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Repeated surveys and the Kalman filter*

Jo Thori Lind!

July 2, 2004

Abstract

The time series nature of repeated surveys is seldom taken into account. The few
studies that take this into account usually smooth the period-wise estimates without
using the cross sectional information. This leads to inefficient estimation. I present a
statistical model of repeated surveys and construct a computationally simple estimator
based on the Kalman filter which efficiently uses the whole underlying data set, but
which is computationally very simple as we only need the first and second empirical

moments of the data.
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JEL Classification: C22, C53, C81

1 Introduction

A number of statistical series are estimated on the basis regularly repeated surveys. The
most common approach is to publish parameter estimates at regular intervals, say each year,
pooling surveys collected throughout the year but ignoring previous years. As it is natural
to assume that most parameters of interest evolve slowly and smoothly, this is an inefficient

use of the data.
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Jessen (1942) was the first to suggest to use times series techniques to improve the results
from repeated surveys. It was studied in more detail by Gurney and Daly (1965), and the
methodology was further improved by Blight and Scott (1973) and Scott and Smith (1974)
who suggest using statistical signal extraction methods to filter the time specific estimates of
the parameters of interest. See e.g. the survey by Binder and Hidiroglou (1988) for further
details on subsequent developments within this tradition. A more general theory of signal
extraction using the Kalman filter was suggested by Tam (1987) and further developed by
e.g. Binder and Dick (1989), Harvey and Chung (2000), and Pfeffermann (1991).

Their approach is to estimate a parameter, such as the mean, on each individual survey
and then apply the Kalman filter on the estimates. However, there is an important loss of
efficiency as a lot of information contained in each cross section may be lost by this two
step procedure. A more satisfactory approach is to integrate the time series model and the
modelling of the individual observations at each period.

An important step in this direction is obtained by sequential processing of each element
of the observation vector as first suggested by Anderson and Moore (1979, Section 6.4) and
further developed by Durbin and Koopman (2001, Section 6.4). However, if each survey
is relatively large, this leads to unnecessary long recursions, and may particularly render
estimation of the hyper parameters more burdensome than necessary.

I suggest a model where the parameters of interest evolve smoothly over time, and where
each observed data point is a noisy observation of the parameter of interest. If we use the
ordinary Kalman filter algorithm, this will lead to extremely large matrices that has to be
inverted, hence causing severe computational problems unless each survey is extremely small.
In the present work I first show how repeated surveys may be written on state-space form
and then how the Kalman filter algorithm may be transformed to make estimation feasible
without running into computational problems. It turns out that to estimate the mean of the
population, we only need the empirical first and second moments in each period, so both the
computational burden and the data requirements are small. I also extend the estimator to

allow for heterogeneity between groups of individuals.



2 A simple model

I first present a simplified version of the model an show how the Kalman filter may be
applied to this model. Then I explore a more general model in Section 4. At a survey date
t € (1,...,T) we observe N; individuals. Let y; denote the observations on individual i
at time t. At the time being I treat y; as a scalar; this is generalized below. I focus on

estimating averages of the y;;’s. We may write

Yie = 11y + Eit (1)

where ¢;; ~ N (0,07) contain individual unobserved characteristics and possible sampling

errors. I assume that the €;;s are independent both within and between surveys. The variable
of interest is then p,.

Assume that there is a n-vector a; following a linear Markov process, i.e.
ap = Foay_ + &, (2)

such that u, = Zay, where §, ~ N (0,x1,Q), F is a n X n transition matrix, and Z a

1 x n observation matrix. 0,y; denotes the n-dimensional zero vector. Defining the stacked

matrices §; = (yir, ..., ynye) and & = (g1, ...,en,¢) We can write the complete model as
U = inZag+E (3a)
ap = Foyu g +¢ (3b)
& ~ N (Onx1,071n,) (3c)
& ~ N(0,Q) (3d)
ag ~ N(ao,Qo), (3e)

where I also added assumptions about the distribution of the initial state ag. ¢y, denotes a
Ni-dimensional unit vector. If we treat ¢y, Z as a single matrix transforming the state vector

into the expectation of the observed data, we see that this is a model on state space form®.

