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I.  Introduction  
 

Ragnar Frisch and Trygve Haavelmo had a vision of economics as a science. In this vision the 

theoretical–quantitative and the empirical–quantitative approaches to economic problems were to 

be unified.  Frisch formulated the idea in drafting the Constitution of the Econometric Society 

(1931), and Haavelmo demonstrated the possibility of creating such a science in his treatise, The 

Probability Approach in Econometrics (1944).1  Today I will discuss some of the unforeseen 

consequences for applied econometrics of adopting Frisch and Haavelmo’s vision.  

             The respective component parts of Frisch and Haavelmo’s vision of a science of 

economics differed.  They agreed that theoretical “models are necessary tools in our attempts to 

understand and “explain” events in real life” (Haavelmo 1944, p.1). However, to Frisch a theory 

comprised a finite number of non-contradictory axioms about relations in a model world and all 

the logical consequences of the axioms (Bjerkholt and Qin 2011, pp. 32-33).  To Haavelmo, a 

theoretical model was, instead, a system of (ordinary or functional) equations that express 

definitional identities, technical relations, or relations depicting behaviour (Haavelmo 1944, p. 2).   

             They, also, agreed that one lends meaning to an economic theory by describing the 

elements in real life to which the variables of the theory correspond. However, Frisch insisted that 

an economic theory, like a theory in the natural sciences, received its concepts from the relations 

that the originator of the theory had observed in real life (Frisch 1926, p. 302).   In contrast, 

Haavelmo insisted that assigning names to theoretical variables was like imagining an experiment 

in which one would measure those quantities in real economic  life that were thought “to obey the 

laws imposed on their theoretical namesakes” (Haavelmo 1944, p. 6). 

             Finally, they agreed that the world of observations is disjoint from the model world, and 

that the relationship between observations and the theory-related elements in the real world is 

complicated.  In his 1934 treatise on Statistical Confluence Analysis by Means of Complete 

Regression Systems Frisch discussed both errors in variables and errors in equations without 

relating them to a model world.  In his 1930 Yale lectures on A Dynamic Approach to Economic  
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Theory he insisted that the regularities that were discovered in the world of observations, the 

empirical laws, and the mental pictures of these regularities in the model world, the rational laws, 

were fundamentally different.  “Between them there exists a gap, which can never be bridged” 

(Bjerkholt and Qin 2011, p.34).  In his treatise, Haavelmo distinguished between three kinds of 

variables, theoretical, true, and observational variables.  The theoretical variables were variables 

in the researcher’s theory.  The true variables were variables in the real world with which the 

researcher identified his theory variables.  And the observational variables were variables in the 

researcher’s world of observations.  If the denotation of the available observational variables 

differed from the denotation of the true variables, Haavelmo would bridge the gap between theory 

and observations by correcting his observations and/or adjusting the theory so as to make the facts 

he considered to be the true variables relevant to the theory (Haavelmo 1944, p. 7). 

             The respective contours of Frisch and Haavelmo’s vision of a science of economics, 

also, differed.  Ragnar Frisch was an extraordinary mathematical economist (cf. Frisch 1933 and 

Lectures 1 and 2 in (Bjerkholt and Dupont-Kieffer 2009)).  He was also an extraordinary 

mathematical statistician (cf. Frisch 1929 and Frisch 1934).  Judging from his published works, 

Frisch’s vision of a science of economics must have been a vision of a formal science of 

economics, a science in which the fields of mathematical economics and mathematical statistics 

were conjoined.  However, as his Poincaré Lectures (Bjerkholt and Dupont-Kieffer 2009) and 

Yale Lectures (Bjerkholt and Qin 2011) demonstrate, he did not know how to put such a science 

together.   

             Now, Haavelmo was an extraordinary econometrician (cf. for instance, Haavelmo 1943, 

1947a, and 1947b).  He was also a philosopher of science with novel ideas.  His 1944 Treatise 

bears witness to that.  In his Treatise Haavelmo showed a way in which the theoretical-

quantitative and the empirical-quantitative approaches to economic problems can be unified.  In 

doing that he demonstrated the possibility of creating a science of economics. 
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             A science can be so many things.  To me a branch of knowledge is a science if (1) it is 

concerned with establishing and systematizing facts and principles; (2) its arguments are based on 

logically consistent and precisely formulated theories whose empirical relevance can be tested  

with the data and the statistical methods at hand; and (3) there is a unitary methodological basis 

for analysing pertinent theoretical and empirical problems.  In 1944 economics satisfied the first 

two conditions, and Haavelmo’s Treatise provided the ingredients for the third condition.  Doing 

that, Haavelmo’s Treatise, in fact, established economics as a science.  The resulting science of 

economics was not formal the way Frisch envisioned it, but its vitality has been amply 

demonstrated in the last sixty-five years. 

            

 

II.  A Formal Unitary Methodological Basis for the Science of Economics   

 

Haavelmo’s treatise was an extraordinarily influential work.  Its insights were absorbed so 

thoroughly that it became difficult to think of them as insights (Aldrich 1989).  Yet, a question 

remains in my mind:  Is it possible that Haavelmo’s ideas were accepted too quickly?  Many 

econometricians must believe that they were.  To wit: (1) Aris Spanos’ observation that,  

unfortunately for econometrics, Haavelmo’s remarkable monograph became a classic much too 

early (Spanos 1989, p. 409); and (2) the Econometric Society’s decision in 2009 to establish a 

new journal, Quantitative Economics, that was to provide a home for papers that fulfilled Frisch’s 

vision of a science of economics.  I believe that the answer to my question is yes, and in this 

section I will show why by exhibiting how Haavelmo’s ideas appear in the context of a formal 

unitary methodological basis for the science of economics.  

             A unitary methodological basis for analysing the theoretical and empirical problems of a 

science is formal if it is formulated as an axiomatic system.  In this section of the lecture I shall  
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present a formal unitary methodological basis for the science of economics that I believe is the 

kind Frisch may have envisioned when he drafted the constitution of the Econometric Society.  I  

formulated this formal unitary methodological basis for the science of economics in Stigum 1990, 

and I delineated its philosophical foundations in Stigum 2003.  Here I shall exhibit some of its 

formal implications for applied econometrics.  

 

IIa.   Useful Concepts 

 

First a few definitional matters.  A formal theory is an axiomatized theory.  It consists of a finite 

number of non-contradictory axioms concerning certain undefined terms and all the logical 

consequences of the axioms.  In Frisch’s theory the undefined terms were elements in a model 

world.  To me they are mathematical symbols with meaningful names or just abstract ideas.  A 

model of a formal theory is an interpretation of its undefined terms that renders all the axioms 

valid assertions.  A formal theory has many models, and in applied econometrics it is often useful 

to think of a formal theory as a family of models of the theory’s axioms. 

             A formalized theory is a formal theory whose assertions are well-formed formulas in a 

first-order language.  Here a first-order language is an axiomatized symbolic language with a 

non-logical and a logical vocabulary.  The non-logical vocabulary consists of indexed sets of 

function and predicate symbols.  The logical vocabulary consists of a denumerable infinity of 

individual variables, four standard logical symbols, =, ∀, ⊃, and ∼, the parentheses, ( ) and [ ], and 

the comma, ,.   The axioms of the language determine the meaning of the four logical symbols so 

that one can read [x = y] as x equals y, ∀x as for all x, [A ⊃ B] as A materially implies B, and ∼ A 

as not A, where x and y are individual variables and A and B are well- formed formulas.   

             Finally, a scientific theory is a formal theory that pertains to some domain of science and 

whose assertions, if need be, can be expressed as well-formed formulas in a first-order language.  

The significance of the potential formalization of the theory is that mathematical logic can be used 

both to check the validity of the arguments employed in developing the theory and to establish the  
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syntactic and semantic properties of the theory.  In Chapters 21 and 22 of Stigum 1990 I 

demonstrate the usefulness of such formalizations for foundational research in both mathematical 

economics and probability theory. 

 

IIb.   A Unitary Methodological Basis for Formalized Scientific Theories  

 

For empirical analyses of formalized scientific theories my formal unitary methodological basis 

has two parts – a multisorted first-order language for science, Lt,p, and a two-sorted modal-

theoretic language, SEL, for talking about the meaningfulness of the assertions in Lt,p.  The 

vocabulary of Lt,p consists of an observational part, a theoretical part, and a dictionary.  One 

formulates scientific theories with the theoretical vocabulary, delineates characteristic features of 

a universe of observable objects with the observational vocabulary, and uses the dictionary and 

the other two vocabularies to describe how the undefined terms of the theories and the observable 

objects are related to one another.  The vocabulary of SEL is partly a vocabulary for discussing 

properties of real numbers and partly a vocabulary for describing salient characteristics of the 

sentences in Lt,p.  The vocabulary of SEL is used to formulate statistical tests of the scientific 

hypotheses that are asserted in Lt,p.  

            Both Lt,p and SEL are constructed as formal axiomatic systems.  In Parts V and VI of 

Stigum 1990 I give ample evidence of the adequacy of the pair, (Lt,p , SEL), as a unitary 

methodological basis for the science of economics.  Specifically, in Chapters 26-28 I demonstrate 

how mathematical economists can use Lt,p to describe situations in which the empirical relevance 

of their theories can be tested.  I also exhibit ways in which Lt,p and SEL can be used to guide 

applied economists and econometricians in their search for meaningful statistical models.  

Moreover in Chapters 23 and 24 I outline a way in which Lt,p and an extended version of SEL can 

be used to study the epistemological problems of econometrics.  Finally, in Chapter 25 I establish 

semantic and syntactic theorems that demonstrate that Lt,p has all the properties one should want  
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to require of a language for science, that is (1) Lt,p is complete in the sense that it is impossible to 

derive more valid sentences by adding axioms and rules of inference, (2) any theory that is 

expressed in Lt,p is consistent if and only if it has a model, and (3) if a theory that is expressed in 

Lt,p has a model with an infinite universe, then it has a model with a denumerably infinite 

universe. 

 

IIc .  A Unitary Methodological Basis for Non-Formalized Scientific Theories 

 

For empirical analyses of non-formalized scientific theories the pair, (Lt,p, SEL), becomes an 

axiomatized theory-data confrontation.  In this formalization of a unitary methodological basis for 

science the place of Lt,p is taken by two disjoint universes of real-valued variables and functions 

and a bridge between them.  The role of SEL is assumed by two probability spaces, one for theory 

and one for data.    

 

IIc.1  The underlying ideas of a theory-data confrontation 

 

Fig. 2.1 illustrates the underlying ideas of a data confrontation of a scientific theory.  On the left 

hand side of the figure are boxes that contain information pertaining to the theory whose empirical 

relevance the researcher in charge, RIC, is studying.  There is a box for the theory itself and a box 

for the subfamily of models of the theory that is at stake in the empirical analysis.  The last box 

comprises the ingredients by which the theory-universe box is constructed.  On the right hand side 

of the figure are boxes that contain information concerning the data generating process.  There is a 

box for the sample population on whose characteristics RIC’s observations are based, a box for 

the observations, and a box for the data that RIC has put together.  The last box provides the 

ingredients by which the data-universe box is constructed.  The two universes are disjoint and 

connected by a bridge.  The bridge consists of assertions, called bridge principles, that describe 

how variables in the theory universe are related to variables in the data universe. 
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             Fig. 2.1  A Methodological Framework for Applied Econometrics 

 

 

 

             Strictly speaking, the data confrontation of a theory takes place in the three top boxes of 

Fig. 2.1.  Hence, I may picture a formal theory-data confrontation as one of two abstract ideas: 

Either it is a data universe or it is a triple consisting of a data universe, a theory universe, and a 

bridge between the two universes.  When the RIC believes that he has accurate observations on all 

the relevant theoretical variables, he formulates the theory, describes his data, and carries out the 

empirical analysis in the data universe.  Then the theory-data confrontation reduces to the data 

universe alone.  When some of RIC’s data variables provide inaccurate measurements of the 

associated theoretical variables, he formulates his theory in a theory universe and uses bridge 

principles to describe how his theoretical variables are related to his data variables.  Then the 

theory-data confrontation becomes a triple of two disjoint universes and a bridge between them.   
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IIc.2  The component parts of an axiomatized theory data confrontation 

 

Formally, the data universe in an axiomatized theory-data confrontation is a triple, (ΩP, Γp, (ΩP, 

ℵP, PP(⋅))),  where ΩP is a subset of a vector space, Γp is a finite set of axioms that vectors in ΩP  

must satisfy, and (ΩP, ℵP. PP(⋅)) is a probability space, where ℵP is a σ-field of subsets of ΩP, and 

PP(⋅):ℵP→[0, 1] is a probability measure.  In the applications that I have in mind for this 

lecture, two of the members of ΓP describe characteristic features of the conceptual framework of 

the data generating process. One insists that ΩP is a space of sequences; i.e., ωP ε ΩP only if ωP = 

X, and X ε (Rk)N, where N = {0,1,…}.  The other insists that the family of finite-dimensional 

probability distributions of the components of ωP induced by PP(⋅) is the true family of probability 

distributions of the components of ωP.  Specifically, let X(⋅, ωP): N→Rk be defined by the 

equation, X(t, ωP) = ωPt, t ε N, and ωP ε ΩP, where ωPt is the tth component of ωP.  Then X(t,⋅), is 

measurable with respect to ℵP, and the family, X = {X(t,⋅); t ε N},  has a well-defined family of 

finite-dimensional probability distributions relative to PP(⋅).   This probability distribution is the 

true family of probability distributions of X.  I denote it by the acronym, TPD.   

             The remaining assertions in ΓP delineate properties of TPD that are characteristics of the 

pertinent data generating process.  How extensive these axioms are, depends on RIC’s data.  

When RIC’s observations on his theory variables are accurate, the remaining axioms in ΓP will 

present the theory that is at stake in the theory-data confrontation.  If some of RIC’s observations 

are inaccurate, the remaining axioms will delineate properties of the sampling distribution, 

describe the way components of ωP are related to one another, and leave the theory axioms to the 

theory universe.   

             Formally, the theory universe in an axiomatized theory-data confrontation is a triple, (ΩT, 

ΓT, (ΩT, ℵT, PT(⋅))), where ΩT is a subset of a vector space,  ΓT is a finite set of assertions that the 

vectors in ΩT must satisfy, ℵT is a σ-field of subsets of ΩT, and PT(⋅):ℵT → [0, 1] is a probability 

measure.  In the applications that I have in mind for this lecture, two of the assertions in ΓT  
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delineate characteristic features of the conceptual framework of the pertinent theory.  The other 

assertions describe law-like properties of the elements that play essential roles in the theory.    

             The pertinent features of the conceptual framework are of two kinds.  One insists that ΩT 

is a space of sequences; i.e.,  ωT ε ΩT only if ωT = Z, and Z ε (Rh)N.  The other insists that the  

components of ωT are random processes relative to PT(·). Specifically, let Z(⋅, ωT): N →Rh be 

defined by the equation, Z(t, ωT) = ωTt, t ε N, and ωT ε ΩT, where ωTt is the tth component of ωT.  

Then Z(t,⋅) is measurable with respect to ℵT, and the family, Z = {Z(t,ωT); t ε N}, has a well-

defined family of finite-dimensional probability distributions relative to PT(⋅).  I denote this 

probability distribution by the acronym RPD, and I assume that RIC is its originator.   

             The law-like properties of the components of ωT that the remaining assertions in ΓT 

describe, delineate salient characteristics of the RPD that are at stake in the theory-data 

confrontation.  In this lecture these characteristics depict distinguishing features of the dynamics of 

foreign exchange.  Specifically, they give a symbolic rendition of the belief that a frictionless 

foreign exchange market in equilibrium will function efficiently if  the agents in the market, in an 

aggregate sense, are risk neutral and endowed with rational expectations about the level of future 

exchange rates.   

             In an axiomatized theory-data confrontation with inaccurate observations ΩP is disjoint 

from ΩT.  I assume that RIC’s sample of observations consists of pairs of vectors, (ωT,ωP), where 

ωT ε ΩT, and ωP ε ΩP.  The observations on the components of ωT are unobservable, while the 

observations on the components of ωP can be seen and recorded.  For example, in a cross-section 

test of Friedman’s Permanent Income Hypothesis two of the components of ωT might record 

“observations” on a consumer’s permanent and transitory income while the corresponding 

component of ωP will record the same consumer’s actual disposable income.  In a cross-section 

study of the efficiency of firms’ choice of input-output variables, the components of ωT might 

record “observations” on a given firm’s efficient choices while the corresponding components of  
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ωP will record the same firm’s actual choices.  I assume that all the “observations” that RIC has, 

belong to a subset of ΩT × ΩP that I denote by Ω and designate by the name, sample space. 

             In this lecture I assume that in an axiomatized theory-data confrontation with inaccurate 

observations the σ-fields, אT and אP, are stochastically independent.  This assumption reflects 

Frisch’s insistence that the empirical laws exist in the real world and must be discovered, while  

the rational laws exist in the model world and are created by the mind of the investigator 

(Bjerkholt and Qin,2011, p. 34).  When אT and אP are stochastically independent, the probability 

spaces in the theory universe and the data universe induce a uniquely determined probability 

measure on ΩT × ΩP.  To see how, let ϗ denote the family of all sets in ΩT × ΩP of the form ET × 

EP with ET ε ℵT and EP ε ℵP,  and let ℵ denote the smallest σ-field in ΩT × ΩP containing ϗ. There 

is a uniquely determined probability measure, P(·):ℵ → [0,1], such that for all E ε ϗ, P(E) = 

PT(ET)PP(EP) (cf. Dunford and Schwartz, 1957, pp. 183-189).  The probability space, (ΩT × ΩP,ℵ, 

P(·)), plays a pivotal role in my formulation of an axiomatized theory-data confrontation. 

             Formally, the bridge between the two universes is a triple, (Ω, Γt,p, (ΩT × ΩP, ℵ, P(·))), 

where Ω is a subset of ΩT × ΩP, Γt,p is a finite number of assertions that the elements in Ω must 

satisfy, and (ΩT × ΩP, ℵ, P(·)) is the probability space that I described above.  The first three of 

the axioms in Γt,p describe conceptual properties of the relationship between theoretical and 

observational variables.  The other assertions describe law-like properties of this relationship.  In 

short, the first two assertions concerning the conceptual properties of the bridge between theory 

and data insist (1) that observations come in pairs, (ωT, ωP), all of which belong to Ω, and (2) that 

Ω ⊂ ΩT × ΩP.  The third assertion refers to the given probability space on ΩT × ΩP and insists (3) 

that Ω ε ℵ and P(Ω) > 0. 

             The remaining assertions in Γt,p describe how the components of ωT and ωP in Ω are 

related to one another; e.g.,  There exists a continuous function, F(⋅): Rh+k → Rk, such that for all 

(ωT, ωP) ε Ω, X(t,ωP) = X(t-1,ωP) + F(Z(t,ωT), X(t-1,ωP)), t ε N-{0}.  

  



 12 
 

IIc.3  The RPD and ΓΓΓΓt,p in a theory-data confrontation with inaccurate observations 

    

The RPD distribution of {Z(t,ωT); t ε N} and the bridge principles, Γt,p, induce a family of finite-

dimensional probability distributions of {X(t,ωP); t ε N-{0}} that I denote by the acronym, MPD, 

and read as the marginal probability distribution of the components of ωP .  Strictly speaking, the  

characteristics of MPD are unknown since I have little factual information about salient features 

of PT(⋅).  In a given theory-data confrontation the RIC will deduce properties of MPD from 

assumptions about PT(⋅) that are in accord with the ideas of the theory that confronts his data.  For 

example, in the two case studies I have in mind for this lecture I formulate axioms about PT(⋅)  

that ensure that the dynamics of foreign exchange in the theory universe is as envisioned in the 

simple efficient markets hypothesis.   

            The MPD may be very different from the TPD.   However, regardless of how much the 

MPD differs from the TPD, in a theory-data confrontation with inaccurate observations it is in 

terms of the MPD and not in terms of the TPD that RIC is to carry out his empirical analysis.  To 

bring the significance of this fact home, I must describe the actual data universe within which 

RIC, in a given theory-data confrontation, is to carry out his empirical analysis.  The properties of 

the MPD and Kolmogorov’s Consistency Theorem (cf. Stigum 1990, theorem T 15.23, p. 347) 

imply that there exists a probability measure, PM(⋅):ℵP → [0, 1], relative to which the family of 

finite-dimensional probability distributions of the X(t,⋅) equals the MPD.  Consequently, one can 

think of the empirical analysis as being carried out in a data universe, (ΩP, ΓP*, (ΩP, ℵP, PM(⋅))) 

that differs from the original universe in important ways.  In the latter triple, the ΩP and ℵP – 

components are identical with the Ωp and ℵP – components of the original data universe.  The ΓP* 

component differs from ΓP in two ways:  PM(⋅) is substituted for PP(⋅) and MPD is substituted for 

TPD.   Evidently, the probability measure, PM(⋅), that determines the family of finite-dimensional 

probability distributions of {X(t, ωP) ;  t ε N} in the new universe may be very different from 

PP(⋅). 
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             The ideas that I presented in the preceding paragraph are pictured in Fig. 2.2  below.  In 

the figure there is one theory universe, two data universes, and one bridge.  The data universes 

have the same pair, (ΩP, ℵP), and share the family of functions, {X(t,⋅); t ε N}.  The family of 

finite-dimensional probability distributions of the X(t,⋅) is TPD in the top data universe and MPD 

in the  lower data universe.  The bridge connects the theory universe with the lower data universe  

 

                                                    Fig. 2.2 

A Schematic Diagram of a Theory-Data Confrontation with Inaccurate Observations   

 

                                                                                                       (ΩP, ΓP, (ΩP, ℵP, PP(⋅)))  

       (ΩT, ΓT, (ΩT, ℵT, PT(⋅)))                                                                       TPD  

              {Z(t, ωT) ; t ε N}             →          ΓT,P                                  {X(t, ωP) ; t ε N}   

                        RPD                                                                                     MPD  

                                                                                                       (ΩP, ΓP*, (ΩP, ℵP, PM(⋅))) 

.  

