverse of (A.14b) holds, and (A.17c) is also

negative.

Proof of Proposition 4.7:

In order to investigate when the RHS of (74) is larger than the LHS, we define its

difference as f(p) = 1 − (1 − α)pεcA − (1 − p)
α

1−α . It is easy to verify that f(0) = 0, and

f(1) = 1 − (1 − α)εp > 1. Thus for p sufficiently close to 1, there is no tax rate satisfying

(74).
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Next observe f ′(p) = −(1− α)εcA + α
1−α(1− p)

2α−1
1−α . Then f ′(0) = −(1− α)εcA + α

1−α

which is less then zero for p and α sufficiently small, and therefore f is negative for p and α

sufficiently small. q.e.d.

Proof of Lemma ??: Consider first the case of fully symmetric costs, i.e. cA = cB

and (1 − εA)cA = (1 − εB)cB. Then, if at least one firm was successful in cost decreasing

R&D, the use costs are (1 − εA)cA = (1 − εB)cB, while they are cA = cB if no firm was

successful.

In this fully symmetric case, the use cost is independent of the physical network sizes

kA and kB. Then with a fixed investment budget of K, with kA = K and kB = 0 we obtain a

pure net utility of U(K)−K, while splitting up the network into two equally sized networks

yields pure net utility of 2 · 1
2
U(K

2
)−K < U(K)−K.

Next consider the case

(1− εA)cA < (1− εB)cB (A.18)

and

U(kA)− (1− εA)cA = U(kB)− (1− εB)cB (A.19)

Since (1− εA)cA < cA we also have

U(kB)− (1− εB)cB > U(kA)− cA (A.20)

Additionally consider the subcase,

U(kA)− cA = U(kB)− cB (A.21)

(A.18) and (A.19) imply kA < kB. And this together with (A.20) implies cB > cA.

Then a small increase in kA increases expected ex ante welfare, as in the cases (1A,1B) =

(1, 1), and (1A,1B) = (0, 0), i.e. either both technologies incur cost decreasing technological

progress or no technology does, users who planned to use technology or network B, switch to

A and save the cost 1
2
[(1−εB)cB−(1−εA)cA], or 1

2
[cB−cA], respectively. If (1A,1B) = (1, 0),

clearly welfare also increases. If (1A,1B) = (0, 1) the welfare loss of the increased network

A, which will not be used, is only marginal.

Now consider the subcase where instead of (A.21), we have

U(kA)− cA > U(kB)− cB (A.22)
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Then a small increase in kA also increases expected ex ante welfare, as for (1A,1B) = (1, 1)

users who planned to use technology or network B, will switch to A and save the cost

1
2
[(1− εB)cB − (1− εA)cA], while for (1A) = 0,1B = 0), users of network A also gain.

In the final subcase

U(kA)− cA < U(kB)− cB (A.23)

a small increase in kA also increases expected ex ante welfare, as again for (1A,1B) = (1, 1)

users who planned to use technology or network B, will switch to A and save the cost

1
2
[(1−εB)cB−(1−εA)cA], whereas the waste of a larger network A in case of (1A,1B) = (0, 0)

or (1A,1B) = (0, 1) is only marginal.

The reasoning for all other cases is analogous. q.e.d.

Proof of Proposition ??: A locally optimal network allocation of case ABAB yields

higher welfare than a locally optimal network of case AABB if

(1− pB(1− pA))U(kAABAB) + pB(1− pA)U(kBABAB)

−pA(1− εA)cA − pB(1− pA)(1− εB)cB − (1− pA)(1− pB)cA − kAABAB − kBi

≥ U(kAAABB)− kAiii − pA(1− εA)cA − (1− pA)cA (A.24a)

⇔ U(kAAABB)− kAAABB − (1− pB(1− pA))U(kAABAB)− pB(1− pA)U(kBABAB)

+kAABAB + kBABAB

≤ pB(1− pA)[cA − (1− εB)cB] (A.24b)

rearranging yields (??).

A locally optimal network allocation of case ABAB yields higher welfare than a locally
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optimal network of case ABBA if

(1− pB(1− pA))U(kAABAB) + pB(1− pA)U(kBABAB)

−pA(1− εA)cA − pB(1− pA)(1− εB)cB − (1− pA)(1− pB)cA − kAABAB − kBABAB

≥ pAU(kAABBA) + (1− pA)U(kBii ) (A.25)

−pA(1− εA)cA − pB(1− pA)(1− εB)cB − (1− pA)(1− pB)cB − kAABBA − kBABBA

⇔ (1− pB(1− pA))U(kAABAB) + pB(1− pA)U(kBABAB)− kAABAB − kBABAB

−pAU(kAABBA) + (1− pAU(kBABBA) + kAABBA + kBii

≥ (1− pB)(1− pA)[cA − cB] (A.26)

rearranging yields (??).