3 The Kalman filter

If we know the parameters of the model, an optimal estimate of the a’s and the y’s may be

!The dimension of §j; usually varies with time, but it is easily shown that this does not cause any difficulties

(Durbin and Koopman 2001: Section 4.10)



calculated by means of the Kalman filter (see e.g. Harvey (1989) or Hamilton (1994: Ch.
13)). At date ¢, the information set is ), = (71,...,%) . Let us denote the expectation and

the covariance matrix of the vector ay, given the information set at date ¢, as

a’tl‘tg = E (atl |yt2)
‘/;\‘tQ = F |:(at1 - atlltZ) (ah - atl\tz)/ ‘ytz] .

The Kalman filter is calculated by the following recursion:

a1 = Fagqp (4a)
Viger = FVioguaF'+Q (4b)
Qe = Q-1 + Ky (@t — LNtZCLt|t71) (4c)
V;t|t = Vt\t—l - KtLNtZ‘/;ﬂt—l (4d)
Ky = Vi Z'iy, (in,ZVip 1 2y, + 0t ) (4e)

The two first equations are straightforward to calculate. However, in their current form,
(4c-4e) include the matrix (LNtZ Vi1 Z'tly, + o7l Nt)_l. Unless NV, is small, this matrix is of
high dimension, and hence inversion requires large amounts of calculation. However, due to

the data structure assumed above, (4c-4e) may be written as

—1
Vi = (Vt‘_tLJrUthZ’Z) (5)

it = Q-1+ U;QNt%\tZI (?th — Zat|t—1)

where 7, denotes the average of y;;. The proof, which is based on the matrix inversion lemma,
is given for the more general structure in Section 4.

Using the recursion (5), we calculate estimates of a; given the information set ;. To
obtain efficient estimates of the states pu,; we should employ the full information set YVr.
To achieve this, we use the ordinary Kalman smoother (Hamilton 1994), which only use

matrices of low dimensionality.

4 A general model

Before I discuss estimation of the parameters of the model, I will set up a more general model
that allows for vectors of observed variables and more importantly group-wise heterogeneity

between observed individuals.



Now y;; denote the m-vector of observations on individual ¢ at time ¢. Again, we can

write
Vit = [ig + it (6)

where €;; ~ N (0,,x1, ;) and p;, are vectors. It is normally not particularly interesting to
estimate a separate p for every individual. Above I assumed that the p,;,’s were the same
for all individuals at a particular date. But it is often fruitful to group individuals into e.g.
geographical regions or household types, and allow the groups to have different ps. This is
the approach we will pursue now. Assume that there are G' such groups, and an associated

2

pg for all g € (1,...,G) at every date.” It will be useful to consider the stacked vector of

all the means at date ¢
py = (g 1) - (7)

Expression (6) may now be written as

Yit = Jg@yeths + it (8)

where ¢ is the function that associates to each individual 7 the group that it belongs to, and

Jg+ the selection matrix

Jgt = ( O(g—l)me I O(G—g)mxm > ) (9)

which selects the appropriate elements from the vector y, for individuals in group g.
As above we have a process

o = Foy_y + &, (10)

such that p, = Zay, so Z translates oy into each group’s vector of means. This structure
allows for some components, e.g. seasonals, to be identical across groups and others to be
group specific.

/
Defining the stacked matrices J; = (J;(l)t, cee J;(Nt)t> , & = (5’”, e ,e’Ntt)’, and 7; =

2The covariance matrix ¥, is assumed the be identical for every group, but this assumption is easily

relaxed.



(?/m e ,yﬁvtt),, we can write the complete model as

U = o+ & (11a)

ap = Foy 1 +¢ (11b)

g ~ N (On,mx1, In, ®2) (11c)

&~ N(0,,Q) (11d)

ag ~ N (ap, Qo), (11e)

In this model, the Kalman filter is calculated by the recursion

aye—1 = Fa_1p—1 (12a)
Viger = FVioguaF' +Q (12Db)
aye = g1 + Ky (G — JiZag—1) (12¢)
Vig = Vi1 — Ko ZVi (12d)
K = Vg Z'J(JZVigaZ' T+ Iy, @ 5) . (12e)

Again, this implies inverting a high dimensional matrix, but the data structure allows us to

write (12c-12e) as

Vie = Vil + 2 (WEen) Z}l (13)

t|t—1

Qe = Q-1 + Vt|tZ/ (MG & Zt_l) (th — Zat‘t_l) )
In these expressions, 7 denotes the within group averages defined as

/
-G _
Y = ( NLfZg(i)zl Y NLg; Zg(i):G Yis ) : (14)

The matrix N is the G x G matrix with the number of members of each group at date ¢

along the diagonal. The proof is found in Appendix A.