             Fig. 2.2 depicts the import of RPD and the bridge in the unitary methodological basis for 

applied econometrics that I outlined in Section IIc.2.  The two probability measures on (ΩP, ℵP) , 

PM(⋅) and PP(⋅), differ, and so do, also, the families of finite-dimensional probability distributions 

of {X(t, ωP) ; t ε N} that constitute MPD and TPD.  Consequently, in an empirical analysis in 

which some of the data variables provide inaccurate measurements of the associated theoretical 

variables, one must expect that the observed characteristics of the MPD may be very different 

from the observed characteristics of the TPD.  In sections III and IV of the paper I will present 

two interesting case studies that bear witness to that. 
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IId.  Frisch and Haavelmo’s Unitary Methodological Bases for the Science of Economics 

 

The axiomatized theory-data confrontation in Section IIc.2 is a formal unitary methodological 

basis for economics that Frisch may have envisioned when he drafted the constitution of the 

Econometric Society.  His model world was a theory universe in my sense of the term.  Also, the 

universe in which he carried out his statistical analysis in Frisch 1934 was a data universe in my 

sense of the term.  However, Frisch failed to see the role that a bridge between the two universes  

may play in applied econometrics.  He missed the bridge and the MPD, probably, because his 

model world received its concepts from the data universe (Frisch 1926, p.302). 

             Haavelmo’s unitary methodological basis for economics was not formal.  When 

formalized, his basis reduces to a data universe in my sense of the term. In that data universe, 

Haavelmo’s RIC formulates his theory, describes his data, and carries out the empirical analysis. 

To wit:  According to Haavelmo, there are two classes of experiments, “namely,    (1) experiments 

that we should like to make to see if certain real economic phenomena – when artificially isolated 

from “other influences” – would verify certain hypotheses, and (2) the stream of experiments that 

Nature is steadily turning out from her own enormous laboratary, and which we merely watch as 

passive observers.  In the first case we can make the agreement and disagreement between theory 

and facts depend on two things: the facts we choose to consider, as well as our theory about them.  

In the second case we can only try to adjust our theories to reality as it appears before us.  And 

what is the meaning of a design of experiments in this case?  It is this:  We try to choose a theory 

and a design of experiments to go with it, in such a way that the resulting data would be those 

which we get by passive observation of reality.” (Haavelmo 1944, p. 14)   

             Thus, Haavelmo saw no need for a bridge and an MPD in applied econometrics.  In fact, 

he believed that the whole problem of quantitative inference could be viewed as a problem of 

gathering information about some unknown probability law.  To make this search “a rational 

problem of statistical inference, [one must] start out by an axiom, postulating that every set of 

observable variables has associated with it one particular “true,” but unknown, probability law.”  
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(Haavelmo 1944, p. 49).   This probability law Aris Spanos refers to as the Haavelmo Distribution 

(Spanos 1989, p. 415).  To me it is the TPD in the top data universe of Fig. 2.2, and the top data 

universe in Fig. 2.2 is the universe in which Haavelmo’s RIC carries out his empirical analysis. 

   

 

III.  The Empirical Relevance of an Economic Theory 

 

In this Section I shall use the ideas of Sections IIc.2 and IIc.3 to develop a test of the empirical 

relevance of an hypothesis concerning characteristics of foreign exchange.  The emphasis will be 

on addressing the role of bridge principles in empirical analyses and on exhibiting the 

implications for applied econometrics of a unified theoretical-quantitative and empirical-

quantitative approach to data analysis.  In the process I will, also, demonstrate the usefulness of 

a novel way of analysing time series of positively valued random variables. 

              The econometric analysis of the observations I have plays a pivotal role in my arguments.  

It is, therefore, important to note that I base my arguments on the results of two independently 

executed empirical analyses of my data.  Harald Goldstein used the ideas of Sections IIc.2 and 

IIc.3 to estimate parameters of the pertinent MPD.  André Anundsen, without knowledge of 

Harald’s results and in the spirit of Haavelmo’s Treatise, used ideas of David Hendry and Soeren 

Johansen to estimate parameters of the pertinent TPD.  As Fig. 2.2 predicts, André’s and Harald’s 

results differ considerably.  Interestingly enough, their results have, also, different bearings on the 

empirical relevance of the theoretical hypotheses that I confront with data.  The last observation 

calls for a renewed discussion of the right way to introduce theory in empirical analyses. 

 

IIIa.   Useful Concepts 

 

The foreign exchange market that I consider in this Section is a market in which two currencies 

are traded.  One of them is the domestic currency and the other is some foreign currency.  The  
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agents engage in both spot and forward transactions.  Here, the spot exchange rate, S, is the 

domestic price of the foreign currency, and the corresponding forward rate, F, is the rate agreed 

now for the domestic price of the foreign currency a given number of periods ahead.  I assume 

that the market is frictionless in the sense that there are no transactions costs and no barriers to 

arbitrage. 

             A frictionless foreign exchange market in equilibrium is efficient if and only if a trader by 

speculation alone cannot earn excess returns.  A frictionless foreign exchange market in 

equilibrium is efficient only if both the Uncovered and the Covered Interest Parity Conditions are 

satisfied.2 The Uncovered Interest Parity Condition insists that in equilibrium a trader’s 

expected gain from acquiring units of the foreign currency must equal the opportunity cost of 

holding funds in the domestic currency rather than the other, e.g., in symbols, 

                                          St+k
e/St = (1+it)/(1+i* t),                                                                  (1) 

where, St and St+k denote, respectively the spot exchange rate at time t and t+k, it and i*t are the 

nominal k-period interest rates available, respectively, on similar domestic and foreign securities, 

and e denotes the market expectation based on information at time t.  The Covered Interest 

Parity Condition insists that if there are no barriers to arbitrage across international financial 

markets, a frictionless efficient foreign exchange market in equilibrium must satisfy the condition, 

                                                    F(k)
t/St = (1+it)/(1+i* t),                                                     (2) 

where F(k)
t is the k-period forward exchange rate, St is the spot exchange rate, and it and i*t are the 

interest rates I discussed above.  By combining equations (1) and (2), I find that in equilibrium the 

exchange market I consider is efficient only if 

                                                        St+k
e  =  F(k)

t .                                                         (3)  

             The presumed characteristics of a foreign exchange market that I confront with data is an 

axiomatized theory.  Since an axiomatized theory is an abstract idea, an important question arises: 

What might be the purport of such a theory?  There are, probably, many different answers to this 

question.  I believe that Frisch would have claimed that an axiomatized theory pictures “those  
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indefinable things in the real world which we might call ‘essentials,’ meaning by that essentials with 

regard to our own ends.” (Bjerkholt and Qin 2011, p. 32).  I also believe that Haavelmo might have  

insisted that an economic theory is a system of equations whose members depict economic relations 

that are autonomous to changes in variables and functions outside the part of social reality to which 

they themselves pertain (Haavelmo 1944, p. 29).  To me an economic theory of choice or 

development delineates the positive analogies that the originator of the theory considered 

sufficient to describe the kind of situation that he had in mind.3   For example, in an economic  

theory of the firm one learns that the manager of a firm chooses his input-output strategy so as to 

maximize the firm’s profits.  This characterization provides a succinct description of an important 

characteristic feature of firm behavior in the theory’s reference group of firms in social reality.  

Similarly, in an economic theory of a certain kind of financial markets the theory may insist that 

the family of equilibrium yields on the pertinent instruments are co-integrated ARIMA processes.  

This characterization describes a characteristic feature of the probability distributions that govern 

the behavior over time of equilibrium yields in such markets.   

            My idea of the purport of an economic theory is not very different from the ideas of Frisch 

and Haavelmo.  Even so, I need to point out that in this lecture the pertinent economic theories are 

taken to delineate the positive analogies that are relevant for the respective empirical analyses and 

nothing else. 

 

IIIb.   A Case Study of a Theory-Data Confrontation 

 

Consider the foreign exchange market in Section IIIa and let S and F, respectively, denote a 

sequence of spot exchange rates and the corresponding sequence of one-period forward rates.  

Also,  let N = {0, 1, … } denote the set of all periods beginning at some arbitrary point of time in 

the past.  Finally, let y and λ denote two sequences of auxiliary variables, and let η and u denote 

two sequences of error terms. They are sequences that we use to delineate salient characteristics of 

the finite-dimensional probability distributions of the components of S and F.  The components of  
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the sextuple, S, F, y, λ, η, and u, are the variables that roam around in the theory universe.  Thus 

the Z in the theory universe of Section IIc.2 is here given by the equation, Z = (S, F, y, λ, η, u). 

 

The Theory Universe 

 

With the new expression for Z, I can describe the conceptual framework of the axioms in the 

theory universe as follows: 

 

               A 1: ωT ε ΩT only if ωT = (S, F, y, λ, η, u) and ωT ε (R6)N. 

               A 2:  Let the vector valued function, (S,F,y,λ,η,u)(⋅,ωT): N → R6 be defined for all t ε N 

by the equation, (S,F,y,λ,η,u)(t,ωT) = ωTt, t ε N, and ωT ε ΩT, where ωTt is the tth component of ωT. 

The functions (S,F,y,λ,η,u)(t,⋅): ΩT → R6,  t ε N, are measurable with respect to ℵT.  Also, the 

family of finite-dimensional probability distributions of the (S,F,y,λ,η,u)(t,⋅) that PT(⋅) determines 

is the RPD that the RIC assigns to the given functions.                               

 

             The law-like properties of the given spot and forward markets are expressed in A 3,  A 4, 

and A 5. 

 

             A 3.  For all ωT ε ΩT, and for all t ε N, 

              S(t,ωT) = max(y(t,ωT, 0); and F(t,ωT) = max(λ(t,ωT), 0),                               (4) 

             A 4:  Let ý ε R++ and ϕ ε (0,1) be two constants.  Then, relative to PT(⋅), the components 

of {(S,F,y,λ,η,u)(t,ωT); t ε N} satisfy the following conditions: For each t ∈ N, 

    η(0,ωT) = 0 a.e. ;  y(0,ωT) = ý a.e.; and y(t+1,ωT) = λ(t,ωT) + η(t+1,ωT) a.e.             (5) 

    λ(0,ωT) = ϕy(0,ωT) a.e.; and λ(t,ωT) = λ(t-1,ωT) + ϕ(y(t,ωT) - λ(t-1,ωT)) a.e.            (6) 
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             A 5.  Relative to PT(⋅), the families of functions,  {η(t,ωT);t ≥ 1} and {u(t,ωT);t ≥ 1}, 

constitute independently distributed, purely random processes with means zero and finite positive 

variances, ση
2 and σu

2, that for each t ∈ N-{0}satisfy the conditions. 

                              E{η(t,ωT)y(0),...,y(t-1)} = 0 a.e. , and                                  (7) 

                              E{u(t,ωT)y(0),...,y(t-1), y(t)} = 0  a.e.                                   (8) 

 

             In the context of this lecture it is important to observe that the axioms, A 1 – A 5, 

delineate all the positive analogies of the given markets that are at stake in the present theory-data 

confrontation and nothing else. They can be read to insist that in equilibrium a frictionless 

currency market is efficient if the agents’ rational expectations about future spot rates in the 

aggregate are unbiased.  This hypothesis has several interesting consequences that  I record in      

T 3.1. 

              

              T 3.1.  Suppose that axioms A 1 – A 5 are valid, and let ϕ be the constant in A 4.  Then, 

relative to PT(⋅),  and for all t ε N, 

                   (1)  λ(t,ωT) = E{y(t+1)y(0),…,y(t)}, a.e.                                                           (9) 

                   (2)  The family of random variables, {y(t,ωT); t ε N}, satisfies the conditions: y(1,ωT) 

= ϕy(0) + η(1,ωT), and y(t+1,ωT) = y(t,ωT)+η(t+1,ωT) - (1-ϕ)η(t,ωT) for t>0, a.e.                 (10) 

                    (3)  The family of random variables, {λ(t, ωT): t ε N}, satisfies the conditions:  

                  λ(0)  = ϕy(0),  and λ(t, ωT) = λ(t-1, ωT) + ϕη(t, ωT), t>0, a.e.                             (11) 

                     (4)  The families of random variables, {y(t,ωT); t ε N} and {λ(t,ωT); t ε N} are 

cointegrated with cointegrating vector, (1, -1), and common trend, ϕ[ý+ ∑ 0≤s≤(t-1) η(t-1-s,ωT)]. 
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The Data Universe 

 

The data I have are series of weekly quotes on the values of the U.S. Dollar/Swiss Franc spot and 

one-week forward exchange rates.  They were taken from EconWin’s Database and pertain to spot 

and forward rates at the end of Wednesday each week beginning the ninth of May 2001 and 

ending the twelfth of January 2005.5  Here the data are taken to constitute partial realizations of 

two sequences of variables in the data universe, one for spot rates, Ќ1, and one for forward rates,  

Ќ2,.  Also the X in IIc.2 is given by the equation, X =  (Ќ1, Ќ2, ŷ1, ŷ2), where the ŷj, j = 1,2 denote 

auxiliary series that I need to delineate the stochastic properties of Ќ1 and Ќ2.              

             With the new X, I can express the two axioms concerning the conceptual framework  

of the data universe as in D 1 and D 2. 

 

             D 1: ωP ε ΩP  only if  ωP = (Ќ1, Ќ2, ŷ1, ŷ2), where Ќj ε (R+)
N,   j = 1,2,  and ŷj ε RN,      

j = 1, 2; and N = {0,1,2,...}. 

 

Here the numbers in N denote consecutive ‘weeks’ beginning at some arbitrary point in time.  

Also, the components of Ќ1 and Ќ2 are understood to be observations on the values of the 

corresponding components of S and F.  Similarly, the components of ŷ1 and ŷ2 are taken to be, 

respectively, observations on the corresponding components of y and λ. 

 

               D 2:  Let the vector-valued function, (Ќ, ŷ)(⋅ ,ωP): N → R+
2 × R2, be defined for all   t ε 

N by the equation, (Ќ, ŷ)(t,ωP) = ωPt , t∈N, and ωP ∈ ΩP, where ωPt is the tth component of ωP.   

The functions, (Ќ, ŷ)(t,⋅):  ΩP → R+
2 × R2, are measurable with respect to ℵP. Also, relative to 

Pp(⋅), the family of finite-dimensional probability distributions of the random vectors,               

{(Ќ, ŷ)(t,ωP); t∈N}, equals TPD, the true probability distribution of the process that generates the 

individuals in ΩP.. 
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             The assertions that describe law-like properties of the data generating process are stated in 

D 3. 

 

D 3:  For all ωP ε  ΩP,  and for all t ε N, the components of {(Ќ, ŷ)(t,ωP); t∈N} satisfy the 

conditions: 

                   Ќ1(t,ωP) = max(ŷ1(t,ωP),0) ; and Ќ2(t,ωP) = max(ŷ2(t,ωP),0).                                (12)  

 

The Bridge 

 

In Section IIc.2 I listed the following three axioms concerning the conceptual frame work of    the 

bridge  between theory and data in a theory-data confrontation: 

 

G 1.  Observations come in pairs, (ωT, ωP), all of which belong to the sample space. 

G 2.  The sample space, Ω, is a subset of ΩT × ΩP ; i.e., Ω ⊂ ΩT × ΩP.   

G 3.  Let ϗ denote the family of all sets in ΩT × ΩP of the form ET × EP with ET ε ℵT and 

EP ε ℵP, and  let ℵ denote the smallest σ-field in ΩT × ΩP containing ϗ.  Also, let P(·):  ℵ → [0,1] 

be the uniquely determined probability measure that, for all E ε ϗ, satisfies the equation, P(E) = 

PT(ET)PP(EP). Then it is the case that  Ω ε ℵ and P(Ω) > 0. 

 

             The axioms concerning how the theory and data variables are related to one another are 

expressed in G 4 and G 5. 

              

            G 4: There exists a constant, ψ, with 0 <ψ < 1, .such that, for each (ωT,ωP) ε Ω, 

                            ŷ1(0,ωP) = y(0,ωT), and                                                            (13) 

                       ŷ1(t,ωP) = ŷ1(t-1,ωP) + ψ(y(t,ωT) – ŷ1(t-1,ωP)) ,  t ≥ 1,                         (14)  

                            ŷ2(t,ωP)  =  λ(t-1,ωT) + u(t,ωT),  t ≥ 1,                                             (15) 



 22 
 

             G 5.   For each (ωT,ωP) ε Ω, 

                                 ŷ1(t-1,ωP) =  λ(t-1,ωT),  t ≥ 1.                                                     (16) 

The MPD 

 

The family of finite-dimensional probability distributions of the components of ωP that        (1) 

satisfy D 1 and  D 3, and (2) is induced by G 1 – G 4 and the probability distribution of ωT that   

A 1 – A 5 and PT(⋅) determine, is the marginal probability distribution  of the components of 

ωP, the MPD, that we discussed in section IIc.3.  The characteristic properties of the MPD in the 

present case are recorded in theorems T 3.2, T 3.3, and T 3.4.   Note that in T 3.2 – T 3.4 the D- 

axioms are the D- axioms in ΓΓΓΓP* that I described in Section IIc.3. 

 

             T 3.2.  Suppose that axioms A 1-A 5, D 1-D 3, and G 1-G 4 are valid.  Then, relative to 

PM(⋅), the family of finite-dimensional probability distributions of {ŷ(t,ωP); t ε N} are the 

probability distributions of a pair of second-order random processes that solves the stochastic 

difference equations in (17) and (18): 

          ∆ŷ1(t,ωP) - (1 - ψ)∆ ŷ1(t-1,ωP) = ψς(t,ωP) – (1 - ϕ) ψς(t-1,ωP), for t ≥ 1.            (17)             

                  ∆ŷ2(t,ωP) = ϕς(t-1,ωP) + ∆v(t,ωP), t > 0.                                                  (18)          

where the (ς, v)(t,ωP) are measurable with respect to ℵP , independently and identically 

distributed with means zero and the same covariance matrix as (ηt, ut), and a.e. satisfy the 

equations in (19). 

          (ς, v)(0,ωP) = 0, and E{ (ς, v)(t,ωP) ŷ(0),…, ŷ(t-1)} = 0, t > 0.                (19)              

 

             T 3.3.  Suppose that axioms A 1-A 5, D 1-D 3, and G 1-G 5 are valid.  Then, relative to 

PM(⋅), the family of finite-dimensional probability distributions of {ŷ(t,ωP); t ε N} are the  
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probability distributions of a pair of second-order random processes that solves the stochastic 

difference equations in (20) and (21). 

                                                ∆ŷ1(t,ωP) = ψς(t,ωP), t > 0                                                (20) 

                                       ∆ŷ2(t,ωP) = ψς(t-1,ωP) + ∆v(t,ωP), t > 0.                              (21) 

Also, the members of {ŷ(t,ωP); t ε N} are cointegrated with cointegrating vector, (1, -1); i.e.,  

                                           ŷ1(t,ωP) - ŷ2(t,ωP) = ψς(t,ωP) - v(t,ωP), t > 0.                   (22) 

 

             T 3.4.  Suppose that axioms A 1-A 5, D 1-D 3, and G 1-G 5 are valid.  Then, for all t ε N,  

Ќ(t,ωP)  =  max (ŷ(t,ωP),0) a.e. in PM-measure. 

 

IIIc.  Harald Goldstein’s Empirical Analysis4  

 

In this Section I shall sketch how Harald Goldstein went about estimating the parameters of the 

MPD and what his results mean for the empirical relevance of axioms A 1-A 5. Note that 

Harald’s analysis is carried out in the lower data universe in Fig. 2.2 and centers on three 

fundamental ideas.  One describes the prescriptions underlying the statistical analysis; the 

second delineates the salient characteristics of a data admissible mathematical model of MPD; 

and the third  describes what it means for a theory to be empirically relevant.  

 

The prescriptions that underlie the statistical analysis 

 

The data are series of weekly quotes on the values of the U.S. Dollar/Swiss Franc spot and one-

week forward exchange rates.  I take these quotes to be the observed values of (Ќ1, Ќ2)(t), t = 

1,2,…,196.  According to D 3, Ќ1(t) > 0 → Ќ1(t) = ŷ1(t) and Ќ2(t) > 0 →   Ќ2(t) = ŷ2(t)  for all t.  