The local optimum for case ABBA is a global optimum if (??) is reversed and

if

pAU(kAABBA) + (1− pA)U(kBABBA)

−pA(1− εA)cA − pB(1− pA)(1− εB)cB − (1− pA)(1− pB)cB − kAABBA − kBABBA

≥ U(kAAABB)− kAAABB − pA(1− εA)cA − (1− pA)cA (A.27a)

⇔ U(kAAABB)− kAAABB − pAU(kAABBA)− (1− pA)U(kBABBA) + kAABBA + kBABBA

≤ (1− pA)[cA − [pB(1− εB) + (1− pB)]cB] (A.27b)

rearranging yields (??).

Finally, the local optimum for case AABB is a global optimum if (??) and

(??) are reversed. q.e.d.

Proof of Proposition ??:

We prove the proposition by a couple of Lemmas, showing that deviation from the

global optima does not pay for the different cases ABAB through BBAA.

Lemma A.4 If the global optimum is of case AABB and firm A has the network. The Firm

B is not able to contest the monopoly position of firm A.
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Proof : The Profit of firm B choosing any network size K̃ is given by:

ΠB(K̃, kAAABB)

= pApB max{max{u(K̃)− cB(1− εB), 0} −max{u(kAAABB)− cA(1− εA), 0}, 0}]

+ (1− pA)pB max{max{u(K̃)− cB(1− εB), 0} −max{u(kAAABB)− cA, 0}, 0}]

+ pA(1− pB) max{max{u(K̃)− cB, 0} −max{u(kAAABB)− cA(1− εA), 0}, 0}]

+ (1− pA)(1− pB) max{max{u(K̃)− cB, 0} −max{u(kAAABB)− cA, 0}, 0}]− K̃ (A.28a)

We (want to) show that this profit is negative for all K̃ > 0.

Observe that if cB(1 − εB) ≤ cB ≤ cA(1 − εA) ≤ cA, then obviously technology B is

superior in all cases, and technology A could not be globally optimal.

Therefore at least, cB > cA(1− εA) must hold.

We therefore consider case a):

cB(1− εB) ≤ cA(1− εA) < cB < cA (A.29)

Then, assuming all net utilities being positive (if not, then ΠB(K̃, kAAABB) will be

negative a forteriori), (A.28a) becomes:

ΠB(K̃, kAAABB)

= pApB[u(K̃)− cB(1− εB)− (u(kAiii)− cA(1− εA))]

+ (1− pA)pB[u(K̃)− cB(1− εB)− (u(kAAABB)− cA)]

+ (1− pA)(1− pB)[u(K̃)− cB − (u(kAAABB)− cA)]− K̃ (A.30)

Since the first order condition of firm B is the same as for the social optimum firm B will

choose kBBABA. Thus (A.34) becomes:

ΠB(kBBABA, k
A
AABB)

= pApB[u(kBBABA)− cB(1− εB)− (u(kAAABB)− cA(1− εA))] (A.31a)

+ (1− pA)pB[u(kBBABA)− cB(1− εB)− (u(kAAABB)− cA)]

+ (1− pA)(1− pB)[u(kBiv)− cB − (u(kAAABB)− cA)]− kBBABA (A.31b)
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Rearranging becomes:

ΠB(kBBABA, k
A
AABB)

=[pB(u(kBBABA)− cB(1− εB)) (A.32a)

+ (1− pA)(1− pB)(u(kBiv)− cB) (A.32b)

+ pA(1− pB)(u(kABABA)− cA(1− εA))− kBBABA − kABABA] (A.32c)

− [pA(u(kAAABB)− cA(1− εA)) (A.32d)

+ (1− pA)(u(kAAABB)− cA)− kAAABB] (A.32e)

− pA(1− pB)(u(kABABA)− cA(1− εA)) (A.32f)

+ pA(1− pB)(u(kAAABB)− cA(1− εA))− [kAAABB − kABABA] (A.32g)

Here the term (u(kAAABB)− cA(1− εA)) from (A.31a) splits up into the terms in (A.32d) and

??. The first term in (A.32c) and the term in (A.32f) add up to zero, as well as the added

terms kAiv in (A.32c) and (??), and the term kAiii in (A.32e) and (??).