5 Estimation

The algorithm described above was based upon the knowledge of the parameters of the model.
Since they are normally not known, they will have to be estimated. Below I derive estimators
for the parameters, but assume that F' and Z are known matrices. It is straightforward to

extend the framework to allow for estimating selected parameters in these matrices.
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The usual approach to estimating parameters in Kalman filter models is maximum likeli-
hood. An alternative approach based on the EM algorithm is explored in Appendix B. The

likelihood of the data given a set of parameter values is

fr;0) = f () f (@A) f (0| Vr-1) . (15)

Furthermore, it follows from (11) that

gtlyt—l ~ N (Jtzat\t—lagt) (16)
where

Qt = F |:(JtZ (Odt — at|t_1) + gt) (JtZ (Oét — a/t|t_1) + gt)/]
= S 2V Z' T+ Iy, @ 5.

The log likelihood of the observed sample is

T N T
% Z [ln |Qt| —|— yt JtZat‘t_l)/Qt_l (ﬂt - JtZat|t—1)} . (17>

t=1

InL =—

l\DI»—t

Due to the high dimension of €2, calculation of || by direct calculations is extremely time
consuming, and will not work on most computer systems. However, Appendix A shows that

we may rewrite the expression. First,

G
] = [T ] 1A (18)
where
A Ny LW ZViya Z'J] + 5y ifh=1
h = -1
N{WZ [Vigly + S NOZUST 2] 200+ 5 i h> 1,
Second,
v, o= (ﬂt - Jtzaﬂt—l),Qt (?]t - JtZClt|t—1)
G
— Ztr [thE_l Covp, yit] (19)
h=1

-1

+ (th — Za/t|t,1),5t {[Gm -7 |:‘/;€|t 1 + Z/EtZ] ,Et} (th — Zat|t,1) .



where N/, is the number of members of group h at data ¢, Covp (y;:) denotes the intra-
group empirical variance-covariance matrix of the y;;s at date ¢ (without degrees of freedom-
adjustment), and Z; = N¢ ® ¥;!. From equations (18) and (19) we can then calculate the

likelihood value

S Ny S
InL === — = [In |92 U] 20
n - 2;:1: n Q| + (20)

6 Conclusion

I have presented a modified Kalman filtering algorithm to perform calculations on repeated
samples. The procedure makes it possible to obtain efficient estimates of underlying estimates
of the laws of motion of the parameters of interest. By using the Kalman filter to smooth
the estimates from each sample, we get more precise estimates in each period. Hence even
if each survey is small, we get reliable estimates, so we can produce estimates with higher
frequency than what has been possible so far. By defining each group as a geographical area,
the procedure is also applicable for small area estimation and can be extended to improve
upon the techniques described in e.g. Pfeffermann (2002). Finally, forecasting is simple to
perform and have well-known properties when using techniques based on the Kalman filter.
At the present stage, the method only admits estimation of sample means. An interesting
extension would be to allow for estimation of repeated regression coefficients integrating the

estimation of the regressions with the Kalman filter.
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Appendix

A  Proofs

A.1 Proof of equation (13)

From the matrix inversion lemma (Liitkepohl 1996: 29), we have

(i ZVipr Z' T+ In, @) (21)