Since the observed series of the (Ќ1, Ќ2)(t) is larger than zero in the observation period, the 
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partially observable series,  (ŷ1(t), ŷ2(t)), are observed in the observation period.  The series 

are shown in Figs. 3.1 and 3.2.  

              The two series in Fig. 3.1 differ only in the fourth decimal place and, therefore, appear 

almost identical in the graph. The first differences are shown in Fig. 3.2.  The two first differenced 

series appear quite similar, which is confirmed by a contemporaneous correlation of 0.9978.  

             For the present empirical analysis, the MPD is the probability distribution of the ŷ- 

components of ωP that is determined by A 1- A 5 and G 1 - G 4.  With T 3.2-T 3.3 in mind, 

Harald began by estimating the parameters of a mathematical model of MPD that has the 

 

                   Fig. 3.1    Observed Series of Spot and One-week Forward Rates 
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characteristics of a family of finite-dimensional probability distributions of a second-order 

stochastic process, {(ŷ1(t), ŷ2(t)); t ε N},  that solves equations (23) and (24).     

 

                       ∆ŷ1(t) = (1 - ψ)∆ ŷ1(t-1) + ψς(t) – (1-ϕ) ψς (t-1), t ≥ 1,  and                        (23) 

                                             ŷ2(t) – ŷ1(t-1) = v(t)                                                                 (24) 
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                Fig. 3.2  First Differences of the Observed Series of Spot and Forward Rates 
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Here, equation (23) is a rewrite of equation (17) in T 3.2 and equation (24) follows from equations 

(20) and (22) in T 3.3.  According to T 3.2, ς(t) and v(t) are independent purely random 

innovation processes with means zero and positive variances, 2
ησ  and 2

uσ .  In the statistical 

analysis we assume, in addition, that both are Gaussian white noise, and we hope to establish that 

0 1ϕ< <  and 0 1ψ< < , as A 4 and G 4 require. 

             Equation (23) is equivalent to an ARMA(1,1) model, written in standard form: 

                              1 1 1 1, 1t t t tX X tα ε θε− −= + + ≥                                                       (25) 

where 1 1ˆ:t tX y= ∆ , εt = ψςt, 1α ψ= − , and  (1 )θ ϕ= − − . Standard Box & Jenkins analysis of the 

observations we have on the ŷ1t (i.e., the Ќ1t) do not provide evidence against a causal and  

invertible ARMA(1,1) model for {X1t} with { }tε being Gaussian white noise, thus justifying 

restricting ,α θ  to  1 1α− < <  and 1 1θ− < < .  The further restrictions,  0 1α< <  and  1 0θ− < < , 

implied by the correspondences 1α ψ= − and (1 )θ ϕ= − − , are also not contradicted by the data.  

In addition, there appears to be no evidence of heteroscedasticity or ARCH effects in { }tε . Hence, 

we can choose equation (25), with 0 1α< < , 1 0θ− < < , and the tε  being independent and  
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identically distributed 2(0, )N σ  variables, as a basis for the construction of the family of data 

admissible mathematical models of MPD that we need for our test of the empirical relevance of A 

1-A 5.  Here 2Var( )tε σ=  corresponds to 2 2
ηψ σ  of the MPD, and the 1 1ˆ:t tX y= ∆  are assumed to be 

mean adjusted in the usual manner.   

             The prescriptions underlying our statistical analysis insist that we obtain 

maximum likelihood estimates of α, θ, and σ2, and determine the corresponding values of 

2
uσ  and ση

2.  According to Brockwell & Davis, Time Series: Theory and Methods, Springer 

Verlag 1987, (referred to below as BD), we may write the log likelihood as 
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Concentrating out 2σ , we obtain for the max. likelihood (ML) estimates 
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and the concentrated log likelihood, 

( ) ln(2 ) ( )
2 2 2

n n n
l β π κ β= − + − ,                                                           (26)     

where 

       1
1

1 1
( ) ln ( ) ln( )

n

t
t

S r
n n

κ β β −
=

 = + 
 

∑                                                          (27) 

is the objective function to be minimized.            

             The global minimum of the objective function is found to be,    

                ˆˆ( , ) -7.809188κ α θ =                                                                    

with the ML estimates:    

                αo = 0.929370, θo = -0.999574, ϕo = 0.000426023, ψo = 0.0706301, 

                                     σ2 = 0.0004017888, and ση
2 = 0.08054109.   

The estimate of σu
2 we obtain directly from equation (24): σu

2 = 0.000415953. 

             In calculating the preceding estimates we assumed that the ς- and v - processes in 

equations (23) and (24) are independently distributed Gaussian white noise innovation processes 

with zero means and unrestricted positive variances.  We shall, next, show that this assumption is 

justified.  

             Autocorrelation plots and QQ plots for normality for 1tX  and 2tX  suggest that there is 

little evidence in the data against the assumption that  1 1ˆ:t tX y= ∆  and  2 2 1 1ˆ ˆt t tX y y −= −  are both 

Gaussian white noise:  Also, the Shapiro-Wilk test for normality gave p-values 0.634 and 0.681 

for 1tX  and 2tX  respectively.    

             A couple of tests for randomness were also tried: 

The sequence test based on the number of sequences above and below zero for the mean adjusted 

series, gave p-values 0.718 and  0.942  for 1tX  and 2tX , respectively, (with 0H : white noise). 
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             The turns test based on the number of turns in the series (see BD) gave p-values 0.562 

and 0.819 for 1tX  and 2tX  , respectively, (with 0H : white noise). 

 

A Family of Data-Admissible Mathematical Models of MPD 

 

A mathematical model of MPD is data admissible if (1) the estimated mathematical model of 

MPD satisfies the strictures on which D 1-D 3 and the prescriptions that underlie the statistical 

analysis insist, (2) the values that the given model assigns to the parameters of MPD satisfy the 

strictures on which the A-, D-, and the five G-axioms insist, and (3) the model lies within a 95% 

confidence region of the estimated mathematical model of MPD.  The family of data admissible 

mathematical models of MPD we denote by IMMPD. 

             The results of the preceding likelihood analysis demonstrate that the estimated values of 

the parameters of the MPD satisfy the strictures on which D 1, D 3, and the conditions underlying 

the statistical analysis insist.  Next, we shall delineate a 95% confidence region around the 

maximum likelihood estimates of the pair, (θ, α), and use it and the equations,  θ = -(1-ϕ) and α = 

(1-ψ),  to search for estimates of ϕ and ψ that are values of parameters of data admissible 

mathematical models of MPD.  The region we use is a bootstrap corrected 95% confidence region 

that is depicted in Fig. 3.3.6  It  is the result of a bootstrap experiment that Harald carried out by 

generating 2000 samples of observations based on equation (25) and the assumption that 

                   ( ) ( ) 2
2

ˆ ˆ2 ( ) 2 ( ) ( ) ( ) ~
approximately

l l nβ β κ β κ β χ− − − = −                                      (28) 

             We may think of a member of IMMPD as a quadruple, {ϕ, ψ, ς , v}.  The ϕ and ψ are 

parameters that, for some pair (θ,α) in the bootstrap corrected 95% confidence region, satisfy the 

equations, 

                                          θ = -(1-ϕ) and α = (1-ψ),                                                    
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with -1 <θ <0 and 0 < α < 1.  Also, the ς and v  are mathematical models of the ς  and v- 

processes in equations (23) and (24) that are independently distributed Gaussian white 

noise innovation processes with zero means and unrestricted positive variances.                

                         Fig. 3.3   Bootstrap corrected, level 95% 

 

Contour Obj.fu = -7.60

-1

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

a l pha

Series1

Ser ies2

 

 

              Not all the mathematical models of MPD that are determined by the bootstrap corrected 

confidence region are data admissible.  To be data admissible the model’s parameters must satisfy 

the restrictions on which the A-, D-, and all five G- axioms insist.  In particular a model of the 

MPD is data admissible only if ϕ = ψ.  Hence we shall identify IMMPD with the mathematical 

models of MPD whose parameters, for some pair (θ,α) in the bootstrap corrected 95% confidence 

region, satisfy the equations, 

                          θ = -(1-ϕ), α = (1-ψ), θ = -α, and 0 < α < 1,                                 (29) 

and whose ς- and v - processes are independently distributed Gaussian white noise innovation 

processes with zero means and unrestricted positive variances. 

             The pertinent characteristics of the members of IMMPD are described in T 3.5.                                          
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           T 3.5: Let (θ,α) belong to the bootstrap corrected 95% confidence region, and suppose 

that θ = -α.   Also, let ϕ = 1+θ and ψ = (1-α), and suppose that there are mathematical models of 

the  ς− and v- processes in equations (23) and (24) that together with the given values of ϕ and ψ 

determine a mathematical model of MPD.  This mathematical model of MPD constitutes the 

family of finite-dimensional probability distributions of a mathematical model of a pair of second-

order stochastic processes, {(ŷ1(t),ŷ2(t)), t≥0} that solves the difference equations in (30) and (31) 

and satisfies the equation in (32).     

                                             ∆ŷ1(t) =  ψς(t) , t ≥ 1,  and                                                    (30)                

                                             ∆ŷ2(t) =  ψς(t-1) + ∆v(t), t ≥ 2.                                             (31) 

                                              ŷ1(t) – ŷ2(t) = ψς(t) – v(t), t ≥ 1.                                          (32) 

 
 
             To see why Theorem T 3.5 is valid, note that when θ α= − , equation (25) reduces to 

1(1 ) (1 )t tL X Lα α ε− = − , where L is the lag operator.  This equation is in the vernacular of 

statisticians a common factor model, and it is well known that, in the causal and invertible case, 

the set of stationary solutions are those obtained from the equation after cancelling the common 

factor. Thus, when θ α= −  equation (25) reduces to 1tX  = εt ; i.e., to equation (30), ∆ŷ1(t) =  

ψς(t).  To conclude the proof of T 3.5, note that equation (31) follows from equation (24) and the 

equality, ϕ = ψ, and that equation (32) follows from equations (30) and (24). 

             In the case of T 3.5 it is important to ascertain that there are pairs (θ,α) in the bootstrap 

corrected confidence region that satisfy the equation, θ = -α.  To see why there are such pairs, 

note that almost all pairs, (θ, α), along the bottom of the objective function satisfy the restrictions 

on which we insisted when we constructed the bootstrap corrected confidence region.  Also, the 

restriction, ( )θ α ϕ ψ= − ⇔ =  satisfies these criteria since the objective function, K(α, -α), is 

completely flat at the value 7.782− .   
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             It is also interesting that in the case of T 3.5,  ϕ ψ=  is not identified. What is identified is 

only σ2 = ϕ2ση
2 = ψ2ση

2 with the estimate 

                                      2ˆ 0.00041713255σ = .                                                      (33) 

Since there are no restrictions on the value of ση
2, all pairs (ϕ,ψ) ε (0,1)×(0,1) with ϕ = ψ 

may be parameters of a data admissible mathematical model of MPD. 

              

The Empirical Relevance of A 1 – A 5   

 

We have now arrived at the point where we can start discussing the empirical relevance of the 

theory of foreign exchange that we developed in Section IIIb.  We begin by giving a formal 

definition of empirical relevance.  Then we conclude with remarks concerning the empirical 

relevance of axioms A 1-A 5.              

             To define empirical relevance, we make use of two acronyms, IMp, IMMPD, and a new 

concept, empirical context..   Here IMp denotes a family of data admissible mathematical   

models of the data universe that is suitable for assessing the empirical relevance of A 1-A 5.  

A mathematical model of the data universe, (ΩP, ΓP*, (ΩP, ℵP, PM(⋅))),  is data admissible if it 

satisfies D 1 – D 3 and if its model of ΩΩΩΩP comprises (possibly all the) sequences in ΩΩΩΩP of 

which the data are partial realizations.   Also, IMMPD is the family of data admissible 

mathematical models of MPD that we discussed above.  Finally, the empirical context in which 

the theory-data confrontation takes place is a triple, a not-necessarily accurate description of the 

sampling scheme, the intended interpretation of the data universe, IMp ,  and the intended  

interpretation of MPD, IMMPD.   The definition is as follows:   
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             DEF 1.  The family of mathematical models of  A 1- A 5 is relevant in the empirical 

context that IMp, IMMPD, and the given sampling scheme delineate if and only if there is at least 

one member of the family of mathematical models of A 1-A 5, D 1-D 3, and G 1-G 5 with a data 

admissible mathematical model of the data universe that belongs to IMp and with a data 

admissible mathematical model of the MPD that belongs to IMMPD.        

 

             A mathematical model of the MPD that satisfies the conditions of T 3.5 ensures that there 

is an empirically relevant mathematical model of A 1-A 5.  We have shown that there are pairs in 

the bootstrap corrected confidence region that satisfies the conditions of equation (29).  We have 

also shown that the ς- and v - processes in equations (23) and (24) are independently distributed 

Gaussian white noise innovation processes with zero means and unrestricted positive variances.   

Hence there is a data admissible mathematical model of MPD that satisfies the conditions of         

T 3.5.     

          The RIC ought to search for a as large as possible family of mathematical models of A 1-A 

5 that are empirically relevant.  We can do that by choosing an appropriate model for   D 1-D 3 

and a family of mathematical models of the {(ς, v)(t,ωP); t ≥ 1}, and by identifying the remaining 

parameters of an admissible mathematical model of MPD with values of ϕ and ψ that satisfy 

equation (29) for pairs of values of θ and α that belong to the given 95% confidence region 

around the ML estimates of θ and α. 

 

Concluding Remarks                    

 

For the purposes of this lecture there are two important facts to notice.  First of all. Harald’s 

maximum likelihood estimates of ϕ and ψ are not a pair of parameters of a data admissible 

mathematical model of the MPD.  This is so because ϕo ≠ ψo.  Secondly, the dynamics of foreign  
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exchange in the theory universe is very different from the dynamics of foreign exchange in the 

data universe. To wit:  In the theory universe the dynamics of foreign exchange in PT(⋅)-measure 

is depicted in the behavior characteristics of a second-order random process, {(y(t,ωT),λ(t,ωT)); t ε 

N}, that solves the difference equations in (34).  

 ∆ y(t)                             y(t-1)           η(t)               ∆ y(t)                        y(t-1)             η(t)                                                                    
               =     -1  (1, -1)               +            ;   i.e.,              =  -   1 -1                    +                (34)                                         
 ∆ λ(t)             0              λ(t-1)        ϕη(t)              ∆λ(t)            0  0      λ(t-1)         ϕη(t)                                                                        
                                                                             
  

In contrast, the dynamics of foreign exchange in the lower data universe is in PM(⋅)-measure 

depicted in the behavior characteristics of a second-order stochastic process, {ŷ(t,ωP); t ε N}, that 

solves the difference equations in (35). 

 
 
  ∆ ŷ1(t)                            ŷ1(t-1)           ψς(t)             ∆ ŷ1(t)                      ŷ1(t-1)         ψς(t)                                                            
                  =   0   (1, -1)                 +              ; i.e.,                  =    0   0                +              (35)                                           
  ∆ŷ2(t)           1                ŷ2(t-1)          v(t)               ∆ŷ2(t)            1  -1    ŷ2(t-1)       v(t)                                                                        
 

 

IIId.   André Anundsen’s Empirical Analysis 

 

Harald’s analysis established the empirical relevance in the lower data universe in Fig. 2.2 of the 

theory I presented in Section IIIb.  In this section I assume that I have accurate observations on 

the pair, (y, λ)(t), t ≥ 0, and I ask whether the given theory has empirical relevance in the top data 

universe in Fig. 2.2.  Specifically, I ask whether there exists in PP(⋅)-measure a pair of iid random 

processes, {δ1,δ2)(t,ωP); t ε N}, with means zero and finite covariance matrix that is such that  

                             E{δ(t,ωP)| ŷ(0),…, ŷ(t-1)} = 0, for all t > 0,                                       (36) 

and such that { ŷ(t,ωP); t ε N} with large probability constitutes a solution to the difference 

equations in (37). 
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                                   ∆ŷ1(t)                            ŷ1(t-1)             δ1(t)                                                                     
                                                  =  -   1   -1                     +                                              (37) 
                                   ∆ŷ2(t)              0    0      ŷ2(t-1)            δ2(t)                                                                                      
 

Since I do not know PP(·), my question amounts to asking whether my theory with accurate 

observations is relevant in the empirical context which André Anundsen’s analysis establishes.  I 

believe that this is the way Haavelmo would have determined the empirical relevance of my 

theory.   

             André was to use ideas of David Hendry and Soeren Johansen to carry out an empirical 

analysis of the TPD distribution of { ŷ(t,ωP); t ε N} in  Fig. 2.2.  André’s results answer my 

question.  Since the difference equations in (35) are different from the difference equations in  

(37), his results, also, throw new light on the question of how to incorporate economic theory in 

an empirical economic analysis.  Andrés interesting empirical analysis follows. 

 

IIId 1.  CVAR analysis of spot and one-week forward rates 

 

Regardless of the choice of lag length (we have allowed for lag length from zero to eight in  

first differences), ADF-tests show that both the spot and one-week forward rates are integrated of 

order one.  Table 1 shows the results when we include no lags in levels and first differences.  For 

the ADF regressions on the first differences of the variables, i.e., when we test whether the 

variables are I(1) against the alternative that they are at least I(2), AIC favors one lag while the 

consecutive F-tests favor no lags. We have relied on the latter since the results are not sensitive to 

this, and since the residuals in the ADF-regressions are well behaved also with the more 

parsimonious specification.  The ADF-regressions show no signs of residual misspecification 

given the lag truncation that we have chosen. 

             The fact that the spot and forward rate series are practically identical (see Figs. 3.1 

and 3.2) can explain why we later have misspecification problems.  Small deviations of the 

actual from the fitted values might lead the tests to reject the assumption of normally  
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distributed errors. 

 
 
Table 1: Augmented Dickey-Fuller test for order of integration  

Levels  
Variable  t-ADF  5%-critical value        lags         trend  

Spot  −3.067  −3.43                          0            Yes  
F orward  −3.040  −3.43                          0            Yes  

Sample:  T = 185 (2001w27-2005w3)  
First diferences  

Variable  t-ADF  5%-critical value         lags            trend  
∆Spot  −13.28  −3.44                          0             Yes  

∆F orward  −13.10  −3.44                          0             Yes  
Sample:  T = 184 (2001w28-2005w3)              

 

              We shall, now, use the Johansen 1988 multivariate approach to cointegration to 

determine whether the USD/CHF spot and forward rates are linearly cointegrated.  The data 

are measured on a weekly basis and span the period from 2001w18 to 2005w3.  As a first 

step, we formulate a bivariate VAR model of order five: 

 
 
                          y(t) = ∑1≤i≤5∏iy(t-i) + ΨD(t) + €(t),                                            (38) 

 

where y(t) is a 2 × 1 vector comprising the spot and forward rates, and D(t) contains 

deterministic terms such as a constant, a linear trend, and possibly some intervention 

dummies.  Further it is assumed that €(t) is IIN(0,Ω).                              

             The diagnostics indicate that the given linear bivariate VAR suffers from severe 

misspecification.  More precisely, while there is no evidence of autocorrelation, the 

assumptions of normality and homoscedasticity are violated.  The reason for this might be 

that the series are so similar.  In order to move the residuals closer to satisfying the Gaussian 

properties, we use the Autometrics package in PcGive (see Doornik 2009) to search for large 

outliers (significance level is chosen to be 0.025).  This leads us to pick up one outlier in 

2002w25 which we include in the VAR to see whether the diagnostics improve.  The results 

are reported in Table 2. 
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               Table 2: Diagnostics for VAR(5) with the outlier included in the VAR   

Diagnostics   Test statistic  Value[p-value]  
Vector Portmanteau(12):                                      χ2(28) =                       31.133[0.3112] 
 Vector AR 1-7 test:                                             F (28, 322) =                  0.95146[0.5393] 
 Vector Normality test:                                           χ2(4) =                                23.328[0.0001]∗∗     
Vector Hetero test:                                         F (66, 487) =                           1.8173[0.0002]∗∗     
 Vector Hetero-X test:                                  F (231, 324) =                          2.4281[0.0000]∗∗  
 Vector RESET23 test:                                  F (8, 342) =                              1.4136[0.1894]  
                                     Estimation period: 2001w23-2005w3 (T = 189)  
 
 
             Judged by the preceding tests, we conclude that the linear model with an intercept 

change in 2002w25 is far from satisfying the Gaussian assumption.  This means that a key  

assumption for conducting formal inference using the Johansen procedure is violated.  The 

absence of residual autocorrelation is, however, important in itself, since autocorrelation is 

often regarded as the most damaging type of misspecification in a time-series model.  With 

these caveats in mind, Table 3 shows the successive tests for lag reduction. 

