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Abstract 
The focus of the green paradox literature has been either on demand-side climate policies or 
on effects of technological changes. The present paper addresses the question of whether 
there also might be some kind of green paradox related to supply-side policies, i.e. policies 
that permanently remove some of the carbon resources. The conclusion is that there will no 
green paradox if supply-side climate policies are aimed at high-cost carbon reserves. If 
instead low-cost reserves are removed, the possibility that both early and total emissions 
increase cannot be ruled out. Hence, "wrong" supply-side climate policies may give a 
supply-side green paradox. 
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1 Introduction

Unless all countries cooperate on demand-side climate policies such as a car-

bon tax, it is well-known that the attempts of some countries to reduce

carbon emission demand-side climate policies, such as a carbon tax or emis-

sion quotas, may be undermined by increased emission by other countries, so

called carbon leakage. An early discussion of this was given by Bohm (1993),

who also discussed alternative policies that to a less extent were vulnerable

to carbon leakage. One of the policies discussed by Bohm was supply-side

policies, i.e. policies aimed at reducing the supply of fossil fuels instead of

the use of fossil fuels. This idea was followed up by Hoel (1994), where a

cooperating group of countries had to take into account the response of a

group of non-cooperating countries. It was shown that the optimal policy

tax policy for the group of cooperating countries was a combination of a tax

on their production of fossil fuels and a tax on their use of fossil fuels. The

sum of the tax rates was shown to be equal to the Pigovian rate, while the

mix between the two tax rates depends on the demand and supply elastici-

ties. More recently, Harstad (2012) has shown that a �rst-best outcome may

be achieved if a group of cooperating countries can buy the reserves with the

highest costs and keep them permanently out of production.

None of the literature above focuses explicitly on the fact that fossil fuels

are non-renewable resources. An early contribution having this focus was

given by Sinclair (1992). Sinclair pointed out that "the key decision of those

lucky enough to own oil-wells is not so much how much to produce as when to

extract it." Since then, there has been a considerable number of contributions

discussing optimal climate policy with explicit attention given to the non-

renewable character of carbon resources. These contributions either assume

a constraint on the amount of carbon in the atmosphere (Chakravorty et

al. 2006, 2008, 2012) or explicitly include a climate cost function in the

analysis (Ulph and Ulph, 1994; Withagen, 1994; Tahvonen, 1995; Farzin and

Tahvonen, 1996; Hoel and Kverndokk, 1996). One of the insights from the

literature is that the principles for setting an optimal carbon tax (or price

of carbon quotas) are the same as when the limited availability of carbon
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resources is ignored: At any time, the optimal price of carbon emissions

should be equal to the present value of all future climate costs caused by

present emissions, often called the social cost of carbon.

During the last half decade, there has been a renewed interest in analyzing

climate policy with explicit attention given to the non-renewable character of

carbon resources. Much of this later literature discusses the so-called "green

paradox", a term stemming from Sinn (2008a,b). Sinn argues that some

designs of climate policy, intended to mitigate carbon emissions, might ac-

tually increase carbon emissions, at least in the short run. Sinn�s point is

that if e.g. a carbon tax rises su¢ ciently rapidly, pro�t maximizing resource

owners will bring forward the extraction of their resources. Hence, in the

absence of carbon capture and storage (CCS), carbon emissions increase.1A

thorough analysis of the e¤ects of taxation on resource extraction was given

by Long and Sinn (1985), but without explicitly discussing climate e¤ects.

More recently, Hoel (2011, 2012) has studied the relationship between car-

bon taxes and carbon extraction emphasizing the fact that governments in

practise cannot commit to future tax rates.

A rapidly increasing carbon tax is not the only possible cause of a green

paradox. A declining price of a substitute, either because of increasing subsi-

dies or technological improvement, can give the same e¤ect: see e.g. Strand

(2007), Gerlagh (2011), Grafton et al. (2010), and van der Ploeg and With-

agen (2010).

As mentioned above, Sinn used the term "green paradox" to describe a sit-

uation where policies intending to mitigate climate change actually increase

near-term emissions. Gerlagh (2011) uses the term "weak green paradox" for

such a phenomenon, and uses the term "strong green paradox" to describe a

situation where policies intending to mitigate climate change increase total

climate costs. This distinction is important, since total climate costs depend

not only on near-term emissions, but also on all future emissions. One can

therefore imagine policies that increase near-term emissions, but that never-

1Throuout this paper CCS is ignored; see e.g. Hoel and Jensen (2012) for a discussion
of climate policy when there is a possibility of CCS and when the carbon resource scarcity
is explicitly taken into considereation.
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theless reduce future emissions so much that total climate costs decline.