Now we see that the sum of the terms in (A.32a), (A.32b), and (A.32c) represents

welfare in case BABA, whereas the sum of the terms in (A.32d), and (A.32e) represents

welfare under case AABB. Since we assumed that the case AABB local optimum is a

global optimum, the sum of the terms in (A.32a) to (A.32e) is negative.

Now we show that sum of the remaining terms (A.32f) to (??) is negative as well.

Writing q = pA(1 − pB, recalling u′(kAAABB) = 1 and u′(kABABA) = 1, and since V is

concave we obtain

u(kAAABB) < u(kABABA) + u′(kAiv)[k
A
AABB − kAiv] = u(kABABA) + [kAAABB − kAiv]

implying

u(kAAABB)− u(kABABA)− [kAAABB − kABABA] < 0

Case b) Next we consider the case:

cB(1− εB) ≤ cA(1− εA) < cA < cB (A.33)

In this case we obtain

ΠB(K̃, kAAABB) = pApB[u(K̃)− cB(1− εB)− (u(kAAABB)− cA(1− εA))]

+(1− pA)pB[u(K̃)− cB(1− εB)− (u(kAAABB)− cA)]− K̃ (A.34)
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Rearranging, observing that firm B chooses the locally social optimal network size for

the case BAAB, kBBAAB, and adding ”suitable zeros” we obtain:

ΠB(kBBAAB, k
A
AABB) = [pB(u(kBBAAB)− cB(1− εB))− kBBAAB (A.35a)

+pA(1− pB)(u(kABAAB)− cA(1− εA)) (A.35b)

+(1− pA)(1− pB)(u(kABAAB)− cA(1− εA))− kABAAB](A.35c)

− [pA(u(kAAABB)− cA(1− εA)) (A.35d)

+(1− pA)(u(kAAABB)− cA)− kAAABB] (A.35e)

+ (1− pB)[u(kAAABB)− u(kAv )− kAAABB + kABAAB] (A.35f)

Arguing similarly as in case a), we see that (A.35a) - (A.35c) represents total welfare under

scenario v), while (A.35d) and (A.35e) represents total welfare under scenario AABB. The

remaining term in (A.35f) can be shown to be negative using by the concavity of BAAB,

using the same argument as in case a).

Case c)

cA(1− εA) ≤ cB(1− εB) < cA < cB (A.36)

Using the same line of argument as in case a) and b), it is straightforward to show that also

in this case the profit of a challenging firm’s B profit is negative.

Lemma A.5 If the global optimum is of case ABAB, then for no firm it is profitable to

deviate to any other network size.

Proof : The proof is now a bit more tedious as for Lemma A.4, as we need to show that for

both firms a deviation is not profitable, and we need to study more cases.

Case a) It is not profitable for firm A to use the (optimal) strategy for case ABBA.

Assume firm B chooses kBi and firm A chooses kAii instead of kAi .

Recall that for case i) we have

u(kAi )− cA(1− εA) > u(kBi )− cB(1− εB) > u(kAi )− cA > u(kBi )− cB (A.37)
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and that firm A’s profit under allocation (kAi , k
B
i ) is given by

ΠA(kAi , k
B
i )

= pApB[u(kAi )− cB(1− εB)− (u(kBi )− cB(1− εB))]

+ pA(1− pB)[u(kAi )− cB(1− εB)− (u(kBi )− cB)]

+ (1− pA)(1− pB)[u(kAi )− cA − (u(kBi )− cB)]− kAi (A.38)

Now need to differentiate three sub-cases:

Case a.i)

u(kAii )− cA(1− εA) > u(kBii )− cB(1− εB) > u(kAii )− cA > u(kBii )− cB (A.39)

But since kAii <, all profit margins would shrink by switching from kAi to kAii , and profit would

become lower.

Case a.ii)

u(kBi )− cB(1− εB) > u(kAii )− cA(1− εA) > u(kAii )− cA > u(kBi )− cB (A.40)

In this case firm A loses all is demand when both firms are successful, and in all other cases

margins would shrink.

Case a.iii)

u(kAii )− cA(1− εA) > u(kBi )− cB(1− εB) > u(kBi )− cB > u(kAii )− cA (A.41)

In this case firm A loses all its demand when both firms are unsuccessful, and in all other

cases margins would shrink.