 
Table 3: Tests on the significance of all lags up to 5  

          F-test                    Value [Prob]  AIC  SC  
Full model  −15.9292  −15.4832  
Lag 5 - 5  F (4, 350) =  2.5446[0.0394]∗  −15.9142  −15.5368  

            Lag 4 - 5  F (8, 350)=                  1.7445[0.0871           −15.9356               15.6269  
Lag 3 - 5  F (12, 350) =  1.4303[0.1498]  −15.9604  −15.7203  
Lag 2 - 5  F (16, 350) =  1.2060[0.2607]  −15.9912     −15.8196  
Lag 1 - 5  F (20, 350) =  32.028[0.0000]∗∗  −14.0602  −13.9572  
 

              

             Though the F-tests favor a lag length of five, both the AIC and the Schwartz 

criterion (SC) favor a lag length of one, which is the lag length we have decided to retain for 

the cointegration analysis.  When testing for cointegration, it is convenient to express the 

VAR model in a vector error correction form: 

 

                                         ∆y(t) = ∏*y*(t-1) + ΨD*(t) + €(t),                                            (39) 

 

where we have restricted the deterministic trend to enter the cointegrating space.  Hence,   
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y*(t-1) = (y(t-1), trend)’, while D*(t) now contains a constant and an impulse dummy taking 

the value one in 2002w25 and zero otherwise.  Testing for cointegration amounts to testing 

the rank of the matrix ∏* which can be done using the trace test.  The results from the trace  

test for cointegration are displayed in Table 4:           

 
 

Table 4: Trace test for cointegrationa  

 

Eigenvalue : λi  H0  HA  λtrace pvalue  

0.49061  r=0  r≥1  136.34       0.000  
0.045761  r≤1  r≥2   8.853        0.195  

 
         Diagnosticsb                                Test statistic                    Value [p-value] 

  
Vector Portmanteau(12):  χ2(44) =  52.073[0.1886]  

Vector AR 1-7 test:  F (28, 338) =  1.0589[0.3876] 
Vector Normality test:                                  χ2(4) =                       31.310[0.0000]∗∗ 

Vector Hetero test:                                  F(18,506) =                       3.3249[0.0000]∗∗                
 Vector Hetero-X test:                              F (27, 514) =                     3.8070[0.0000]∗∗  

Vector RESET23 test:                            F (8, 358) =                        0.49958[0.8564] 
Estimation period:                        2001w23-2005w3 (T = 189)         
 
aEndogenous variables: USD/Swiss Franc spot and one-week    forward rates. 
Restricted Variables: A deterministic trend. Unrestricted variables: Constant and 
an impulse dummy for 2002w25. b See Doornik and Hendry 200 
 
 
 
               The trace test gives clear evidence for a single cointegrating relationship between 

the two variables. That does not come as any surprise, since, based on a visual inspection of 

the graphs, it is pretty evident that the two series share the same underlying stochastic trend 

(the series are practically identical). The evidence for one cointegrating vector is rather 

compelling (p-value = 0.000).   So, using the “correct” distribution would most likely lead to 

the same conclusion.  This could be investigated more explicitly by considering a bootstrap.  

We leave that for now and continue the analysis under the assumption of rank equal to one, 

keeping in mind the problems with residual misspecification. 

             To identify the cointegrating vector exactly, we impose a normalization on the spot 

exchange rate (βSpot = 1), see results at Step 1 in Table 5.  Having exactly identified the  
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cointegrating vector, we test whether the deterministic trend, as the stochastic trend is shown to 

have, cancels when we consider a linear combination of the USD/ CHF spot and one-week 

forward rates; i.e., βTrend = 0.  These results are reported in Step 2 in Table 5.  Finally, in Step 3,  

we find supporting evidence for the hypothesis that the one-week forward rate is weakly 

exogenous with respect to the CI-vectors (αForward = 0).     Since both loading factors seem 

insignificant judged by the t-statistic reported at Step 2 in Table 5, the choice to impose weak 

exogeneity on the forward rate (αForward = 0) at Step 3, might seem arbitrary.  However, it is not.  

While the partial likelihood ratio test (moving from Step 2 to Step 3) when imposing αForward = 0 is 

easily accepted (p-value = 0.2026), the partial test when imposing αSpot = 0 is rejected at  

conventional significance levels (p-value = 0.0539).  

                                         Table 5: Overidentifying restrictionsa  

 

Step 1: Normalizing on Spot, βSpot = 1  
 

 
Spot − 0.99887F orward + 0.

0
000002 Trend  

                                                                               0.0014191                         0.000005 
 

αSpot = −2.9750  , αForward = −1.9958  
                                                                                        1..4781                  1..4726   

  

                                              Log likelihood = 1516.73895  
 
Step 2: Testing whether the trend can be excluded, βTrend = 0  
 

 
Spot − 0.99946

.
F orward  

                                                                                                     0.00041528 

αSpot = −2.8542. , αForward =  −1.8727 
              1.4765                       1.4705   

 

                                               Log likelihood = 1516.65234   
                                          LR test of restrictions: χ2(1) = 0.17322[0.6773]   
 

    Step 3: Imposing weak exogeneity on the forward exchange rate, αForward = 0  
 

 
Spot − 0

.
.99952 Forward

                                                                                                                                                           
                         0.00041717

 

αSpot = −0..97436  

                    0.073198  
                                               Log likelihood = 1515.84059  

    LR test of restrictions: χ2(2) = 1.7967[0.4072]  
        Partial LR test: Step 2 to Step 3: χ2(1) = 1.6235[0.2026] 

                             aAbsolute standard errors reported in parentheses under the point estimates.  
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             The results indicate that the USD/CHF spot and one-week forward exchange rates 

 are linearly cointegrated with a coefficient close to unity.  In matrix form the VECM takes the 

following form, where y1 designates the spot rate and y2 the forward rate: 

 

    ∆y1t             -0.002014        -0.97436         1         ‘   y1t-1         -0.05745              χ1(t) 
              =                       -                                                    +                    I25 +                   (40) 
   ∆y2t           -0.002958              0          -0.99952     y2t-1         -0.05746               χ2(t) 
 

 
 
IIId 2.  Results from temporal aggregation and from using weekly dummies 

 
 

As a check of the sensitivity of our results to the residual misspecification, we have reanalysed the 

data using the four week average of the spot and one week forward rates.  Cointegration should be 

invariant to temporal aggregation.  So, obtaining the same results using a different frequency 

would be reassuring.  When aggregating the data in this way, the residuals are well behaved and 

we still find strong evidence for the cointegrating vector.  Imposing the same set of restrictions, 

βTrend = 0 and αForward = 0, we get basically the same results for the aggregated data as for the  

weekly data. 

            Including weekly dummies (possibly related to the number of trading days) in the model to 

investigate how this affects the results derived above, also solves the problem with non-normality 

though we still have some problems with heteroscedasticity.  Including dummies in the VAR, we 

obtain results that are in line with the results we obtained above.  We find the same lag length; the 

cointegration rank is one; and we reproduce the coefficients we got without the dummies. 

             We take the two sensitivity tests as evidence that the cointegrating relationship between 

the spot and one-week forward rates is robust and that the observed misspecification does not 

seem to affect our results very much.  
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Final Remarks 

 

André’s results are both interesting and intriguing.  They are interesting in the context of this 

lecture because they establish that the TPD distribution of the members of {ŷ(t,ωP); t ε N} is very 

different from their MPD distribution.  They are intriguing for several reasons. Under the 

assumption that I have accurate observations on (y,λ)(t), t ≥0, André’s results demonstrate that the 

theory I developed in Section IIIb  is empirically relevant in the top data universe in Fig. 2.2.  

Specifically, a standard 95% confidence region around André’s parameter estimates shows that 

the empirical relevance of my theory cannot be rejected.  Harald’s analysis demonstrates that my 

theory is empirically relevant in the lower data universe in Fig. 2.2.  His arguments are based on 

the assumption that equation (28) is valid in PM(·) measure.  The standard confidence region 

around André’s parameter estimates is obtained under the assumption that an analogue of 

equation (28) is valid in PP(·) measure.  My theory has empirical relevance in both data universes 

in Fig. 2.2.  Yet the dynamics of foreign exchange in the two universes is very different. 

 

 

IV.  The Empirical Relevance of a Mathematical Theory of Non-linear Cointegration 

 

In this section I present novel typifications of linearly and nonlinearly cointegrated second-order 

random processes, and check whether the new mathematical concepts have empirical relevance 

in the markets for Swiss Franc, Euros, and US Dollars.   

             Checking whether a mathematically formulated idea of nonlinear cointegration has 

empirical relevance in a foreign exchange market, can be done in several ways.  One way is to 

develop test statistics for the properties of second-order random processes that the mathematical 

concept entails, and to apply these statistics to pertinent foreign exchange data.7   Another way is 

to develop an economic theory of the dynamics of foreign exchange whose variables share the  
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behavior characteristics of the random processes in the mathematical theory, confront the 

economic theory with data, and check whether the economic theory has empirical relevance.  

              Here I choose the second way.  So, for the purpose of checking the empirical relevance of  

my mathematical concepts of linear and nonlinear cointegration I develop in Section IVb an 

economic theory of foreign exchange whose variables have behavior characteristics like the 

random processes in the mathematical theory, and in Sections IVc and IVd I confront this 

economic theory with data from the Swiss Franc, Euro, and US Dollar market.  Harald Goldstein 

carries out the empirical analysis in Section IVc.  His estimates of the MPD distribution of my 

data demonstrate that my economic theory has empirical relevance in the given currency market.  

In doing that, Harald’s analysis establishes the empirical relevance of my mathematical concepts 

of linear and nonlinear cointegration.  In Section IVd André Anundsen, in the spirit of 

Haavelmo’s Treatise and with David Hendry and Soeren Johansen’s methods, analyses the same 

data to establish characteristics of their TPD distribution.  These characteristics are different from  

the characteristics of the MPD that Harald established- a fact that has interesting bearings on the 

empirical relevance of my mathematical theory of nonlinear cointegration. 

 

IVa.  Useful Concepts 

 

I begin by defining several useful concepts.  A discrete-time second-order random process is a 

family of random variables, X = {x(t); t ε T}, whose members have finite means and variances.  

Such processes are a varied lot, and in this section of my lecture we will encounter several of 

them with distinctive names; e.g., orthogonal processes, wide-sense stationary processes, and 

ARIMA processes.  Here, an orthogonal process is a second-order random process any two 

members of which have zero covariance.  A wide-sense stationary process is a second-order 

random process whose members have the same mean and variance and have covariances that 

vary only with the difference between the t-values of the variables in question.  And an ARIMA 

process is a second-order random process that satisfies a difference equation of the form,       
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Σ0≤s≤n asx(t-s) = y(t), where the roots of the characteristic polynomial, Σ0≤s≤n asz
n-s, have absolute 

values less than or equal to one, where y(t) = Σ0≤s≤∞ bsξ(t-s), and where {ξ(t); t ε T} is a family of 

identically and independently distributed random variables with zero mean and finite variance. 

             The ARIMA is an acronym for an integrated autoregressive moving average process.  

When the roots of the associated characteristic polynomial of such a process have absolute values 

less than one and Σ0≤s≤∞ bs ≠ 0, X is said to be integrated of order zero and called an I(0) 

process.  When Σ0≤s≤∞ bs ≠ 0, and k, 1≤k≤n, of the roots of the characteristic polynomial have 

values equal to 1, and the other roots have absolute values less than one, X is said to be 

integrated of order k and called an I(k) process.  Such a process has the distinctive 

characteristic that its kth difference series, ∆kX, is an I(0) process.  

             The concept of an I(k) process that I have described above is in accord with Soeren 

Johansen’s definition of such processes in Johansen 1995.  As suggested in Granger 1991, the  

concept needs reformulation for the purpose of studying non-linearly cointegrated random  

processes.  In DEF 2 I describe a typpification of second-order random processes that is adequate 

for the purposes of this lecture.  

              

             DEF 2.  Let Y = {y(t) ; t ε N} be a second-order random process, and let E(y(t)) denote 

the mean of y(t).  Then 

             Y is a degenerate process if there is a sequence of constants, ct, t ε N, such that, for all     

t ε N, y(t) = ct, a.e..  If Y is not a degenerate process, then 

                  Y is an I(0) process if and only if there exists a constant, c, such that  

                           0 < liminft E(y(t)- c)2 and limsupt E(y(t)-c)2 < ∞ ;                                       (41) 

                  Y is an I(1) process if and only if there exists a constant, c, such that  

                           0 < liminft E(y(t)- c)2/t and limsupt E(y(t)-c)2/t < ∞ ;                                   (42)                                  

                  and Y is an I(2) process if and only if there exists a constant, c, such that 

                        0 < liminft E(y(t)-c)2/t2 and limsupt E(y(t)-c)2/t2 < ∞.                                    (43) 
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When the members of Y have the same mean, c can be taken to equal E(y(t)).  Also, if X is a 

triple of second-order processes, X is said to be an I(k) process if its component processes are  

I(j) processes with all j ≤ k and with at least one j = k.8 

             For the purposes of this lecture it is relevant that standard I(0) processes are I(0) 

processes.  In fact, all wide-sense stationary processes are I(0) processes. So are also the ARCH-

GARCH processes that form the basis of Harald Goldstein’s empirical analysis in section IVc.  

Moreover, standard I(1) processes are I(1) processes, and standard I(2) processes are I(2) 

processes.  

              In the last twenty years nonlinear cointegration has been studied from many points of 

view.  Escanciano and Escribano 2007 provides a good survey of the literature.  Unfortunately, 

their definition of nonlinear cointegration is not suitable for the dynamics of foreign exchange 

that I will discuss in this section of my lecture.  So a second definition is called for. 

 

                 DEF 3. Consider an I(2) family of second-order random triples, Y = {(y1(t), y2(t), y3(t));   

t ε N}. 

                   Y is linearly cointegrated of order C(2,2) if and only if there exists a vector, β ε R3,with 

at least two non-zero components such that the members of the family of random variables,         

{ β y(t); t ε N-{0}}, constitute either an I(0) process or a  degenerate process. 

               Y is nonlinearly cointegrated of order NC(2,2) if and only if there exists a nonlinear  

function, f(⋅): R3→ R , such that the members of the family of random variables, {f(y(t)); t ε N-

{0}}  constitute either an I(0) process or a degenerate process.  

               Y is nonlinearly polynomially cointegrated if and only if there exists a vector, β ε R3, a 

nonlinear differentiable function, F(·): R3 → R,  and a differential operator, Dif.Op.F(x,y,z),  such 

that the members of the family of random variables, {β⋅y(t) + Dif.Op.F(y(t)) ; t ε N- {0}} 

constitute either an I(0) process or a degenerate process. 
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             In this definition the acronym, Dif.Op.F(x,y,z),  is understood to satisfy the equation: 

                   Dif.Op.F(x,y,z) =  ∂F(x,y,z)/∂x·∆x + ∂F(x,y,z)/∂y·∆y + ∂F(x,y,z)/∂z·∆z             (44)    

Also, the definitions of C(2,2) and NC(2,2) can easily be reformulated so as to become 

definitions of C(2,1), C(1,1), NC(2,1), and NC(1,1).  I provide the required reformulations with 

examples and commentaries in the Appendix. 

    

IVb.  A Second Case Study of Theory-Data Confrontations 

 

In this case study I study the functioning of a foreign exchange market in which three currencies 

are traded; e.g., the Swiss Franc, the US Dollar, and the Euro.  For this market there are six  

possible exchange rates, and I pick three of them, e.g., the Swiss Franc/Euro, the Euro/US Dollar, 

and the Swiss Franc/US Dollar.  The chosen exchange rates are to have one significant property:  

The value of one of the three equals the product of the values of the other two.  I assume that the 

market is frictionless.              

 

The Theory Universe 

 

In the axioms for the present theory universe, S denotes a triple of sequences of the chosen three 

exchange rates, x and λ denote two triples of sequences of auxiliary variables that I need to 

delineate characteristics of the probability distributions of the components of S, ξ denotes a triple 

of sequences of error terms, and N = {0, 1, …} denotes the set of all periods beginning at some 

arbitrary point of time in the past.  Hence the Z in Section IIc.2. is given by the equation,            

Z =  (S, x, λ, ξ).  With this Z, I can state the two axioms concerning the conceptual framework of 

the theory as follows: 

 

             A 1: ωT ε ΩT only if ωT = (S, x, λ, ξ) and ωT ε (R12)N.     
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             A 2:  Let the vector valued function, (S,x,λ,ξ)(⋅, ωT): N→ R12 be defined for all t ε N by 

the equation, (S,x,λ,ξ)(t,ωT) = ωTt, t ε N, and ωT ε ΩT, where ωTt is the tth component of ωT.  The 

functions, (S,x,λ,ξ)(t,⋅):  ΩT
 → R12,     t ε N, are measurable with respect to ℵΤ.  Moreover, the 

family of finite-dimensional probability distributions of the (S,x,λ,ξ)(t,⋅) that PT(⋅) determines is 

the family of probability distributions that the RIC assigns to the given functions.  I denote it by 

RPD, and I read RPD as RIC’s probability distribution of the components of ωT. 

 

             The next members of ΓT describe law-like properties of the elements that play essential 

roles in the theory that RIC is confronting with data.  Specifically, they provide a symbolic 

rendition of the belief that in equilibrium a frictionless foreign exchange market will function 

efficiently if  the agents in the market, in an aggregate sense, are risk neutral and endowed with 

rational expectations about the level of future exchange rates.  

 

             A 3.  For all ωT ε ΩT, and for all t ε N, 

                      Si(t,ωT) = max(xi(t,ωT),0), i = 1,2; and S3(t,ωT) = S1(t,ωT)⋅S2(t,ωT).      (45)     

             A 4:  Let ý ε R++
3 be a constant vector with ý3 = ý1⋅ý2; and let αt, t ≥ 0 be a sequence of 

constants.  Then relative to PT(·), the components of {(S,x,λ,ξ)(t,ωT); t ε N}satisfy the following 

conditions:  For each t ε N,  

                         xi(t+1,ωT) = λi(t,ωT) + ξi(t+1,ωT) a.e., i = 1,2,3 ; and  

                                         x3(t+1,ωT) = x1(t+1,ωT)x2(t+1,ωT) a.e.                                                  (46)                                                            

     ξ3(t+1,ωT) = λ1(t,ωT)ξ2(t+1,ωT) + λ2(t,ωT)ξ1(t+1,ωT) +  [ξ1(t+1,ωT)ξ2(t+1,ωT) - αt] a.e.        (47) 

                                       ξi(0,ωT)=0 a.e.,i = 1,2,  and x(0,ωT) =  ý a.e.                                           (48) 

                A 5:  Let ϕ  be a two by two matrix and assume that ϕii ≠ 0, i = 1,2, and that the 

eigenvalues of (I - ϕ) have absolute values that are less than or equal to one.  Then relative to PT(·), 

                                    λ1(0,ωT)                x1( 0,ωT ) 
                                                      = ϕ                          a.e.,  and                                                  (49)                                          
                                    λ2(0,ωT)                 x2(0,ωT) 
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               λ1(t,ωT)        λ1(t-1,ωT)                 x1(t,ωT) – λ1(t-1,ωT) 

                                    =                      +  ϕ                                          a.e., t ≥ 1                 (50)                
                    λ2(t,ωT)       λ2(t-1,ωT)                 x2(t,ωT) – λ2 (t-1,ωT)         
 

Also, 

                                   λ3(t,ωT) = λ1(t,ωT)λ2(t,ωT) + αt, a.e., t ≥ 0                                               (51)                               

 

             A 6  Relative to PT(⋅), the family of functions, {ξ(t,ωT);t ≥ 1}, constitutes a vector-valued 

second-order stochastic process whose first two components form a two-dimensional orthogonal 

I(0) process with means zero and covariance matrix,     

                                                                  σξ1(t)
2        σ12(t) 

                                            ∑ξ(t)  =                                                , 
                                                                  σ12(t)          σξ2(t)

2 

with positive diagonal elements.. 

             A 7:  Relative to PT(⋅), for each t ∈ N-{0}, the first two components of ξ and the three x 

components of the family of functions, {(S,x,λ,ξ)(t,ωT); t ε N}, satisfy the following conditions: 

                           (i)  E{ξi(t,ωT)x(0),...,x(t-1)} = 0 a.e. , i = 1,2                                  

                         (ii)  There exists a sequence of  positive constants, Mt,  such that 

                                E{ξi(t,ωT)4x(0),...,x(t-1)} <  Mt  a.e. , i = 1,2,                           

                        (iii)  E{ξ1(t,ωT) ξ2(t,ωT)x(0),...,x(t-1)} = αt-1 a.e.                              

 

             Again it is important to note that axioms A 1 – A 7 delineate all the positive analogies of 

behavior in the given markets that are at stake in the present theory-data confrontation and 

nothing else.  These axioms have interesting logical consequences that I record in Theorem T 4.3.  

 

                    T 4.3   Suppose that A 1-A 7 are valid and let ϕ be the matrix in A 5.  Also, let I be the 

two by two identity matrix.  Finally, let ϕ1 = (ϕ11, ϕ12) and ϕ2 = (ϕ21, ϕ22); let x*(t) = (x1, x2)(t)’, 

and let ξ*(t) = (ξ1, ξ2)(t)’.   Then, relative to PT(·) and for all t ε N with probability one, 



 47 
      1.    λ(t,ωT) = E{x(t+1)x(0),…,x(t)}.                                                                       

 2.    for all s > 0, E{ξi(t+s,ωT)ξi(t,ωT)x(0),...,x(t-1)} = 0,  i = 1,2. 