—1
= Ines = I @302 (Vi + 20 (v 0 57 12) - 2] (In, © 577

tlt—1

Furthermore,
»-1 oL 0 Jg(l)t
/ —1 _ .
Ji(In @) Jp = ( Jslz(l)t J;(Nz)t )
0 e BT Jg(n)t
Ny
-1
= D TS g
=1
and
Omxm
Jf;(i)tziljg(i)t = Im 271 ( Omxm e Im ce Omxm )
Omxm
Omxm Omxm Omxm
= 0m><m 271 Omxm
Omxm Omxm Om><m

where the X ~! is in the g (i) x g (i)’th position. Let N} denote the number of members in group h, and let
N¢ = diag (N{,...,NZ). Then
J(In, @57 ) = NC@x L

10



Hence the Kalman gain may be written as

~1
[t—1 +2' (N ez Z) 27 (In, ®377)

K, = Vi Z'J] |:IN,5 L - (In, ®2_1) J1Z (Vt

-1
= Vi [In -Z' N°eox )z (Vm +HZ NCexh Z) ] Z'J] (In, ® 271)

-1
= (ViL+ZzWees)z) 2 (Iy ez,

and then
-1
ag —agr = (Vi  + 2 WE o2 2) 2000 (In, @ 7) (0 = JiZag )
Since
07n><1
LS (Wit — gy Zage—1) = |y — JyinZ
g(i)t Yit — Jg(i)t £ Atjt—1 Yit — Jg@)tLagt—1 | >
0m><1
where the y;; — Jy(;)Zay—1 is in the g (i)'th position, we have
J(Iny @ S7Y) (I — JeZagj—1) = Z (yit — Jg@iyt Zari—1) (22)

= (/\/G®2 Y (0 = Zag)

where
1
NY Zg(i):l Yit

Nl

1
NE 2g(i)=G Yit
is the vector of stacked averages and we used the fact that (J{;,...J&;)" = Igm. Consequently, the Kalman

updating becomes
-1
Gt = Qgj¢—1 + (Vt‘t 1T Z' (NG ® X~ ) Z) Z' (NG ® 271) (Z7tG - Zat\t—l) ; (23)

which is only a function of group averages, and where the matrix to be inverted is of dimension n x n. The

expression for updating the covariance simplifies to
-1
= Vi (s 2 (09 05 2) " 20 55 av
-1
= Lo (L2 e e ) 2 W e s 2] (24)

- (V 1 +Z’(NG®E‘1)Z)_1 [v L +Z2 (NCex )Z—Z’(Nf"@E—l)Z}m_l

t)t—1 tlt—1

— (v z e en ) 2)
It is seen that (23) may now be rewritten as

e = agp—1 + VipZ' (NG ® 2_1) (th — Zag—1) . (25)

11



A.2 Proof of expressions (18)

Assume that g; is constructed such that the first N{m elements belong to group 1, the following NYm

elements to group 2 and so on. Define for each group h € (1,...,G)
J]g = 1N}‘ti><1 & Jha
so that
Ji
Ej| Vi1 = Zat|t—1-

7

Then the upper left Nym x Nym-block of €, contains the covariance of the elements from group 1; call
this sub-matrix Q}. The upper left (N{ + Nj)m x (N{ + N§) m-block contains the covariance between the
elements from group 1 and 2; call this sub-matrix Q}2. Generally, the covariance matrix of the elements

belonging to group 1 to h is
chh = Jf:hzvt\t—lzljiq;/h + I(N{’#.#ij) ® Xy
where
%t
‘]iq:h =
i
Hence for each h > 1
Qb T ZV A 2T
Y ZVeyr 2T, T2V 2T+ Ing, @

1:h+1 __
Qt

which means that
. . =1
|Qt1'h+1| = |Qslz'h| “]i(z]HZVt\HZ/Jlg; + IN;‘Z+1 ® 2 — J:lg:hZVtIHZ/Jiﬁl (Q%h) JZ+1ZVtIt71ZJf:/h . (26)
Furthermore, the matrix inversion lemma yields

oy —1 -
(Qtlh) = I(Nf+...+N§) @z -
-1 - / -1
(I(ng+‘..+Nfl’) ® X ) T2 [V L+ Z' I, (I(N19+...+N;j) ® 2y ) ']f:hz}

xZ' i, (I(Nf+...+N,§) ® 2;1) :