Thus a deviation from kAi to kAii is not profitable for firm A.

Next we need to investigate whether it pays for firm A to build a network of size kAiii.

From (A.37) it follows that

u(kAiii)− cA(1− εA) > u(kBi )− cB(1− εB)

and

u(kAiii)− cA > u(kBi )− cB

and we need to consider two sub-cases:
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u(kAiii)− cA(1− εA) > u(kBi )− cB(1− εB) > u(kAiii)− cA > u(kBi )− cB (A.42)

and

u(kAiii)− cA(1− εA) > u(kAiii)− cA > u(kBi )− cB(1− εB) > u(kBi )− cB (A.43)

In sub-case (A.42) firm A’s profit (as a function of network size) is the same as for case

i), and the f.o.c. is as for case i). Therefore kAiii cannot be optimal.

In sub-case (A.43) technology firm A’s technology is the dominant technology, and

the first-order condition is as for the socially optimal case iii). Thus, the profit difference

between choosing kAiii and kAi is:

ΠA(kAiii, k
B
i )− ΠA(kAi , k

B
i )

= pApB[u(kAiii)− cA(1− εA)− (u(kBi )− cB(1− εB))] (A.44a)

+pA(1− pB)[u(kAiii)− cA(1− εA)− (u(kBi )− cB)] (A.44b)

+(1− pA)pB[u(kAiii)− cA − (u(kBi )− cB(1− εB))] (A.44c)

+(1− pA)(1− pB)[u(kAiii)− cA − (u(kBi )− cB)]− kAiii (A.44d)

− [pApB[u(kAi )− cA(1− εA)− (u(kBi )− cB(1− εB))] (A.44e)

+pA(1− pB)[u(kAi )− cA(1− εA)− (u(kBi )− cB)] (A.44f)

+(1− pA)(1− pB)[u(kAi )− cA − (u(kBi )− cB)]− kAi ] (A.44g)

By cancelling out double terms, rearranging and adding the suitable zero kBi − kBi we obtain

ΠA(kAiii, k
B
i )− ΠA(kAi , k

B
i )

= [pA[u(kAiii)− cA(1− εA)] + [(1− pA)[u(kAiii)− cA]− kAiii] (A.45a)

− [pA[u(kAi )− cA(1− εA)] (A.45b)

+(1− pA)pB[u(kBi )− cB(1− εB)] (A.45c)

(1− pA)(1− pB)[u(kAi )− cA]− kAi − kBi ] (A.45d)

−kBi (A.45e)
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We see that (A.45a) is total welfare under case iii) of the socially optimal allocation, while

(A.45b) - (A.45d) is total welfare under case i) of the socially optimal allocation. By presup-

position, the latter is larger than the former, so the difference is negative. Additionally, the

remaining term −kBi is negative as well. Thus a deviation from kAi to kAiii is non-profitable

for firm A.

Now we turn to firm B.

The profit difference by deviating from kBi to kBii is then:

ΠB(kBii , k
A
i )− ΠB(kBi , k

A
i )

= pB(1− pA)[u(kBii )− cB(1− εB)− (u(kAi )− cA)] (A.46a)

+(1− pA)(1− pB)[u(kBii )− cB − (u(kAi )− cA)]− kAii (A.46b)

− pB(1− pA)[u(kBi )− cB(1− εB)− (u(kAi )− cA)]− kBi (A.46c)

Adding pA[u(kAii )−cA(1−εA]−pA[u(kAii )−cA(1−εA] and kAi +kAii −kAi −kAii as suitable

zeros, and rearranging we obtain:

ΠB(kBii , k
A
i )− ΠB(kBi , k

A
i )

= [pA[u(kAii )− cA(1− εA)] (A.47a)

+pB(1− pA)[u(kBii )− cB(1− εB] (A.47b)

+(1− pA)(1− pB)[u(kBii )− cB]− kAii − kBii (A.47c)

− [pA[u(kAi )− cA(1− εA)] (A.47d)

+pB(1− pA)[u(kBi )− cB(1− εB] (A.47e)

+(1− pA)(1− pB)[u(kAi )− cA]− kAi − kBi (A.47f)

+ pA[u(kAi )− u(kAii ]− [kAi − kAii ] (A.47g)

Again, (A.47a) - (A.47c) is total welfare in case ii) at the local social optimum, while (A.47d)

- (A.47f) is total welfare in case i) at the local social optimum. As by presupposition the

latter is larger than the former, the sum of (A.47a) - (A.47f) is negative. To show the last
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term in (A.47g) to be negative, we write:

pA[u(kAi )− u(kAii ]− [kAi − kAii ]

< pA[u(kAii ) + u′(kAii )[k
A
i − kAii − u(kAii ]− [kAi − kAii ]

< u′(kAii )[k
A
i − kAii ]− [kAi − kAii ] < 0

where the first inequality follows again from concavity of u(·), and the second one follows

from the first-order condition for kAii .