      3.    x*(1)’= x*(0)’+ξ*(1) and x*(t+1)’= x*(t)’+ξ*(t+1) – (I - ϕ)ξ*(t), t > 0,                        

      4.    x3(t) =  x1(t)⋅x2(t), t ε N .                                                    

      5.    x*(t+1)’ = ϕ·x*(0) + ϕΣ0≤s≤t ξ*(t-s) + ξ*(t+1), and                                                                              

      6.    x3(t+1)=[ϕ1·x*(0)+ϕ1Σ0≤s≤t ξ*(t-s)+ξ1(t+1)]⋅[ϕ2·x*(0)+ϕ2Σ0≤s≤t ξ*(t-s)+ξ2(t+1)]      

 

Linear and Nonlinear Cointegration in the Theory Universe 

 

The characteristic features of the families of finite-dimensional probability distributions of the 

first two components of x in T 4.3 are characteristics that they share with the probability 

distributions of all generalized random walks.  The third component of x is a product of such  

processes.  While the components of x may assume both negative and positive values, the 

components of S can assume only non-negative values.  In the intended interpretation of the 

axioms the pertinent characteristics of the probability distributions of the components of x are 

also characteristics of the probability distributions of S in long stretches of positive values of the 

components of S.  For our empirical analysis this is an important fact. I observe values of  

empirical counterparts of the components of S.  Since these values are positive, they are, also, 

observations on empirical counterparts of the components of x.  

             The foreign exchange market that I study in this section has many interesting 

characteristics.  To wit:  Let Ẍ = {(x1(t),x2(t),x3(t); t ε N} be the Ẍ-process in T 4.3 and assume 

that Axioms A 1-A 7 are valid.  Then, the first two components of Ẍ are I(1) processes, the third 

component is an I(2) process, and Ẍ itself is an I(2) process.  Moreover, the three components of 

Ẍ are nonlinearly cointegrated of order NC(2,2) with cointegrating function, f(x,y,z) = z - x·y 

and, when the Mt in A 7(ii) are uniformly bounded, the three components of Ẍ are nonlinearly 

polynomially cointegrated with nonlinear cointegrating differential operator,  

                Dif.Op.F(x(t)) =  ∂F(x,y,z)/∂x·∆x + ∂F(x,y,z)/∂y·∆y + ∂F(x,y,z)/∂z· ∆z, 
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where F(x,y,z) = xy – z.  Finally, the three components of Ẍ might be linearly cointegrated and, if 

they are, they are also nonlinearly cointegrated with several new nonlinear cointegrating 

functions.  They are linearly cointegrated of order C(2,2) if and only if there is a pair of 

constants, a1 and a2, such that a1ϕ1 + a2ϕ2 = 0. Moreover, if Ẍ is linearly cointegrated of order 

C(2,2), it is nonlinearly cointegrated of order NC(2,2) with three new different nonlinear 

cointegrating functions,  

                           g(x,y,z) = z – (x – a2)(y - a1). + b, where b is a constant,                          (52) 

                           h(x,y,z) = a1x + a2(z/x), x ≠ 0, and                                                             (53) 

                           k(x,y,z) = a1(z/y) + a2y,     y ≠ 0.                                                                (54) 

When the Mt in A 7(ii) are uniformly bounded, the linearly cointegrated Ẍ is, also, polynomially 

cointegrated with β = (a1, a2, 0) and Dif.Op.F(x(t)) with F(x,y,z) = xy-z. 

             Equations (53) and (54) might give the impression that our insistence in A 1-A 7 that the 

third component of Ẍ be a product of the first two components; i.e., that x3(t) = x1(t)x2(t), for all t 

in N, was arbitrary and that I, equally well, could have assumed that x3(t) = x1(t)/x2(t), for all t in 

N.  For the import of my lecture it is important to note that my choice was well motivated.  In 

Section IVb I set out to develop a theory of the dynamics of foreign exchange markets within the  

framework of second-order random processes.  When A 1-A 7 are valid, all the mathematical  

models of the Ẍ process in T 4.3 are second-order processes.  In contrast, a vector-valued random 

process, Ẍ*, that satisfies the conditions of  A 1-A 7 and T 4.3 with equation (46) changed to 

x3(t+1) = x1(t+1)/x2(t+1) has any number of mathematical models that are not second-order 

processes. 

                         

The Data Universe 

           

In the axioms for the present data universe, the X of Section IIc,2 is given by the equation, X = 

(K, ŷ).  Here, the components of K, Ki, i = 1,2,3, denote sequences of weekly quotes on three  
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spot exchange rates. These sequences are understood to be observational counterparts of the three 

components of S in ΩT.  Also, the components of ŷ,  ŷi, i= 1,2,3, are auxiliary series that I need  

to delineate the stochastic properties of the observed values of the components of K.  They are 

understood to be observational counterparts of the components of the x in ΩT.  Finally, the 

numbers in N denote consecutive 'weeks' beginning at some arbitrary point in time.  With this  

new X, I can express the two axioms concerning the conceptual framework of the data generating 

process as follows: 

             

             D 1:  ωP ε ΩP  only if  ωP = (K , ŷ), where K ε (R+
3)N,  ŷ ε (R3)N, and N = {0,1,2,...}. 

             D 2:  Let the vector-valued function, (K(⋅,ωP), ŷ(⋅,ωP)): N → R+
3 × R3, be defined by the 

equation, (K(t,ωP), ŷ(t,ωP)) = ωPt , t∈N, and ωP ∈ ΩP, where ωPt is the tth component of ωP. The  

functions, (K, ŷ)(t,⋅), are measurable with respect to ℵP.  Moreover, the family of finite-

dimensional probability distributions of the members of {(K(t,ωP), ŷ(t,ωP)); t ε N} that Pp(⋅) 

determines, is the true family of probability distributions of the given functions.  I denote it by  

the acronym, TPD, and read TPD as the true probability distribution of the components of ωP. 

 

                  Besides D 1 and D 2, there is one axiom, D 3, that describe how the sequences in ΩP 

are related to one another.  

  

              D 3:   For all ωP ε ΩP, and for all t ε N, the components of {(K, ŷ)(t,ωP); t ε N} satisfy 

the conditions: 

                   K1(t,ωP) = max(ŷ1(t,ωP),0), and K2(t,ωP) = max(ŷ2(t,ωP),0);                           (55) 

                K3(t,ωP) = K1(t,ωP)⋅ K2(t,ωP), and ŷ3(t,ωP)  = ŷ1(t,ωP) · ŷ2(t,ωP).                       (56)                                                                       
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The Bridge    

 

In the present theory-data confrontation, the axioms that describe the contextual framework of 

the bridge between theory and data are the same as the three I delineated in Section IIIc: 

 

             G 1:  Observations come in pairs, (ωT, ωP), all of which belong to the sample space. 

                 G 2:  The sample space, Ω, is a subset of ΩT × ΩP ; i.e., Ω ⊂ ΩT × ΩP.   

 G 3.  Let ϗ denote the family of all sets in ΩT × ΩP of the form ET × EP with ET ε ℵT and 

EP ε ℵP, and let ℵ denote the smallest σ-field in ΩT × ΩP containing ϗ.  Also, let P(·):ℵ → [0,1] 

be the uniquely determined probability measure that, for all E ε ϗ, satisfies the equation, P(E) = 

PT(ET)PP(EP). Then it is the case that  Ω ε ℵ and P(Ω) > 0. 

 

             The remaining axiom in Γt,p describes how the components of ωωωωT are related to the 

components of ωωωωP in the sample space.  This description is taken to account for inaccurate 

observations and for the structural differences under which trading takes place in the 

theory universe and the real world.    

 

               G 4: Let ý ε R3  be the vector of constants in A 4, let ψ be a two by two matrix, and 

suppose that the eigenvalues of (I - ψ) have absolute values less than one and that │ψ│≠ 0.  For 

each (ωT,ωP) ε Ω, 

                                                   ŷi(0,ωP) = ýi, i = 1,2,3, and                                                                            

       (ŷ1, ŷ2)(t,ωP)’ = (ŷ1, ŷ2)(t-1,ωP)’ + ψ(x1(t,ωT) – ŷ1(t-1,ωP), x2(t,ωT) – ŷ2(t-1,ωP))’,  t ≥ 1,   (57)     

                                                   ŷ3(t,ωP)  =  ŷ1(t,ωP) ŷ2(t,ωP) ,  t ≥ 1,                                           (58)                                               
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The MPD 

 

The RPD of A 1-A 7, D 1-D 3, and G 1-G 4 induce a family of finite-dimensional probability 

distributions of ωP that I denote by the acronym MPD and read as the marginal probability 

distribution of the components of ωP.  The characteristics of the present MPD are as described in 

the following theorems: 

 

             T 4.4.  Suppose that axioms A 1-A7, D 1-D 3, and G 1-G 4 are valid, and let ŷ*(t,ωP) =  

(ŷ1(t,ωP), ŷ2(t,ωP))’, t ε N.  Then the MPD- distribution of {(K, ŷ)(t,ωP);t ε N} has the following 

characteristics:  

             (i)  Relative to PM(⋅), the family of finite-dimensional probability distributions of 

{ ŷ*(t,ωP); t ε N}, are the probability distributions of a pair of second-order random processes that 

solves the stochastic difference equation, 

                       ∆ŷ*(t) - (I - ψ)∆ŷ*(t-1)  = ψς*(t) - ψ·(I - ϕ)ς*(t-1),   for t ≥ 1.                            (59)  
 
Also                                                  

 
                                        ŷ3(t)  =  ŷ1(t) ŷ2(t) , for t ≥ 0.                                                                (60) 
 

The pairs, ς*(t) = (ς1, ς2)(t,ωP); t ε N, in (59) are measurable with respect to ℵP and ς*(0) = 0.  

Relative to PM(⋅), they constitute an orthogonal I(0) second-order random process with means 

zero, with the same covariance matrix as ξ*,  

                                                                       σξ1(t)
2     σ12(t) 

                                                       ∑ς(t) =                                  
                                                                       σ12(t)      σξ2(t)

2 

 

and with finite fourth-order moments that are uniformly bounded in all mathematical models of 

the axioms in which  the Mt in A 7(ii) are uniformly bounded . 

             (ii)  In a mathematical model of the axioms in which ψ = ϕ, relative to PΜ( ⋅),   

                                    ∆ŷ*(t) = ψς*(t) , for all t ≥ 1,                                                                (61) 
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and 

                                    ŷ3(t)  =  ŷ1(t) ŷ2(t),  for t ≥  0.                                                                 (62)       

             (iii)  Relative to PM(⋅ ),.the family of random triples, ŷ = {( ŷ1(t), ŷ2(t), ŷ3(t)); t ε N}, is an 

I(2) second-order random process that is nonlinearly cointegrated of order NC(2,2) with 

cointegrating function, f(x,y,z) = z - xy.  Also, in mathematical models of the axioms in which 

the Mt in A 7(ii) are uniformly bounded, ŷ is nonlinearly polynomially cointegrated with  

                             Dif.Op.F(ŷ(t)) = ŷ2(t) ∆ŷ1(t) + ŷ1(t) ∆ŷ2(t) -  ∆ŷ3(t),                                         (63) 

where F(x,y,z) = xy – z.                             

               (iv)  For all t ε N and a.e. in PM(⋅) measure, K(t,ωP) = 0 if both  ŷ1(t,ωP) < 0 and      

ŷ2(t,ωP) < 0.  Otherwise, K(t,ωP) =  max (ŷ(t,ωP),0). 

 

              T 4.5.  Let X = {(x1(t), x2(t), x3(t)); t ε N} be as in T 4.3, let ŷ =  { ŷ 1(t), ŷ2(t), ŷ3(t)); t ε 

N}, and suppose that  A 1 – A 7, D 1 – D 3,  and G 1 - G 4 are valid.  Then, relative to PM(⋅ ),    ŷ 

is linearly cointegrated of order C(2,2) with cointegrating vector, a = (a1, a2, 0), if and only if X, 

relative to PT(⋅ ), is linearly cointegrated of order C(2,2) with cointegrating vector, a. 

 

IVc.  Harald Goldstein’s Econometric Analysis10 

 

For the present empirical analysis of the markets for three foreign currencies, the MPD is the 

family of finite-dimensional probability distributions of the ŷ- components of ωP that is 

determined by A 1- A 7, D 1, D 3, and G 1-G 4..  Since the third component of ŷ, for all t  ≥≥≥≥  0, 

satisfies the equation, ŷ3(t) = ŷ1(t)ŷ2(t), without an error term, it does not provide statistical 

information over and above the information one obtains from analysing the behavior of the 

first two components of ŷ.  For that reason we will, to begin with, ignore ŷ3 in our statistical 

analysis.     
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            As in Section IIIc, our statistical deliberations center on three fundamental ideas that 

describe the prescriptions that underlie the statistical analysis, delineate the salient characteristics  

of a data admissible mathematical model of MPD, and describe what it means for a theory to be 

empirically relevant.  

 

The Prescriptions that Underlie the Statistical Analysis 

 

My data constitute 400 triples of quotes on three exchange rates that were taken from the 

EconWin’s Database and pertain to weekly spot rates of the Swiss Franc/Euro, the Euro/US  

Dollar, and the Swiss Franc/US Dollar from the sixth of January, 1999 to the thirtieth of August,                         

2006.  In the present statistical analysis the observed triples of spot rates are taken to be, 

respectively, partial realizations of the first three components of ωP, K1, K2, and K3. 

             According to D 3, Kj(t) > 0 for  j = 1, 2, 3 implies that Kj(t) = ŷj(t) for  j = 1, 2, 3.   

Since the observed series is larger than zero in the observation period, (K1(t), K2(t), K3(t)) = 

(ŷ1(t), ŷ2(t), ŷ3(t)) for t = 1,2,…n, where n = 400.  Hence, the series of triples, {(ŷ1(t), ŷ2(t), 

ŷ3(t)); t εεεε N}  have been observed in the observation period. The observed series and the 

corresponding (∆ŷ1(t), ∆ŷ2(t), ∆ŷ3(t)) series are shown in Figure 4.1. 

                         In the prescriptions underlying the statistical analysis we assume that ς*(0) = 0 

and that relative to PM(⋅), the family of random variables, {ς*(t,ωP); t ≥ 1} is an orthogonal I(0) 

second-order random process with means zero, and covariance matrix,     

                                                                      σξ1(t)
2    σ12(t) 

                                                ∑ς*(t)  =                                  
                                                                      σ12(t)     σξ2(t)

2 

 

with positive diagonal elements.  Also, we set the start values of ŷ* so that  

                                 ∆ŷ*(1) = the observed value of (∆K1(1), ∆K2(1)) 

 

 



 54 
 

 

                                        Fig. 4.1:  Graphs of CHF/EUR, EUR/USD, CHF/USD 
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             The equations to be analysed in the statistical analysis are formulated in terms of a family 

of random pairs, {(z1(t), z2(t)); t ε N – {0}}, where z(t) = Q·∆ŷ*(t), and 

           q1   0 
Q =                  is a known scaling matrix. We use Q to ensure that the series we analyse  
           0     q2 
vary within similar intervals – a characteristic that will improve the convergence properties of 

our estimation algorithm.  Choosing q1 = 100 and q2 = 25, makes both series vary in the interval, 

[-1.14, 1.14].                                                                                                    

             We choose a vector ARMA-GARCH formulation of the equations for z(t) along lines 

that Ling and McAleer (2003) and Bollerslev (1990) have suggested.  The estimation principle 

we use is quasi-maximum-likelihood (QML) with Gaussian likelihood function, combined with a 

constrained inference approach, in particular for the GARCH parameters, as described in  
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Silvapulle & Sen (2005). 

             Let ℑt denote the history (of the observed series) up to t. We formulate the pair of 

equations for z(t) as a VARMA(1,1) with the notation of Ling and McAleer as follows: 

    z(t) = Φ·z(t-1) + ζ(t) + Ψ·ζ(t-1)  with  ζ(0) = 0 and z(t) = Q·∆ŷ*(t).                           (64)  

Here ζ(t) = (ζ1(t), ζ2(t))’ = Q⋅ψ⋅ς*(t). We assume that the ζ(t) constitute a Martingale  
 
difference series with respect to ℑt, structured such that ζ(t) = Dtη(t).  The conditional  
                                                          √h1t      0 
heteroscedasticity is given by Dt  =                        and η(t) is assumed to be i.i.d. white 
                                                          0        √h2t           1     s                                                                                                                                                     
noise with mean zero and  covariance matrix ,   Γ =               .  As seen in, e.g., Luetkepohl 
                                                                                       s     1                                                                                                                                                           
(1993), the specification in equation (64) is in echelon form if Φ ≠ Ψ, and is hence identified 

since the AR order is the same as the MA order. 

              In order to obtain a Gaussian likelihood we assume that the η(t) are normally distributed. 

The data do not provide evidence against this assumption for the z2(t)-series, but do provide 

evidence against normality for the z1(t)-series, thus motivating the QML approach used here, 

which, to a certain degree, compensates for non-normality of the error terms.  

             We then have E{ζ(t)| ℑt-1} = 0 and cov{ζ(t)| ℑt-1} = D t·Γ·Dt.  For the heteroscedasticity 

we assume a GARCH(1,1) structure 

         Ht ≡ (h1t, h2t)’ = w + A·(ζ1(t-1)2, ζ2(t-1)2)’ + B·Ht-1 with  H0 = 1,                          (65) 
 

where A, B are constant 2x2 matrices, w is a constant 2x1 vector, and Ht (and Dt) belong to ℑt-1.  

In addition we assume that w > 0, that all the elements in A and B are non-negative, and that the 

roots of the polynomials in the lag operator L, | I – (A + B)L|,   I - ΦL, and   | I + ΨL | , are  

outside the unit circle.  Finally, we assume that   -1 < s < 1.   The assumption that the conditional 

correlation, corre{ζ1(t), ζ2(t))| ℑt-1}, equals a constant, s,  may appear to be a strong assumption, 

but it simplifies the analysis. No attempt has been made to test the constancy of the conditional 

correlation of the components of ζ(t) here.  We are content to refer to Tse 2000 for a Lagrange 

multiplier test which, for a similar data set of exchange rates, did not give evidence against this 

assumption.11 
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Estimates of the Parameters of the MPD 

 

The likelihood function for this problem is developed in Ling & McAleer, and was maximized 

using the cmlmt module of GAUSS which is developed for constrained optimization including 

inequality constraints as here. We shall estimate the parameters in equations (64) and (65) and 

use them to obtain estimates of the parameters in equation (59).  To manage that, we must, first, 

delineate the relation between the parameters in equations (59) and (64).  That we do as follows.  

We multiply both sides of equation (59) by Q and reformulate equation (64) as in equation (66): 

 
          Q∆ŷ*(t) = Q(I - ψ)Q-1Q∆ŷ*(t-1)  + Qψς*(t) - Qψ·(I - ϕ)ψ-1Q-1Qψς*(t-1),  (3.4)        (66) 
 
  
By comparing the parameters in equations (59) and (66) we deduce that 
 
                    Φ = Q(I - ψ)Q-1                    ⇔          ψ = I – Q-1ΦQ                                                 
                              Ψ = -Qψ(I - ϕ)ψ-1Q-1           ⇔           ϕ = I + ψ-1Q-1ΨQψ                       (67) 
                             ζ(t) = Qψς*(t)                      ⇔          ς*(t) = ψ-1Q-1ζ(t)                                   
 
 

Hence, conditional heteroscedasticity of ζ(t) implies the same for ς*(t). 

             The invertibility and stationarity condition that the eigenvalues of Ψ and of Φ should be 

smaller than one in absolute value translates to the condition | ν - 1| < 1 for any eigenvalue, ν, of 

ϕ or ψ. This follows from 

                                             | ϕ - νI | = | I + ψ-1Q-1ΨQψ - νI | = | Ψ - (ν -1)I |, and 
 
                                             | ψ - νI | = | I – Q-1ΦQ - νI | = | Φ - (1 - ν)I |. 