12



Hence

Jf:hZV;ﬁ*lZ leiLlQ Jh+1ZVt|tflz/Jf:Ih
= J}g+1Z%|t—1Z/J1g:/h (Ip ® Xy ) Jlg:hZtht—lz/Jig:ﬂ
I} 2V Z' Y, (L, @ 571) J1, 2 {‘ft\_t ,+ 207, (L 957 Jiq:hZ} )
xZ' 0, (I @57 J7, ZVeea Z' 1
= I 2V Z'0, (L0 57 I, Z
{In - {Vt\t L2, (L@ % ) Jf:hZ]_l Z' I (I ©5) Jiq;hZ} Vi1 Z'

B DV 20 (Lo 5 T2 Vit + 2 (Lo n) 72 2

Consequently,

B ZVips 2Ty + Iy | © 51— T 2V 21T 05 T ZVige 1 2T

JﬁHZVﬂt_lZ/JfL;l

+ng, ® X — Ji 12V Z' 0, (I, @ 500 iz [‘/t\t 2, (@ %) Jiq-hZ} Z' T

T 1 2V {In -Z2JY, (Lo ) JE,Z {Vt“t 2 (e Iy, } } Z' T+ Iy, © 5

TS Z [Vﬂt + 20 (L, oY) Jf:hZ} Z'JY + Iy, ® 5

It is difficult to calculate the determinant of this expression directly, but a Gauss-Jordan transformation

yields

TipZ [Vt|_t1—1 + 2/, (I, @ ;) Jiq:hz} 7 T + Ing, , ® 2

/19! g T o g
1ys, e, © I Z {tht 2 IE (L, s JMZ} Z' iy + Ing,, ® 5
_ —1 . _ —1
Inir 2 [V, + 2098, (s t) Ji, 2] 20+ s Lini,, @ Z [V + 208 (o) a8,2) T 2,

19 ® (—=34¢) : Iya ® 3¢
N -1x1 Npgy1— 1t

In12 [V L2, (L es) Jlgth:| Z' Th1 + 2

t]t—

INg+1—1 ® 34

-1
— (Nfy = ) T Z Vi + 2098, (L, 0 57 2] 20 (-2 57

AN NI 2 [tht 2 (LR ']iq:hz} 7 Z Ty + B

Substituting into (26), we get

h —1

Y NIZISTN iz
i=1

. . g
|QF Y| = |t | |2, Vi T NG T Z Vit Z' Thq + Sl (27)

13



Furthermore,

0| = )1N.1quf © W2V Z'T} + Ins @ 54
2V 1 Z' I+ 5 Ligne 1 @ J1 2V 2" (28)
Iy 1x1 @ (—2) Ing 1 ® 34
A VN APATANEY /A [ A
Consequently, we may rewrite || as
G h—1 -1
Q| = [V NPT ZVsy 1 2T+ B II |vi oz Vt‘;l_l +Y NIZISS N TZ| ZNT 4 S, (29)
h=2 i=1

which is clearly a tractable expression.

A.3 Proof of expressions ( 19)

Next, we want to simplify the expression for ¥,. Using the result from (21), we get

U = (3 — Jtzaﬂt—l), (In, @57 (Gt — JiZage—1)
-1
— (5 = hZage ) (In, @ 57 RZ [Vihy + 200 (In, @ 571) 1]

xZ'J} (In, @ 7 (Gt — e Zag—1) -

Furthermore, i — Jg)Zayi—1 = (yit — gg(i)t) + (yg(i)t — Jg(i)Zat“_l) where g, is the average value of y
in group g at date ¢t. Hence
. / 1y /-
(yt - JtZat\t—l) (INt ® X, 1) (yt - Jtzat\t—l)

Ny
= 3 @i = Goti) =2 Wt~ Gooe) + Wt — Jotr Zane1) S (e — Ty Zane )|

i=1

G
= Ztr |:Ng921 Cg(gvy,;t} + (th - Zat\t—l)/ (NG ® Et_l) (th — Zat|t_1)

g=1
where the last line uses the fact that the trace of a scalar is the scalar. >From (22) it follows that