Next we look at the profit difference of firm B when it deviates from kBi to kBvi, i.e.

tries to build a monopolistic network:

ΠB(kBvi, k
A
i )− ΠB(kBi , k

A
i )

= pApB[u(kBvi)− cB(1− εB)− (u(kAi )− cA(1− εA))] (A.49a)

+pB(1− pA)[u(kBvi)− cB(1− εB)− (u(kAi )− cA)] (A.49b)

+(1− pB)pA[u(kBvi)− cB − (u(kAi )− cA(1− εA))] (A.49c)

+(1− pB)(1− pA)[u(kBvi)− cB − (u(kAi )− cA)]− kBiii (A.49d)

− pB(1− pA)[u(kBi )− cB(1− εB)− (u(kAi )− cA)]− kBi (A.49e)

Adding kAi − kAi as suitable zero, and rearranging we obtain:

ΠB(kBiv, k
A
i )− ΠA(kBi , k

A
i )

= [pB[u(kBvi)− cB(1− εB)] (A.50a)

+(1− pB)[u(kBvi)− cB]− kBvi] (A.50b)

− [pA[u(kAi )− cA(1− εA)] (A.50c)

+pB(1− pA)[u(kBi )− cB(1− εB] (A.50d)

+(1− pA)(1− pB)[u(kAi )− cA]− kAi − kBi ] (A.50e)

− kAi (A.50f)

Again, (A.50a) - (A.50b) is total welfare in case i) at the local social optimum, while (A.50c)

- (A.50e) is total welfare in case vi) at the local social optimum. As by presupposition the

latter is larger than the former, the sum of (A.50a) - (A.50e) is negative. Finally (A.50f) is

also negative.
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Next we look at the profit difference of firm B when it deviates from kBi to kBii . Then

the profit difference is

ΠB(kBii , k
A
i )− ΠB(kBi , k

A
i )

= pB(1− pA)[u(kBii )− cB(1− εB)− (u(kAi )− cA)] (A.51a)

+(1− pB)pA[u(kBvi)− cB − (u(kAi )− cA(1− εA))] (A.51b)

+(1− pB)(1− pA)[u(kBii )− cB − (u(kAi )− cA)]− kBii (A.51c)

− pB(1− pA)[u(kBi )− cB(1− εB)− (u(kAi )− cA)]− kBi (A.51d)

Adding pA[u(kAii ) − cA(1 − εA] − pA[u(kAii ) − cA(1 − εA] and kAi + kAii − kAi − kAii as suitable

zeros, and rearranging we obtain:

ΠB(kBii , k
A
i )− ΠA(kBi , k

A
i )

= [pA[u(kAii )− cA(1− εA)] (A.52a)

+(1− pA)pB[u(kBii )− cB(1− εB)] (A.52b)

+(1− pA)(1− pB)[u(kBii )− cB]− kAii − kBii ] (A.52c)

− [pA[u(kAi )− cA(1− εA)] (A.52d)

+pB(1− pA)[u(kBi )− cB(1− εB] (A.52e)

+(1− pA)(1− pB)[u(kAi )− cA]− kAi − kBi ] (A.52f)

− pA[u(kAii )− u(kAi )] + kAii − kAi (A.52g)

Again, (A.52a) - (A.52c) is total welfare in case ii) at the local social optimum, while (A.52d)

- (A.52f) is total welfare in case i) at the local social optimum. As by presupposition the

latter is larger than the former, the sum of (A.50a) - (A.50e) is negative. Finally (A.52g) is

also negative by concavity of u(·).

In the same way one shows that it does not pay for firm B to deviate to kBiv and to kBv .

Lemma A.6 If the global optimum is of case ii), then for no firm it is profitable to deviate

to any other network size.

Proof : The proof is analogous to the one of Lemma A.5. Therefore, we omit it.
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