             Using equations (67), we obtain from estimates of the parameters in equations (64) and 

(65) the corresponding estimates for ϕ and ψ.  These estimates together with their Wald 95% 

confidence limits, are recorded in Table 6.  The estimates have interesting characteristics.  For 

example, ϕ11 and ϕ22 differ from zero; the eigenvalues of I2 - ϕ are:  -0.21592 and  -0.95905; and  
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                Table 6  Estimates of the Parameters of Equations (2.29) and (3.3)  
 

   95% Wald confidence limits 
 Estimate Standard error Lower Upper 

  ϕ11 1.2225 0.4395 0.3611 2.0840 
  ϕ12 0.0185 0.1245 -0.2255 0.2624 
  ϕ21 0.2640 0.3982 -0.5164 1.0445 
  ϕ22 1.9524 0.0481 1.8582 2.0467 

11ψ  1.2226 0.3886 0.4609 1.9842 

12ψ  0.0018 0.1214 -0.2363 0.2398 

21ψ  0.1395 0.3830 -0.6113 0.8902 

22ψ  1.9038 0.0517 1.8026 2.0051 

1w  0.0060 0.0053 -0.0044 0.0164 

2w  0.1345 0.0095 0.1158 0.1533 

11A  0.0827 0.0482 -0.0120 0.1774 

12A  0.1006 0.0472 0.0077 0.1934 

21A  0 ----- ----- ----- 

22A  0 ----- ----- ----- 

11B  0.7084 0.0728 0.5654 0.8515 

12B  0 ----- ----- ----- 

21B  0 ----- ----- ----- 

22B  0 ----- ----- ----- 
S -0.0581 0.0511 -0.1586 0.0424 

 

the eigenvalues of I2 - ψ are -0.22220  and  -0.90421.  These values are in accord with the 

stipulations concerning ϕ and the eigenvalues of (I - ϕ) and (I - ψ) in A 5 and G 4.  It is also the 

case that the estimated values of s, w, A, and B satisfy the required conditions, -1 < s < 1, w > 0, 

0 ≤ A, and 0 ≤ B.12  Moreover, 

 
        |I – (A + B)L|= 1 – (A11 + B11)L = 0  has only one root,  L = [1/(A11 + B11)] = 1.264, 
 
                                     |I + ΨL|  has two roots,  -4.631 og -1.043, and 
 
                                    |I - ΦL| = 0  has two roots, -4.501 og -1.106. 
 
The values of these roots are in accord with our assumption that the roots of the given 

polynomials in L should lie outside the unit circle. 

        Finally, the estimates of the determinants of ϕ and ψ that we record in Table 7 imply  
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that ϕ and ψ are of full rank.  The full rank of ψ and G 4 imply that there is no pair, a=(a1,a2),              
                       
such that  {a∆ŷ*(t) ; t ε N – {0}} constitutes a degenerate second-order process.  Also,   
   
the full rank of ϕ and T 2.7 shows that the components of {ŷ*(t); t ε N} are not linearly 

cointegrated in the estimated mathematical model of the MPD.distribution of ŷ1 and ŷ2.  

 
                       
                       Table 7  Estimates of the Determinants and Trace of ϕϕϕϕ and ψψψψ    
 

   95% Wald confidence limits 
Determinant Estimate Standard error Lower Upper 

| |ϕ  2.3820 0.9101 0.5982 4.1659 
| |ψ  2.3273 0.7676 0.8228 3.8318 
tr( )ϕ  3.1750 0.4636 2.2663 4.0836 
tr( )ψ  3.1264 0.4056 2.3800 3.9699 

           

 

Remarks Concerning the Statistical Assumptions Underlying the Empirical Analysis 

   

In our empirical analysis we made several assumptions concerning the finite-dimensional 

probability distributions of the error variables, η(t), ς∗(t), and ζ(t).  Some of these assumptions 

correspond to the characteristics we ascribed to the ς(t) in equation (59).  Others were added for  

the purposes of the empirical analysis.  A few remarks concerning the validity of these 

assumptions are called for.  First the η(t)s. 

          The residuals corresponding to η(t) = Dt
-1ζ(t) should behave as iid(0, I) white noise. Some 

simple diagnostics for the residuals (not reported here) show that the η1(t)-series seems to behave  

as iid white noise. It does not seem to contain remaining volatility effects, but shows evidence 

against being Gaussian, thus justifying the pseudo ML approach chosen for estimating the  

parameters of the MPD.   There was, also, no evidence against the white noise hypothesis for the 

η2(t)-series and no evidence against  η2(t) being Gaussian. 

             As to ς∗(t) and ζ(t), we see from equation (67) and A 6, A 7, and T 4.4(i) that they are 

both taken to be orthogonal second-order I(0) processes.  Also, as equation (67) shows, we need  
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only show that the ζ(t) constitute an orthogonal second-order I(0) process. The equation in (64) 

with the structure in (67) implies that the ζ(t) constitute an orthogonal second-order process.  

This follows directly from its martingale structure.  To wit:  If ν ≠ 0, then E{ζ(t)⋅ζ(t+v)’ℑt-1} = 

0.  That is obvious when ν < 0. Suppose that ν > 0.   Then, since ζ(t) ε ℑt+v-1, 

                               . E{ζ(t)⋅ζ(t+v)’ℑt-1} = E{[E{ ζ(t)⋅ζ(t+v)’ℑt+v-1]ℑt-1} = 0. 

By taking the marginal expectation we see that Eζ(t)⋅ζ(t+v)’ = 0 for ν ≠ 0 (The marginale 

expectation is in fact conditional on the given initial values ℑ0, E(⋅) = E{⋅ℑ0}). 

             On the other hand the ζ(t) need not constitute a wide-sense stationary process. If s = 

cov(η1(t), η2(t)) = 0,  it follows that the ζ(t), conditional on their starting values, are 

asymptotically wide-sense stationary.  However, if s ≠ 0, the ζ(t), conditional on their starting 

values, might fail to be asymptotically wide-sense stationary.  To see why, let ζ(t)2’ = (ζ1(t)
2, 

ζ2(t)
2)’.  Then E{ζ(t)2’ℑt-1} = H t, and if we let ut =  ζ(t)2’ – Ht, ut will be a Martingale difference 

series which allows us to rewrite (65) as ζ(t)2’ = w + (A + B) ζ(t-1)2’ + ut – But-1.  By taking 

expectation, conditionally on ℑ0 on both sides, we can deduce  that that Eζ(t)2’ = w + (A + 

B)Eζ(t-1)2’.  Now, the condition ζ(0) = 0 implies that 

            Eζ(1)2’ = w, Eζ(2)2’ = (I + A + B)w,…, Eζ(t)2’ = (I + (A + B) +.... + (A + B)t-1)w 

from which we deduce that Eζ(t)2’ = (I – A – B)-1(I – (A + B)t), which approaches a constant as 

(A + B)t becomes negligible.  Thus, if s = 0, Γ = I, and ζ(t) becomes wide-sense stationary in the 

limit.  If s ≠ 0,  E[ζ(t)⋅ζ(t)’] = E(DtΓDt) with sE√h1th2t outside the main diagonal, which  

according to the preceding results and Schwartz inequality is uniformly bounded.  Hence the ζ(t) 

do constitute an I(0) process as was to be shown. 
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Data Admissible Mathematical Models of the Data Universe and the MPD 

 

In the present context a mathematical model of the data universe, (ΩP, ΓP*, (ΩP, ℵP, PM(⋅))),  

is data admissible if it satisfies D 1 – D 3 and if its model of ΩΩΩΩP comprises (possibly all the) 

sequences in ΩΩΩΩP of which the data are partial realizations.  Also, a mathematical model of  

the MPD distribution of the components of ŷ is data admissible if (1) its finite-dimensional 

probability distributions have the characteristics on which the A-, D-, and G-axioms insist, 

(2) the values of its ϕϕϕϕ and ψψψψ parameters lie within a 95% confidence region of the estimated 

values of these parameters, and (3) the estimated mathematical model of the MPD 

distribution of ŷ1 and ŷ2 satisfies the strictures on which D 1, D 3, and the prescriptions 

underlying the statistical analysis insist.13  

             Our deliberations in this section show that the estimated values of ϕ, ψ, and the 

covariance of ς*(t) satisfy the prescriptions underlying the statistical analysis and determine a 

family of mathematical models of the MPD distribution of the components of ŷ that satisfy the 

strictures on which the axioms A 1-A 6, A 7(i) and (iii), D, and G insist. Whether the members of 

this family of mathematical models of the MPD satisfy the fourth-order moment assumption in  

A 7(ii) is uncertain and of much concern.   

             The possible non-empirical relevance of A 7(ii) is unsettling.  We need the assumption 

that the⋅ς*(t) have finite fourth-order moments to show that ŷ =  {(ŷ1(t), ŷ2(t), ŷ3(t)); t ε N} is an 

I(2) second-order random process.  Also, we need the assumption that these fourth-order  

moments are uniformly bounded to show that ŷ is nonlinearly polynomially cointegrated.  

Finally, we know of no general statistical test by which we could establish the existence of the 

required moments.   

             The preceding three facts leave us with two options.   We can introduce and test new ad 

hoc hypotheses concerning the probability distributions of the ξ*(t) that ensure the existence of 

the finite fourth-order moments of ς*(t); e.g. that they are independently and identically  
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distributed, and that their components are either independently distributed of each other, 

normally distributed, or t-distributed with more than four degrees of freedom.  We can also, 

simply, assume that our data do not contradict the assumption that the members of the family of 

random variables, {ξ*(t); t ε N}, have finite fourth-order moments.  For the purposes of this 

lecture it seems reasonable to choose the second way, and that we do.  We adopt as a 

fundamental assumption that there is a mathematical model of the family of estimated  

residuals in (65) that in PM-measure has finite fourth-order moments.  These moments may, 

but need not, be uniformly bounded.  This assumption together with our deliberations in 

Section IVa imply that the estimated values of ϕ, ψ, and the covariance of ς*(t) are parameters of 

a data admissible mathematical model of  the MPD distribution of the components of ŷ .              

             We shall use this insight to delineate the contours of a nonempty 95% confidence region 

for the parameters of data admissible mathematical models of the MPD distribution of the 

components ŷ.   In constructing this confidence region we treat the ARCH and GARCH 

parameters as known constants whose values equal their estimated values.  

  

A 95% Confidence Region for Data Admissible Mathematical Models of the MPD 

 

To delineate a 95% confidence region for the parameters of interest, ϕ and ψ, we begin by  
 
assuming that the estimates of the pair, (ϕ, ψ)), that we presented in Table 6 are  
                                                                                                                                                                             
                                                                                                                                         vec(ψ’) 
consistent in PM-measure and asymptotically normally distributed.14 Then we let θ =                   
                                                                                                                                          vec(ϕ’)           
 

and let C be the estimated asymptotic covariance matrix of θ̂ , the given estimate of θ. Also,  
 
we let  χ2

.95,8 be the 95% percentile in the chi-square distribution with 8 degrees of freedom.    
 
Finally, we let 

                                             
1 2

.95,8
ˆ ˆ' { ; ( ) ( ) }D Cθ θ θ θ θ χ−= − − ≤ . 

The region, D’, constitutes an approximate 95% confidence region for the parameters of interest, 

and as such delineates the contours of a set of parameters of data admissible mathematical  
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models of the MPD distribution of the components of ŷ.  A particular value, θ0, is the parameter 

of a data admissible mathematical model of the MPD distribution of the components of ŷ if θ0 ε 

D’ and if the salient characteristics of the associated mathematical model of MPD satisfies the 

strictures on which the A-, D-, and G- axioms insist. 

             As an example we may ask if the MPD of a joint COMFAC solution to equation (59) in 

which ϕ = ψ is data admissible.  By equation (67) the equality, ϕ = ψ, is equivalent to the 

equality, vec(Φ + Ψ) = 0.  Let ρ =    vec(Φ + Ψ)  and let Cρ denote the asymptotic covariance 

matrix of ρ.  The Wald test statistic for ρ = 0, is 
1ˆ ˆ' 8.391Cρρ ρ− = , which leads to the (asymptotic) 

p-value 0.078. This implies that the value ρ = 0 is contained in the joint 95% confidence region 

for ρ. Hence, with confidence level 95% .an MPD of a joint COMFAC solution to equation (64) 

is data admissible   Note, also, that if ϕ = ψ, then ϕ, ψ are not identified since the matrix factor, I 

– (I - ψ)L, can be cancelled from equation (59) reducing the equation to ∆ŷ*(t) = ψξ*(t).   Hence, 

all the θs with ϕ = ψ can be added to D’ to obtain a new set, D, of vectors whose values may be 

the parameters of a data-admissible mathematical model of MPD of the components of ŷ.  The 

set D is given by  

                 
1 2

.95,8
ˆ ˆ{ ; ( ) ( ) } { ; }D Cθ θ θ θ θ χ θ ϕ ψ−= − − ≤ ∪ =                                   (68) 

and the confidence region limits that D determines are given in Table 8.   

                                       The table provides new incidences of parameter values that are not 

parameters of a data admissible MPD; e.g., ϕ11 = 0 and ϕ22 = 0.  We obtain another example from 

the confidence interval for |ψ|,  [-0.846, 5.338]. It includes the value, |ψ| = 0, which is ruled out 

by G 4.  The confidence interval for |ϕ|, [-1.335, 5.889], gives us a different kind of example. 

Since by A 5, |ϕ| = 0 is not ruled out of contention, there may be linearly cointegrated data 

admissible mathematical models of the MPD in D.  
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             Table 8  95% Confidence Region Limits for the Estimates of ϕϕϕϕ and ψψψψ in Table 1  

   95% Wald 

confidence limits 

95% confidence 

Region limits 

 Estimate Standar

d error 

Lower Upper Lower Upper 

ϕ11 

1.2225 0.4395 0.3611 2.0840 

             -

-  0.5083 2.9533 

 ϕ12 0.0185 0.1245 -0.2255 0.2624 -0.4717 0.5086 

 ϕ21 0.2640 0.3982 -0.5164 1.0445 -1.3040 1.8321 

 ϕ22 1.9524 0.0481 1.8582 2.0467 1.7630 2.1418 

11ψ  1.2226 0.3886 0.4609 1.9842 -0.3078 2.7529 

12ψ  0.0018 0.1214 -0.2363 0.2398 -0.4765 0.4801 

21ψ  0.1395 0.3830 -0.6113 0.8902 -1.3690 1.6479 

22ψ  1.9038 0.0517 1.8026 2.0051 1.7004 2.1073 

 

 

Spot Prices in Foreign Currency Markets and the Empirical Relevance of A 1-A 7 

 

We have, now, arrived at the point where we can start discussing the empirical relevance of the 

theory of foreign exchange that I developed in Section IVb.  We begin by giving a formal 

definition of empirical relevance.  Then, we describe interesting behavior characteristics of spot  

prices in the markets for Swiss Franc, Euros, and US Dollars, and conclude by assessing the 

empirical relevance of A 1-A 7 in these markets. 

 

             DEF 4:  The family of mathematical models of  A 1-A 7  is relevant in the empirical 

context that IMp,  IMMPD, and the given sampling scheme delineate if and only if there is at least 
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one member of the family of mathematical models of A 1-A 7, D 1-D3 , and G 1-G 4 with 

a data admissible mathematical model of the data universe that belongs to  IMp and with a data 

admissible mathematical model of the MPD distribution of the components of ŷ that belongs to 

IMMPD. 

 

             In this section we have showed that our QML estimates of parameters of the MPD 

distribution of ŷ1 and ŷ2 satisfy the strictures on which D 1, D 3, and the prescriptions underlying 

the statistical analysis insist.  We also showed that the estimated mathematical model of the MPD 

distribution of the components of ŷ that result from the MPD distribution of ŷ1 and ŷ2 and the 

equation, ŷ3 = ŷ1ŷ2 satisfies all the restrictions on which the axioms A 1-A 6 and A 7(i) and (iii),  

and the D-, and G- axioms insist.  From this and the fundamental assumption that there is a 

mathematical model of the family of estimated residuals in (65) that in PM-measure has finite 

fourth-order moments, we infer that the estimated mathematical model of the MPD distribution 

of ŷ1 and ŷ2 and the equation, ŷ3 = ŷ1ŷ2 determine a data admissible mathematical model of the 

MPD distribution of the components of ŷ.  With this MPD distribution in hand and with the 

equation, ŷ3 = ŷ1ŷ2,we can show that the family of triples, ŷ =  {(ŷ1(t), ŷ2(t), ŷ3(t));  t ε N}, in PM-

measure is an I(2) second-order random process that is nonlinearly cointegrated of order NC(2,2) 

with cointegrating function f(x,y,z) = z – xy.  When the fourth-order moments of the given 

mathematical model of the family of estimated residuals in (65) are uniformly bounded, ŷ is, 

also, nonlinearly polynomially cointegrated with differential operator,  Dif.Op.F(ŷ(t)) =          

ŷ2(t) ∆ŷ1(t) + ŷ1(t) ∆ŷ2(t) -  ∆ŷ3(t), where F(x,y,z) = xy – z. 

                 We have established the existence of one data admissible mathematical model of the 

MPD distribution of the components of ŷ.  There may be many more.  To find them, we must 

pick pairs, (ϕ, ψ), in D and look for  mathematical models of the ς*(t) with finite fourth-order 

moments and Arch and Garch parameters equal to the ones we have estimated that we can pair 

with the chosen D-parameters to produce data admissible mathematical models of the MPD 

distribution of the components of ŷ.  Each successful search will reveal new interesting  
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information about the characteristics of data admissible mathematical models of the family 

of triples, ŷ =  {(ŷ1(t), ŷ2(t), ŷ3(t)); t ε N}. 

             Our deliberations in Section IVc show that the (ϕ,ψ) pairs in D have interesting 

characteristics.  No ψ is of reduced rank, some ϕ may be of reduced rank, and there may be ϕs 

that have the same value as a ψ.  From this and Theorems T 4.4, and T 4.5  it follows that in PM-

measure (1) there is no non-zero vector a ε R2 such that {(a,0)∆ŷ(t); t ε N-{0}} is degenerate; (2) 

the family of random variables, {ŷ(t); t ε N}, may be linearly cointegrated of order C(2,2) and, 

hence, there may exist linearly cointegrated efficient foreign exchange markets in the real world; 

and (3) there are  pairs, (ϕ, ψ), in D that are parameters of a data admissible mathematical model  

of the MPD distribution of the components of ŷ and for which the solution to equations, (59)-

(60), may satisfy equations, (61) – (62).15 Finally, solutions to equations (59) – (60) or (61) – 

(62) with a data admissible mathematical model of the MPD distribution of the components of ŷ 

ensure that the family of random variables, {ŷ(t); t ε N}, in PM-measure is nonlinearly 

cointegrated of order NC(2,2) with cointegrating function f(x,y,z) = z - xy and may be 

nonlinearly polynomially cointegrated with differential operator,  Dif.Op.F(ŷ(t)) = ŷ2(t) ∆ŷ1(t) + 

ŷ1(t) ∆ŷ2(t) -  ∆ŷ3(t), where F(x,y,z) = xy – z.   

             The preceding results concerning behaviour characteristics of spot prices in the markets 

for Swiss Franc, Euros, and US Dollars have an important bearing on the empirical relevance of 

A 1-A 7 in these markets.  Since a data admissible mathematical model of the MPD distribution 

of the components of ŷ satisfies axioms D 1 and  D 3,  we can with the estimated MPD 

distribution of the components of ŷ and with each successful search for a data admissible 

mathematical model of the MPD distribution of the components of ŷ associate an appropriate 

model of the data universe that is a member of IMP.  From this and DEF 4 it follows that the 

estimated mathematical model of the MPD distribution of the components of ŷ and each one of 

the other data admissible mathematical models of the MPD distribution of the components of ŷ 

that we have found determines a mathematical model of   A 1 – A 7 that is empirically relevant in 

the given markets.   
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             The existence of mathematical models of A 1-A 7 that are empirically relevant in the 

markets for Swiss Franc, Euros, and US Dollars goes to show that the mathematical concepts of 

linear and nonlinear cointegration that I presented in Section IVa of the lecture have relevance for 

a study of the behaviour characteristics of spot prices in foreign currency markets.  

 

Final Remarks  

 

For the purposes of this lecture it is important to observe that the dynamics of the foreign 

exchange markets in the theory universe differs from the dynamics of the same markets in the 

data universe.  Specifically, in the theory universe the dynamics of the three markets has the 

characteristics of a random process, Ẍ = {(x1,x2,x3)(t,ωT); t ε N}, that in PT(·)-measure is a 

solution to the difference equations in (69) and (70): 

 

                             ∆(x1,x2)(t)’= (ξ1,ξ2)(t)’ – (I-φ)(ξ1,ξ2)(t-1)’, t>0                                      (69) 

                                            x3(t)  =  x1(t)·x2(t),  t ≥0.                                                          (70) 

 

In the lower data universe in Fig. 2.2 the dynamics of the three markets has the characteristics of 

a random process, ŷ = {(ŷ1,ŷ2,ŷ3)(t,ωP)) ; t ε N}, that in PM(·)-measure is a solution to the 

difference equations in (71) and (72): 

 

          ∆(ŷ 1, ŷ 2)(t)’ – (I – Ψ0)∆(ŷ 1, ŷ 2)(t-1)’ = (ξ1,ξ2)(t)’ – (I-φ0)(ξ1,ξ2)(t-1)’, t>0           (71) 

                                            ŷ 3(t)  =  ŷ 1(t)· ŷ 2(t),  t ≥0,                                                     (72) 

 

where Ψ0 and φ0 denote Harald’s QML estimates of the two matrices.  Also, in the theory 

universe the Ẍ -process is linearly cointegrated if and only if there exists a pair of constants, a = 

(a1,a2), such that a·φ = 0.  In the lower data universe in Fig. 2.2 the ŷ - process is not linearly 

cointegrated in the estimated mathematical model of MPD.  Both the Ẍ -process and the ŷ – 
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process are nonlinearly cointegrated with cointegrating function f(x,y,z) = z - xy, and they may 

be nonlinearly polynomially cointegrated. 