—1
(5 = HZawe) (In, @ 571) 12 [Vihy + 20 (In, @ 57Y) 2]

xZ'J, (In, @ S71) (G — JeZagi—1)
-1
= (3¢ = Zay, 1) WCox 1Y) Z [Vﬂ;il + 2 (In, @ 377) JtZ}

xZ' (NCex ) (57 - Zay—1) -

14



Consequently,

Z tr [NQZ Cov ylt]

g=1
-1
- (5C — Zaye) (WE @) {IGm ~ 2 Vi + 2 (v 0 571 42 (30)

x Z' (NC @S} (98 — Zay—1)

= Ztr [N-‘JZ Covylt}

g=1
-1
+(?7§_Zatlt*1)l(NG®Z;1) {IGm_Z{VtIt 1+Z/ (NG@Z )Z}

X Z/ (NG ® 2;1)} (gf — Zat|t,1) .

B Estimation by the EM-algorithm

An alternative approach to standard maximum likelihood estimation, which is very robust
although somewhat slow, is the EM-algorithm developed by Dempster et al. (1977), intro-
duced to the estimation of state space models by Engle and Watson (1983) and Shumway and
Stoffer (1982). In some cases, this algorithm is superior to Simplex initially, but it should
be supplemented with a more efficient algorithm when it starts converging. The idea of the
EM-algorithm is to treat Ar = (a,....a%) as missing data. From an initial estimate ©°
of the hyper-parameters, we can use the Kalman smoother to obtain estimates of the latent
Ar. Instead of considering the ordinary likelihood function, the EM-algorithm employs the
joint likelihood function, which for model (11) is

T
L(JJT,AT;@) = —Mln (27T) — %lnﬁﬂ

T N
Z Z Yit — tZOét) Et_l (yit - Jg(i)tzat)

Z T N,
“ln |Q|——ZZ o — Foy 1) Q7' (o — Fay_q)

t=1 =1

B %ln |Qol — % (a0 —ao)' Q7" (g — ao) .

[\.’)I»—l

15



Having obtained estimates of A, from an estimate ©7,the next step in the algorithm is to

maximize the expected joint likelihood function with regard to ©. In this case, we get
E[L(Yr, Ar;0)|0'] o (31)

Z T N
In[X] -3 ZZU (yit = Jo(i )tZ“ﬂT) (yit — (z)tZ%T) + JoanZVirZ' Ty

t=1 i=1

B B

t=1 i=1
% + PV o F' = FBIViy — Vi BIF|
1 . Ny .
_ 5ln |Qo| — §tr {Q‘l {(ao - af)|T> (ao — aé|T> + VOJT] }

1) £ th‘t 11 and the parameters with superscript j are estimates from the

where B! = VJ
Kalman smoother conditional on ©7, the hyper-parameters from the j’th iteration of the
EM-algorithm. Calculating the first order conditions and simplifying, we obtain a new set

of parameters @771

, 1
o = N, Z [(yzt Jy(i )tZat|T> <yit — Jyi )tZCLt|T> + Jg(i)tZV;TTZ, (i)t ] (32)
i=1
-V ! ! g
=3 |Gy )+ (3~ JaonZ ) (5= S Zaie) -+ Ju2Vin 2
g=1
. 1 T . . . . /
e Z N, {(aiT ~ Fal_yr) (@l — Fal_yz) (33)
t _
V;TT + FV] 1|TF, FB]VtJ\T ‘/;{TBJF/}
at = CL0|T Q= ‘/OJ\T (34)
If ¥ is time-invariant, an obvious estimator is
Ej-l—l Z Nt2]+1

Ztl t¢=1

We can then go on to calculate a new estimate of A;, a new expression for the expected joint
likelihood value from (31), and then calculate new estimates of the hyper-parameters from
(32-34). As shown by Dempster at al. (1977), each step in this iteration will increase the
likelihood value, and the estimated hyper-parameters will converge towards a local maximum

of the likelihood function.
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It is clear that consistent estimates of ag and @)y are not available since we do not gain
further information on these parameters from a longer time series. Also, it seems that (g is
not well identified since it tends towards zero in most applications of the algorithm. Following
Shumway and Stoffer (1982: 257), it is then probably advisable to choose a reasonable value

for g rather than trying to estimate it.

17