                    

IV d.  André Anundsen’s Econometric Analysis 

 

Harald’s analysis established the empirical relevance in the lower data universe in Fig. 2.2 of the 

theory I presented in Section IVb.  In this section I assume that I have accurate observations on 

the triples, (x1,x2,x3)(t), t ≥ 0, and I ask whether the given theory has empirical relevance in the 

top data universe in Fig. 2.2.  Specifically, I ask whether there exists in PP(⋅)-measure an iid pair  

of random processes, {δ1,δ2)(t,ωP); t ε N},  with means zero and finite covariance matrix that is 

such that  

                             E{δ(t,ωP)| ŷ(0),…, ŷ(t-1)} = 0, for all t > 0,                                       (73) 

and such that { ŷ(t,ωP); t ε N} with large probability constitutes a solution to the difference 

equations in (74) and (75);. 

                                   ∆ ŷ1(t)              δ1(t)                    δ1(t-1)                                           
                                                   =                   - (I - φ)                 , t > 0                           (74)                                               
                                    ∆ŷ2(t)             δ2(t)                     δ2(t-1)                                      
 
                                                       ŷ3(t) = ŷ1(t)· ŷ2(t) , t≥0                                               (75) 

Here φ is taken to satisfy the conditions: φ11≠0, φ22≠0, and the absolute values of the eigenvalues 

of (I-φ) are less than or equal to one. 

             As in the previous case study, I do not know PP(·),  Hence, my question amounts to asking 

whether a family of models of A 1-A 7 is relevant in the empirical context that André Anundsen 

establishes in the top data universe in Fig. 2.2.  I believe that, under the assumption that I have  

accurate observations on the (x1,x2,x3)(t), this is the way Haavelmo would have determined 

the empirical relevance of my theory.   
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             André was to use ideas of David Hendry and Soeren Johansen to carry out an empirical 

analysis of the TPD distribution of the first two components of { ŷ(t,ωP); t ε N}.  André’s results 

answer my question.  Since the difference equations in (71) are different from the difference 

equations in (74), André’s results will, also, throw new light on the question of how to incorporate 

economic theory in empirical economic analyses.  André’s empirical analysis follows: 

              

IVd.1.   VAR based results for exchange rate cointegration 

 

In this section we shall use the multivariate approach to cointegration due to Johansen 1988 and 

1995 to determine whether there exists a link between the CHF/Euro and Euro/USD exchange 

rate in a long run perspective.  As is evident from Fig. 4.1 both series display nonstationarities  

over the entire sample period, 1999w1 to 2006w36.  Judged by a visual inspection of the series, 

the RIC may believe that the series are integrated of order one, possibly with a structural break in 

the Euro/USD exchange rate early in 2000 and for both series between 2002 and 2003.  While we 

will not dig into details concerning interpretation of what might have caused these changes in this 

analysis, it is still worth mentioning as a backdrop for the empirical analysis. 

             The supposed I(1)-ness of the two exchange rates is supported by the ADF- tests in Table 

9.  For the lag determination in the ADF-regressions, we have chosen to rely on Akaike’s 

information criterion (AIC).  Consecutive F-tests reached the same conclusion as the AIC.  

Initially, we started with a generous lag length of eight lags in the first differences (i.e., nine in  

levels) and then reduced the lag length in accord with the ADF procedure.  For all lag length 

from zero to eight, we reach the same conclusion regarding the order of integration.  Both  

exchange rates are integrated of order one.  Misspecification tests indicate that the residuals from 

the ADF-regression for the CHF/Euro exchange rate suffer from heteroscedasticity and non-

normality (also in first differences).  Thus the differenced CHF/Euro series has a non-stationary  



 69 
component that we cannot model by allowing one more unit root in the characteristic 

polynomial.  This can cause some inference problems in a linear VAR - an issue we will return to 

in Section IVd.2. 

 
 

Table 9: Augmented Dickey-Fuller test for order of integration  

Levels  
Variable  t-ADF  5%-critical value  lags  trend  

E1  −1.617  −3.42  0 Yes  
E2  −2.349  −3.42  0 Yes  

Sample size: T = 391 (1999w10-2006w36)  
 
 
First diferences  

Variable  t-ADF  5%-critical value  lags  trend  
∆E1  −20.98  −3.42  0 Yes  
∆E2  −20.10  −3.42  0 Yes  

Sample: T=390 (1999w11-2006w36)  
 

 

             Though both series show clear evidence of nonstationarity, it is not clear from a visual 

inspection of Fig. 4.1 that they share the same underlying stochastic trend; i.e., that they are 

cointegrated.  We shall explore this problem formally next. 

 

IVd.1a  Cointegration analysis 

 

To ascertain whether there exists a linear combination of the two exchange rates that is stationary, we 

use the multivariate approach to cointegration due to Johansen 1988.  Since the ADF-tests showed that 

only one lag was significant in each of the regressions, we reduce the number of lags for the VAR 

analysis in order not to lose too many degrees of freedom.  As a starting point, we formulate a bi-

variate VAR of order five: 

 

                                      y(t) = ∑1≤i≤5∏iy(t-i) + ΦD(t) + €(t),                                                              (76) 

 

where y(t) is a pair whose components denote values of the CHF/Euro and Euro/USD exchange rates.  

For notational simplicity, we will henceforth refer to the CHF/Euro and the Euro/USD exchange rates, 
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respectively, as E1 and E2.  D(t) represents deterministic terms such as a linear trend, a constant, and 

dummies, while  €(t) is a 2 by 1 random vector that is taken to be IIN(0,Ω). 

                     For the purpose of conducting statistical inference, and for the validity of using the 

Johansen procedure, it is important that the residuals in equation (76) are well behaved.  The VAR 

model we have formulated above suffers from both non-normality and heteroscedasticity.  Hence, 

there are non-normality and  nonstationarities in the data that are not captured by the given linear 

VAR.  It is, therefore relevant that non-normality might be handled by introducing  impulse dummies- 

Also, simulation studies show that statistical inference is rather robust to heteroscedastcity ( see 

Juselius 2006, p. 47).   

             In an attempt to move the model closer to satisfying the Gaussian requirements, we use the 

“large outlier” option in Autometrics (see e.g., Doornik 2009) with significance level 0.025 to detect 

significant outliers.  Searching for outliers we pick up the following set of dummies: I:2000w18, 

I:2000w37, I:2000w44, I:2001w38, I:2002w30, I:2002w52, I:2003w12, I:2003w37, I:2004w10, 

I:2005w2, and  I:2005w13.  Some of these dummies can be interpreted in a historical context.  For 

example, 2000w18 is the week in which the legal requirement that the Swiss Franc be backed by 40% 

gold reserves was abandoned, and the dummy, I:2000w18, is significant only in the CHF/Euro 

equation.  In contrast, the dummy I:2000w39 is significant in both equations, which leads us to suspect 

that this might be picking up an event that is specific to the Euro.  In this case we know that in the 

week before 2000w39 the Federal Reserve, the Bank of Japan, the Bank of Canada, the Bank of 

England and the European Central Bank intervened to support the Euro.  As would be expected the 

coefficient of the dummy is negative in the CHF/Euro equation and positive in the Euro/USD equation 

implying an appreciation of the Euro against both currencies.  The coefficient of the dummy 

I:2002w52 which is significant only in the CHF/Euro equation could be explained by the Swiss Franc 

being seen as a safe haven in the run up to the Iraq war.  Finally, the coefficient of the dummy, 

I:2003w12, is significant only in the Euro/USD equation.  This suggests that the dummy may have 

something to do with an event that is specific for the US Dollar; e.g., the week of the invasion of Iraq.  

Though we cannot give a clear interpretation of the other dummies, they might be regarded as Black 

Swans that, as Table 10 shows, move us closer to satisfying the assumption of a Gaussian VAR. 
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Table 10: Diagnostics from VAR(5) in E1 and E2 with the outliers in the VAR  

Diagnostics 

Vector Portmanteau(12):  
Vector AR 1-7 test:  
Vector Normality test:  
Vector Hetero test:  
Vector Hetero-X test: 
Vector RESET23 test:  
Estimation period:  

           Test statistic 

χ2(28) =  
F (28, 712) =  

χ2(4) =  
F (66, 1069) = F 
(231, 909) =  
F (8, 732) =  

1999w6-2006w36 (T=395)  

Value [p-value] 

36.130[0.1393]  
0.79990[0.7599] 
3.6587[0.4542]  
1.5090[0.0064]∗∗  

1.2866[0.0063]∗∗  

0.44577[0.8935] 

              

 

 

 

             Based on the single equation diagnostics (not reported here), it is clear that the 

heteroscedasticity comes from the residuals in the E1 equation.  As mentioned above, the statistical 

inference in this model has been shown to be quite robust to residual heteroscedadicity, so we have 

decided to leave that issue aside.  To explore whether the dimensionality of the VAR can be 

reduced, we inspect both the AIC and Schwarz information criterion, as well as the 

consecutive F-tests.  Results from this exercise is reported in Table 11. 

 
 

Table 11: Tests on the significance of all lags up to 5  

 

          F-test                     Value [Prob]  AIC  SC  
Full model  −14.5951  −14.1116  

5−5  F (4, 740) =  0.91114[0.4568]  −14.6056  −14.1623  
4−5  F (8, 740) =  1.0507[0.3961]  −14.6131  −14.2101  
3−5  F (12, 740) =  1.1561[0.3112]  −14.6187  −14.2561  
2−5  F (16, 740) =  1.1551[0.2995]    −14.6268    −14.3045  
1−5  F (20, 740) =  1249.9[0.0000]∗∗          −7.59823  −7.31618  
 
 

 

             No matter whether we choose to rely on the F-tests, AIC or SC, we reach the same 

conclusion: The lag length of the variables in the VAR can be reduced to one, which is the 

specification we will retain when we in the next subsection use the trace test to determine 

whether the two exchange rates are cointegrated. 
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IVd.3  Testing for the number of cointegrating relationships 

 

In the previous section we showed that the inclusion of a set of dummies implied an almost well 

specified VAR and a lag length of one.  Let us now rewrite the VAR in equation (76) into the 

vector error correction form imposing a lag length of one including the dummies unrestrictedly. 

In order to avoid quadratic trends in the data, we restrict the linear trend to enter the 

cointegration space: 

 

                          ∆y(t) = ∏*y*(t-1) + Φ*D*(t) + €(t),                                                         (77) 

 

where y*(t-1) = (y(t-1)’,trend)’ and D*(t) now includes a constant and the set of dummies that 

solved our misspecification problem.  Also, ∏* = (∏, δ) with ∏ = ∏1 – I and δ represents the 

trend coefficients.  The trace test of Johansen (Johansen 1988) amounts to testing the rank of the 

matrix ∏, which coincides with the number of cointegrating relationships among the variables 

included in y(t)  The results from the trace test are reported in Table 12. 

 

Table 12: Trace test for cointegrationa  

Eigenvalue : λi  H0  HA  λtrace  p-value  

0.043558  r=0  r≥1  23.74  0.089  
0.015439  r≤1  r≥2  6.15  0.453  

 
Diagnosticsb  Test statistic  Value[p-value]  

     Vector Portmanteau(12):  χ2(44) =  56.819[0.0931]  
Vector AR 1-7 test:  F (28, 728) =  0.95460[0.5338]  

Vector Normality test:  χ2(4) =  3.4375[0.4874]  
Vector Hetero test:  F (18, 1058) =  2.7821[0.0001]∗∗  

Vector Hetero-X test:  F (27, 1084) =  2.3598[0.0001]∗∗  
Vector RESET23 test:  F (8, 748) =  0.48789[0.8653]  

Estimation period:  1999w6-2006w36 (T=395)  
 

 aEndogenous variables: E1 and E2. Restricted variables: A deterministic trend. Unre-  
stricted variables: Constant and the set of dummies used to correct for large outliers.  

b See Doornik and Hendry(2009). 
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             Controlling for the outliers, we find, if we accept a 10% significance level, that the rank 

of the ∏ matrix is one.  In other words:  The test implies that there exists one cointegrating 

relationship among the variables in our information set.  To identify the single cointegrating 

vector, we normalize on E1 (βE1 = 1).  The exactly identified vector is given at Step 1 in Table 

13.  At the second step, we test whether the Euro/USD is weakly exogenous with respect to the 

long run coefficients.  As seen from the likelihood ratio test, weak exogeneity is borderline 

accepted (p-value = 0.0960), and we conclude that E1 and E2 are cointegrated with cointegrating 

vector, (1, 0.16). 

 
Table 13: Overidentifying restrictionsa  

 

Step 1: Normalizing on CHF/Euro, βCHF/Euro = 1  
 

 
CHF/Euro + 0

0
.
.
126Euro/USD − 0

0
.
.
00009T rend  

0.036             0.000045  
 

αCHF/Euro = −0.035, αEuro/USD = 0
0
.
.
10  

                                                                                                 0..01                   0.05  
Log likelihood = 2917.72234  

 
Step 2: Weak exogeneity on Euro/USD, αEuro/USD = 0  
 

 
CHF/Euro + 0. 16 Euro/USD − 0.00014T rend  

              0.036  0.000005 
 

αCHF/Euro = −0.039  
                                                                           0.01 

                           Log-likelihood = 2916.3371  
                                 LR test of restrictions: χ2(1) = 2.7705[0.0960]  

                                                      aAbsolute standard errors are reported in parentheses under the point estimates  
 

In matrix notation, the VECM takes the following form: 

 
  ∆E1(t)           0.03068             0.039         1          ‘     E1(t-1)           ψE1                           ξ1(t) 
                 =                         -                    0.16             E2(t-1     +              Dummies  +                   (78) 
  ∆E2(t)           0.0006193             0       -0.00014         Trend             ψE2                            ξ2(t) 
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IVd. 3  Cross Checks 

 

In this section we perform a cross check of the results derived in the previous section, the 

reason being that the trace test showed that we could only accept cointegration with rank 

equal one at a 10% significance level.  Under the assumption of weak exogeneity, we can 

reformulate the VECM given in equation (77) as a conditional model for E1 and a marginal 

model for E2 (see e.g., Johansen 1994): 

  

∆E1(t) = (µE1 – ωµE2) + (ψE1 – ωψE2) Dummies(t) + ω∆E2(t) + 

                                 αE1β’y*(t-1) +  (€E1(t) - ω€E2(t))                                        (79) 

∆E2(t) = µE2 + ψE2 Dummies + €E2(t).                                                                 (80) 

 

where the composite error term in equation (79) is orthogonal to the error term in equation 

(80), and hence OLS estimation equation by equation is efficient.  The notation is the same as 

earlier with the addition of ω, which is defined by ω = ΩE1E2Ω-1
E1E2. 

             As a starting point we start with a more general formulation for the above equations, 

where we from the onset allow for a more generous lag length.  This can, also, be seen as an 

additional test of the lag structure we chose for the cointegration analysis.  As we showed 

that the lag length of the variables in the VAR (measured in levels) could be reduced from 

five to one, we would expect the lag length of the first differences to reduce to zero.  Further, 

we follow Ericsson and MacKinnon 2002 and derestrict the variables in the cointegrating 

vector to estimate them freely.  Expressed in mathematical terms our General unrestricted 

models (GUMs) for ∆E1 and ∆E2 take the following form: 

 

∆E1(t) = (µE1 – ωµE2) + (ψE1 – ωψE2) Dummies(t) + ω∆E2(t) + αE1E1(t-1) + βE1E2E2(t-1) + 

       βE1TrendTrend(t-1) + ∑1≤i≤4γE1,i∆E1(t-i) + ∑1≤i≤4γE1,4+i∆E2(t-i) + (€E1(t)- ω€E2(t))     (81) 

∆E2(t) = µE2 + ψE2 Dummies +  ∑1≤i≤4γE2,i∆E1(t-i) + ∑1≤i≤4γE2,4+i∆E2(t-i) +  €E2(t).   (82) 
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             Equations (81) and (82) are estimated separately using Autometrics to search for a 

parsimonious specification that is nested in the respective GUM with the significance level 

chosen to be 0.025.  From Granger’s representation theorem (Engle and Granger 1987) we 

know that if we have error correction, then we also have cointegration.  Thus, if the 

coefficient on the variable E1(t-1) in equation (81) is significant, we have corroborating 

evidence for our earlier findings.  The results from this exercise are reported in Tables 14 and 

15: 

                                     Table 14: Short run dynamics for CHF/Euro 
 
Dependent variable: ∆E1(t) 
 
Variable                                                    Coefficient                               t-valuea 
 
Constant                                                    0.0324072                                 3.99 
E1(t-1)                                                      -0.0405618                                 3.87 
E2(t-1)                                                    -0.00672347                                 3.38 
Trend(t-1)                                            6.04559e-006                                 2.52 
I:2000w18                                              0.00994620                                 3.69 
I:2000w37                                                0.0102032                                 3.78 
I:2000w39                                             -0.00759841                                 2.82 
I:2000w44                                               -0.0118053                                 4.37 
I:2001w38                                                0.0108925                                 4.04 
I:2002w30                                              0.00967596                                 3.58 
I:2002w52                                              0.00903632                                 3.35 
I:2003w37                                             -0.00810474                                 3.01 
 
σ                                                             0.00268443                                          
 
Diagnostics                                          Test Statistics                      Value [p-value]  
 
AR 1-7 test:                                             F(7, 375) =                      1.1801 [0.3131] 
ARCH 1-7 test:                                       F(7, 380) =                       1.0832 [0.3732] 
Normality test:                                          χ2(2) =                          0.72369 [0.6964] 
Hetero test:                                              F(6, 379) =                       2.0705 [0.0558] 
Hetero-X test:                                         F(9, 376) =                        1.9081 [0.0495] 
RESET23 test:                                        F(2, 380) =                       2.0653  [0.1282] 
 
Estimation Period                 1999w7-2006w36  (T = 394) 
 
a  Absolute t-values are reported  

  
 
 
             Though an ordinary t-test would clearly reject the hypothesis of no cointegration, we 

must remember that other critical values must be used under the null of no cointegration.  

Fortunately, these critical values have been tabulated and, based on the critical values 

tabulated in Table 4 of Ericsson and McKinnon 2002 with k = 2, we reject the hypothesis of 
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no cointegration at a 5% significance level    ( critical value equals -3.6873).  

                           Though the second lag of the first differenced E1 enter the E2 equation in Table 15, 

it is not very significant and, indeed, when we redo the cointegration analysis using a VAR of order 

three, the results from Section IVd.2 are reproduced.  We conclude that both the unconditional and  

conditional VAR analysis show that there is formal statistical evidence, though weak, for 

cointegration between the two exchange rates. 

 
 
 
 
 
 
Table 15: Short run dynamics for Euro/USDa  

Dependent variable: ∆E2,(t)  

Variable  
Constant  
∆E1,(t-2)  
I : 2000w39  
I : 2003w12 I 
: 2003w37 I : 
2004w10 I : 
2005w2 I : 
2005w13  
σ 
Diagnostics 
AR 1-7 test:  
ARCH 1-7 test: 
Normality test:  
Hetero test:  
Hetero-X test: 
RESET23 test:  
Estimation period:  

Coefcient  
0.000623065  
−0.474984 
0.0408075  

−0.0421868  
0.0394979  

−0.0467358 −
0.0392822 −
0.0430222  
0.0140942  

Test statistic  
F (7, 379) =  
F (7, 380) =  

χ2(2) =  
F (2, 385) = F 
(2, 385) = F 
(2, 384) =  

1999w7-2006w36 (T=394)  

t-valuea  
0.871  
1.98 
2.84 
2.99 
2.80 
3.31 
2.77 
3.04  
 

Value[p-value] 
0.87397[0.5271]  
0.23490[0.9766] 
3.5985[0.1654] 
0.80182[0.4493] 
0.80182[0.4493] 
0.30885[0.7345]  

a Absolute t-values are reported.  
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Final Remarks 

 
 

André’s results are interesting for many reasons.  First of all, they demonstrate that the MPD 

distribution of the components of ŷ; i.e., of {ŷ(t,ωP); t ε N} differs from their TPD distribution.  The 

differences are interesting. To wit: 

              In the TPD distribution ŷ is linearly cointegrated of order C(2,2) with cointegrating vector, 

β = (1, 0.16, 0).  This β is a cointegrating vector in the MPD distribution of ŷ only if there is a value 

of the φ-parameters of a data admissible mathematical model of MPD such that (1,0.16)φ = 0.  Such 

a value of φ does not belong to Wald’s 95% confidence interval of Harald’s QML estimate of φ, but 

it may belong to D.   

             If we assume that the error terms in equation (78) have finite fourth order moments, then 

the components of ŷ are in the TPD distribution, also, nonlinearly cointegrated of order N(2,2) with 

four different cointegrating functions:  

   

        f(x,y,z) = z – xy;  g(x,y,z) = z – (x- 0.16)(y – 1) + b, where b is a constant; 

        h(x,y,z) = x + 0.16(z/x), x ≠ 0 ; and k(x,y,z) = (z/y) + 0.16y,     y ≠ 0.  

 

In the estimated mathematical model of the MPD there is only one cointegrating function, f(x,y,z) = 

z – xy.     

             If the residuals in equation (78) have uniformly bounded fourth order moments, then in the 

TPD distribution ŷ is nonlinearly polynomially cointegrated.  In fact. then {(1, 0.16, 0) ŷ(t) + 

Dif.Op.F(ŷ(t); t ε N} is an I(0) process with F(x,y,z) = xy – z.   If there is a mathematical model of 

the residuals in equation (71) with uniformly bounded fourth-order moments, then ŷ is nonlinearly 

polynomially cointegrated in its estimated MPD distribution. 
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             Finally, if we assume that we have accurate observations on x(t), t ≥0, then the theory I 

developed in section IVb  is not empirically relevant in the empirical context that André’s analysis 

establishes in the top data universe in Fig. 2.2.  In different words, in the TPD distribution of  ŷ, 

with large probability ŷ is not a solution to the difference equations in (74) and (75).   The evidence 

I have for this claim is twofold:  Suppose first that the absolute values of the characteristic roots of 

(I – φ) are less than one and observe that the equations in (74) can be rewritten in the equivalent 

form: 

 
               ∆ ŷ1(t)                                   ∆ŷ 1(t-s)          δ1(t)                                           
                              =  - Σ1≤s≤t-1 (I - φ)s                 +                                        (83)                                                          
               ∆ŷ2(t)                                    ∆ŷ2(t-s)          δ2(t)                                          
 

For large t, (I – φ)t becomes very small.  André estimated the equations in (83)  with 

twenty lags or less, and found that all lags were insignificant.  Hence, if the characteristic roots of     

(I – φ) are less than one in absolute value, with large probability φ = I, and 

                            ∆ ŷ1(t)          δ1(t)                                           
                            ∆ŷ2(t)     =    δ2(t)    
 

 
That cannot be the case in André’s empirical context. 
 
           Suppose next that the absolute value of one of the characteristic roots  

of (I – φ) equals one.  I estimated each of the equations in (74) with PcGive’s ARFIMA  

program and found that (1 – φ11) and (1 – φ22) were not significantly different from zero. 

I take that to imply that the given family of models of my theory is not relevant in André’s 

empirical context.                                     

             The rejection of my theory in the top data universe in Fig. 2.2 has one interesting 

consequence. In the TPD distribution as in the MPD distribution the characteristics of ŷ seem to 

demonstrate that my mathematical concepts of linear and nonlinear cointegration have empirical 

relevance for foreign exchange markets.  However, there is an important difference.  The data 
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admissibility of the estimated mathematical model of MPD implies that the axioms, A 1-A 7, have 

empirical relevance and, hence, that my mathematical concepts have economic as well as empirical 

relevance.  Since André’s results reject the theory I developed in Section IVb, the observed 

characteristics of the TPD have next to no bearing on their economic relevance 

 

 

V.  Concluding Remarks on Congruence, Encompassing, and the Sample Population                         

 

In the two case studies one of my theories is shown to have relevance in the empirical context 

that André delineates.  The other has not. André’s empirical context is interesting here 

because of the pivotal role that the notions of congruence and parsimonious encompassing 

play in its construction.  Roughly speaking, an econometric model, M1, that can explain the 

findings of another model of the same explanatory variables, M2, is said to encompass M2.  If 

M2 is a more general model than M1 and M1 is nested in M2 and encompasses M2, then M1 

is said to parsimoniously encompass M2. An econometric model that parsimoniously 

encompasses the so-called local DGP, the LDGP, is said to be congruent (cf. Hendry and 

Krolzig 2003).  In André’s data universe the LDGP is the TPD.  Also, André’s analysis is 

designed in such a way that the econometric models that in the two case studies delineate 

André’s empirical contexts are congruent and parsimoniously encompass the pertinent TPD. 

             In the lower data universe in Fig. 2.2 the LDGP is the MPD.  Also, in accord with 

Bontemps and Mizon’s 2003 definition, a congruent model is either a data admissible 

mathematical model of the MPD or a model that parsimoniously encompasses a given data 

admissible mathematical model of the MPD.  In the first case study the given data admissible 

mathematical model of MPD may be one whose φ and ψ parameters assume the maximum-

likelihood value of ψ,  ψo = 0.0706301.  In the second case study the given data admissible 
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mathematical model of MPD may be the estimated mathematical model of MPD.  It is 

unlikely in the first case study that there exists a model of the MPD that parsimoniously 

encompasses the given data admissible mathematical model of MPD.  In the second case 

study there may be many such models because of the estimated zero values of the components 

of  A and B in the ARCH-GARCH model in equation (65).  For example, a mathematical 

model of the MPD with the same φ and ψ parameters as the estimated model and with an 

ARCH-GARCH model in which h2t  = w2 for all t ε N, and 

                      h1t  =  w1 + A12· ζ2(t-1)2 + B11·h1t-1 with  h10 = 1                         

parsimoniously encompasses the given data admissible mathematical model of MPD.  This 

follows from arguments based on equation (6), on p. 11, and on the formal definitions of 

encompassing and parsimonious encompassing on pp. 14 and 18 in Bontemps and Mizon 

2008.   

             The data in the two case studies comprised time series of observations on equilibrium 

exchange rates in three foreign currency markets.  The respective theories delineated 

characteristics of the markets and the rational expectations of the pertinent agents in the 

aggregate.  Neither in the description of the data nor in the theoretical deliberations about  the 

markets did the sample population of traders play a role.  In many econometric studies such a 

cavalier attitude towards the sample population cannot be justified, and a place for the sample 

population in the pertinent formal theory-data confrontation must be found.  Examples are the 

three data confrontations of the standard theory of consumer choice under certainty that I 

presented in Chapters 26-28 in Stigum 1990. 

            The typical formal theory-data confrontation in which the sample population plays a 

significant role has five components.  The first is the theory universe, (ΩT, ΓT), without the 

probability space.  The second is the data universe, (ΩP, ΓP, (ΩP, אP, PP(·)).  The third is the 

bridge between the two universes, (Ω, ΓT,P, (Ω, א, P(·)). The fourth is the sample population, 
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(S,ψ(·),(S, אS, Q(·)), and the fifth is a sampling scheme, ξ.  Here ΩT and ΩP are subsets of two 

disjoint vector spaces.  Their members are ordinary vectors with real numbers and real-valued 

functions as components.  Also, the sample space, Ω, is a subset of  ΩT × ΩP,  and ΓT, ΓP, and  

ΓT,P are finite sets of axioms that the vectors in the pertinent vector spaces must satisfy.  

Moreover, as before, (ΩP, אP, PP(·) and (Ω, א, P(·)) are probability spaces, but now א is a σ- 

field of subsets of Ω (and not of ΩT × ΩP (!)) .  Finally, ψ(·): S→Ω is a well-defined function, 

and (S, אS, Q(·)) is a probability space that satisfies the conditions,  range(ψ) ε א, P(range(ψ)) 

> 0, ψ-1(B) ε אS for all B ε  א, and  

                                 Q(ψ-1(B)) = P(B∩range(ψ))/P(range(ψ)). 

The sampling scheme may be a purely random sampling scheme or a stratified random 

sampling scheme in accord with whatever typification of S that is stipulated in the axioms of 

the given formal theory-data confrontation.  In a purely random sampling scheme, Q(A) 

denotes the probability of picking a sample point in A.            
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Appendix:  Linear and nonlinear Cointegration in Triples of second-order Random 

Processes16  

 
             E A.1.   Consider a family of random triples, Y = {(y1(t), y2(t), y3(t)); t ε N}, 
where N = {0,1,2,….}, let ϕ be the matrix in A 5, and let I be the two by two identity 
matrix.  Also, let ϕ1 = (ϕ11, ϕ12) and ϕ2 = (ϕ21, ϕ22).  Finally, let η = {(η1(t), η2(t))’; t ε 
N} be a pair of independently distributed purely random processes, and assume that the 
components of Y, for t > 0, satisfy the equations: 
               y1(t) = y1(t-1) + η1(t) – η1(t-1)  + φ1η(t-1) ;                                                 (a.1)  
                y2(t) = y2(t-1) + η2(t) – η2(t-1) + φ2η(t-1);                                                (a.2) 
                                       y3(t) = y1(t)y2(t).                                                                (a.3) 
Finally, assume that yi(0) and ηi(0) = 0, i = 1,2, that η1(t) ε {1, -1} and η2(t) ε {1, -1} 
for t > 0, and that η1(t) and η2(t) can assume the values 1 and -1 with probability ½ 
independently of the values assumed by y1(t-s) and y2(t-s),   0 < s ≤ t.  Then Y is a 
three-dimensional I(2 process the first two components of which constitute a two-
dimensional I(1) process.  
 
             In this section I present definitions for linearly and nonlinearly cointegrated triples of 
second-order random processes that have no deterministic trends, and I exemplify the 
definitions with the help of the random process in E A.1.  In Sections IVc and IVd, I use 
these definitions in my quest to establish salient characteristics of the dynamics of foreign 
exchange.   
 
IVb.1  Linear cointegration 

 
              DEF 3.  An I(2) family of second-order random triples, Y = {(y1(t), y2(t), y3(t)); t ε 

N}, is linearly cointegrated of order C(2,2) if and only if there exists a vector, β ε R3,with at 
least two non-zero components such that the members of the family of random variables,            
                                 { β y(t); t ε N-{0}},                                                                        (a.4)   
constitute either an I(0) process or a  degenerate process.  The vector, β, is termed a 
cointegrating vector for Y.  

           
             I have given a definition of a three-dimensional I(2) process that is linearly 
cointegrated of order C(2,2).  The definition generalizes in the obvious way to characterize 
three-dimensional I(2) processes that are linearly cointegrated of order C(2,1).  In fact, an 

I(2) family of second-order random triples, Y = {(y1(t), y2(t), y3(t)); t ε N}, is linearly 
cointegrated of order C(2,1) if and only if there exists a linear function, β(⋅): R3 → R such 
that the family of random variables, [β(y1(t), y2(t), y3(t)); t ε N}, is an I(1) process.  An 

example is a transform of the Y process in E A.1, X = {(x1, x2, x3)(t); t ε N-{0}}, where x1(t) 
= y1(t), x2(t) = by1(t) + y2(t), and x3(t) = x1(t)x2(t), and where the ϕ satisfies the equation, 
(a1ϕ1 + a2ϕ2) = 0 for some pair, a = (a1, a2).  In this case the X-process is an I(2) process, and 

(a,0)⋅(x1, x2, x3)(t)’ = a2by1(t) + a⋅(η1(t), η2(t))’ is an I(1) process .   
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             The definition, DEF 3, also generalizes to characterize three-dimensional I(1) 
processes that are cointegrated of order C(1,1).  In fact, an I(1) family of second-order 
random triples, Y = {(y1(t), y2(t), y3(t)); t ε N}, is linearly cointegrated of order C(1,1) if and 
only if there exists a linear function, β(⋅): R3 → R such that the family of random variables, 
[β(y1(t), y2(t), y3(t)); t ε N}, constitutes either an I(0) process or a  degenerate process. An 
example is a second-order random process that satisfies the conditions I specify in E A.1 with 
equation (a.3) changed to y3(t) = y1(t) + y2(t).  In this case the Y-process is an I(1) process, 
the cointegrating vector is β =  (1, 1, -1), and {βy(t) ; t ε N-{0}} is a degenerate process. 
 
IVb.2.  Nonlinear cointegration 

 
                  DEF 4.  An I(2) family of second-order random triples, Y = {(y1(t), y2(t), y3(t)); t 
ε N} is nonlinearly cointegrated of order NC(2,2) if and only if there exists a nonlinear  
function, f(⋅): R3→ R , such that the members of the family of random variables,  
                                         {f(y(t)); t ε N-{0}}.                                                             
 constitute either an I(0) process or a degenerate process.  The function, f(·), is termed a 
nonlinear cointegrating function for X. 

 
             An I(2) process that is nonlinearly cointegrated of order NC(2,2) with cointegrating 
function, f(⋅), may also be nonlinearly cointegrated of order NC(2,2) with an entirely 
different cointegrating function, g(⋅).  Example E A.2 presents a case in point. 

 
                  E  A.2.  Consider the family of second-order random triples in E A.1,  Y = {(y1(t), 

y2(t), y3(t)); t ε N}.  The given Y process is nonlinearly cointegrated of order NC(2,2) with 
the nonlinear cointegrating function, f(x,y,z) =  z - x·y.  Now, suppose that there exists a pair 
of nonzero constants a1 and a2 such that (a1ϕ1 + a2ϕ2) = 0.  Then Y is linearly cointegrated of 
order C(2,2) with cointegrating vector, (a, 0), where a = (a1, a2), and nonlinearly cointegrated 
of order NC(2,2) with cointegrating function, g(x,y,z) = z -  (x – a2)·(y – a1) + b, where b is a 
finite constant. The given linearly cointegrated Y is, also, nonlinearly cointegrated of order 
NC(2,2) with nonlinear cointegrating function, h(x,y,z) = a1x + a2(z/x), x ≠ 0 and  nonlinearly 
cointegrated of order NC(2,2) with nonlinear cointegrating function, k(x,y,z) = a1(z/y) + a2y, 
y ≠ 0.    

  
            I have defined and given examples of triples of I(2) processes that are nonlinearly 
cointegrated of order NC(2.2).  The definition, DEF 4, generalizes in the obvious way to 
characterize three-dimensional I(2) processes that are nonlinearly cointegrated of order 

NC(2,1).  In fact, an I(2) family of second-order random triples, Y = {(y1(t), y2(t), y3(t)); t ε 
N} is nonlinearly cointegrated of order NC(2,1) if and only if there exists a nonlinear 
function,  f(⋅):R3 → R, such that the family of random variables, {f(y1(t), y2(t), y3(t)); t ε N} 
is an I(1) process.  An example of such a process is the following variant of the Y process in 
E A.1.  Let Y be a three-dimensional process that satisfies the conditions in E A.1 with 
equation (a.3) changed to y3(t) = (y1(t)(α + y2(t)), where α is a nonzero constant.  Also, let 
f(x,y,z) = z – xy, and observe that the given Y is, now, an I(2) second-order random process 
that is nonlinearly cointegrated of order NC(2,1) with cointegrating function, f(⋅).    
             The definition, DEF 4, also generalizes to characterize three-dimensional I(1) 
processes that are nonlinearly cointegrated of order NC(1,1).  In fact, an I(1) family of 

second-order random triples, Y = {(y1(t), y2(t), y3(t)); t ε N} is nonlinearly cointegrated of 
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order NC(1,1) if and only if there exists a nonlinear function,  f(⋅):R3 → R, such that the 
family of random variables, {f(y1(t), y2(t), y3(t)); t ε N} is an I(0) process or a degenerate 
process.  For example, the I(1) version of the family of second-order random triples, Y = 

{(y 1(t), y2(t), y3(t)); t ε N} in E A.1 in which equation (a.3) is changed to y3(t) = y1(t)
βy2(t)

1-β, 
with β = 1/2, is nonlinearly cointegrated of order NC(1,1) with cointegrating function,  
f(x,y,z) =  z – x1/2y1/2.   This version of the Y-process in E A.1 constitutes a family of 
mathematical models of  Escanciano and Escribano’s (2007) general nonlinear parametric 
cointegration model. 

 
IVb.3  Nonlinear polynomial cointegration 

 
To state the last definition, I must paraphrase the standard definition of a linearly 
polynomially cointegrated random process and introduce a new acronym, Dif.Op.F(x,y,z).  
First linear polynomial cointegration:   

            A three-dimensional second-order random process, X, that is an I(2) process is linearly  
polynomially cointegrated if there exist two nonzero vectors in R3, β0 and β1, such that β0X 
+ β1∆X is an I(0) process.17             
             Next the acronym, Dif.Op.F(x,y,z):  Let F(·): R3 →R be a nonlinear differentiable 
function.  Then 
 

           Dif.Op.F(x,y,z) =  ∂F(x,y,z)/∂x·∆x + ∂F(x,y,z)/∂y·∆y + ∂F(x,y,z)/∂z·∆z     
  

             DEF 5.  An I(2) family of second-order random triples, Y = {(y1(t), y2(t), y3(t)); t ε 
N}, is nonlinearly polynomially cointegrated if and only if there exists a vector, β ε R3,  a 
nonlinear differentiable function, F(·): R3 → R,  and a differential operator, Dif.Op.F(x,y,z),  
such that the members of the family of random variables, 
                         {β⋅y(t) + Dif.Op.F(y(t)) ; t ε N- {0}}                                             

    constitute either an I(0) process or a degenerate process. 
 

             It is important to observe that my definition of nonlinear polynomial cointegration is a 
natural extension of the original definition of (linearly) polynomially cointegrated second-
order random processes.  The next two theorems bear witness to this fact.   

              
                 T  A.1.  Consider the family of I(2) second-order random triples in E A.1 ,  Y = 

{(y 1(t), y2(t), y3(t));   t ε N}.  Y  is nonlinearly polynomially cointegrated with β = 0, and 
F(x,y,z) = x·y – z . 

                                          
             T A.2.  Consider the family of I(2) second-order random triples in E A.1,  Y = 
{(y 1(t), y2(t), y3(t)); t ε N}, and suppose that Y is linearly cointegrated with cointegrating 
vector, (β1, β2, 0).  Also, let F(x,y,z) = x·y – z , and choose β to be the cointegrating vector.  
Then the members of the family of random variables { β⋅y(t) + Dif.Op.F(y(t)) ; t ε N- {0}} 
constitute an I(0) process. Hence Y is, also, nonlinearly polynomially cointegrated. 
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Notes 

 

1. According to Bjerkholt and Dupont (2010, p. 22), Frisch drafted the key formula 

 of the constitution of the Econometric Society stating that its goal was to 

 “promote studies that aim at the unification of the theoretical-quantiative and 

      empirical-quantitative approach to economic problems and that are penetrated by 

      constructive and rigorous thinking.” 

2. I have learned of the relevance of UIP and CIP in this context from (Sarno and 

Taylor 2002, Chapter 1). 

3. I learned of positive and negative analogies from reading Keynes’ 1921 treatise on 

      probability.  In short, a positive analogy for a group of individuals (or a family of 

      events) is a characteristic that the members of the group (family) share.  A negative 

      analogy is a characteristic that only some of the members of the group (family) possess. 

4. This is a short version of Harald’s analysis in Goldstein and Stigum 2009a  

5. Because of a missing forward rate, we did change one Wednesday to a Thursday. 

6. Harald’s bootstrap experiment is described in detail in Goldstein and Stigum (2009a)  

7. Good examples are the test statistics developed in Breitung (2001), Phillips and 

Park (2001), Karlsen et al (2005), and Choi and Saikkonen (2008). 

8. In as much as there is no stipulated upper bound on the finite means of a second- order 

      process, the sequence of constants, ct, t ε N, that characterize a degenerate process may 

      be all alike, bounded, or unbounded. 

9. Terje Myklebust et al (2002, pp. 98-102 and 107-109) insist that two generalized 

      integrated Markov processes (GI(1)), X and Y, are f-cointegrated if {f(xt, yt); tεN}, is 

      stationary.  One of the models of f(·) that the authors mention is f(x,y) = x/y, y≠0.  
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10.    This is a short version of the analysis Harald presented in Goldstein and Stigum 2009b 

11.    Bollerslev, Chou, and Kroner mention several studies that have found the constancy of 

      s to be a reasonable empirical working hypothesis (cf. Bollerslev et al 1992, p. 17). 

12.  When the estimated values of some of the components of A and B in equation (65) 

       equal zero, the values of other components may be unidentifiable.  For example, if A2i = 

       0, B2i = 0, i = 1,2, and B12 = 0, as in Table 2, then the values of w1 and B12 are 

       unidentifiable.  This identification problem has no bearing on the results that I present in 

       my lecture.  Hence I will ignore it for now.  

               

    13.  The choice of a 95% confidence band here is in accord with the way we delineate the 

      intended family of data admissible mathematical models of the MPD, IMMPD, in our 

      empirical analysis in Section IVb. 

14.    In an earlier draft of Stigum 2009b, Harald proved the consistency of his 

         parameter estimates under the assumption that his likelihood function had only 

         one maximum.  Under the same assumption he also established the asymptotic 

         normality of the estimates. 

15    Our comment concerning the existence of linearly cointegrated efficient foreign 

         exchange markets does not contradict Clive Granger’s beautiful theorem about 

         the non-existence of cointegrated efficient markets (Granger, 1986).  Granger’s 

         theorem is valid for ARIMA processes with an error-corection representation in 

        which Soeren Johansen’s Π matrix (cf. Johansen 1995, equation (4.1), p. 44) is  

         not a null-matrix.  It is not valid in a case, like ours, when the pertinent Π matrix 

         is a null matrix.  

16.   This is taken from Goldstein and Stigum 2009b.  B. Stigum submitted the theory for 

        publication in the fall of 2007. 
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17.   The reader can find an authoritative account of linearly and polynomially cointegrated 

      processes in chapters 3 and 4 of Johansen (1995).  For a formal discussion of 

      polynomially integrated processes and related error correction models, the reader may 

      consult Gregoir and Laroque (1993). 
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