While the focus of the green paradox literature described above has been

either on demand-side climate policies or on e¤ects of technological changes,

the present paper addresses the question of whether there also might be some

kind of green paradox related to supply-side policies. To be more precise: Can

a permanent removal of some fossil fuel resources increase early emissions,

and perhaps even increase total climate costs? This issue is discussed in

section 4 and 5, after �rst presenting the model and discussing demand-side

policies in the form of a carbon tax in sections 2 and 3. The short conclusion

is that there will no green paradox if supply-side climate policies are aimed

at high-cost carbon reserves. If instead low-cost reserves are removed, the

possibility that both early and total emissions increase cannot be ruled out.

Hence, "wrong" supply-side climate policies may give a supply-side green

paradox.

2 Extraction costs and the equilibrium ex-

traction path

In the simplest Hotelling type models of resource extraction it is assumed

that unit extraction costs are constant (often normalized to zero), and that

the available amount of the resource is given exogenously. A more interesting

and more realistic case is when the unit cost of extraction is increasing in

accumulated extraction, denoted c(A), where A is accumulated extraction.

This is a speci�cation frequently used in the resource literature, see e.g.

Heal (1976) and Hanson (1989). Notice that the �rst case mentioned is

a special case of this more general description. Constant extraction costs

and a �xed amount of resources implies that the cost function c(A) has an

inverse L shape, with the vertical part of the function being at the level A�

corresponding to the exogenously �xed amount of the resource.

The resource considered may either be interpreted as an aggregate of all

fossil fuel resources, or it may be interpreted more narrowly as oil. For most

of the present analysis it makes no di¤erence what interpretation is used, but
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the issue will be discussed further in section 6. The resource is henceforth

simply called carbon.

Extraction of the carbon resource at time t is denoted x(t) and the con-

sumer price is p(t). The demand function is D(p) and is assumed constant

over time. It is also assumed that demand is zero if the price is su¢ ciently

high. Formally, there is a choke price �p such that D(p) = 0 for p � �p, and

D(p) > 0 and D0(p) < 0 for p < �p.2 There may also be a perfect substitute

for the carbon resource that has a unit cost of extraction equal to b < �p and

that is available at a �ow rate of at least D(b) and without any limit on cu-

mulative production. Although the existence of such a backstop technology

for most of the analysis is of little importance, it will be assumed henceforth,

as this makes some of the discussion slightly simpler.

Producers are price takers and face an exogenous interest rate r. Pro-

ducers choose the extraction path x(t) to solve the following optimization

problem:

max

Z 1

0

e�rt fp(t)� c(A(t))gx(t)dt (1)

s.t. _A(t) = x(t) (2)

Together with the condition that extraction at any time must be equal

to demand this gives the following equilibrium condition (see the Appendix

for a formal analysis):

_p(t) = r [p(t)� c(A(t))] (3)

x(t) = D(p(t)) (4)

p(t�) = b (5)

c(A(t�)) = b (6)

where t� is the date at which a switch from carbon extraction to backstop
2This is a purely technical assumption. If it instead had been assumed that D(p) > 0

for all p but approached zero as p!1, it would nevertheless be true that for some high
price �p (e.g. a million dollars per barrel of oil) demand would be so small that it would
be of no practical interest (e.g. 1 barrel of oil per year).
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production occurs.3

The equilibrium is illustrated in Figure 1, where the curve for c(A) and the

equilibrium price path p = �(A) for simplicity are drawn linearly, although

this will of course generally not be the case.

***

Insert Figure 1

***

The steepness of the equilibrium price path �(A) is given by4

�0(A) = r
p� c(A)
D(p)

(7)

implying that the path is steeper the larger is p and the lower is A. For

any initial price p(0), the development of �(A) follows from (2) and (3).

The equilibrium value of p(0) is determined so that p(t) and c(A(t)) reach b

simultaneously. Had we started with a p(0)-value lower than the one drawn in

Figure 1, the curve �(A) would be less steep than the one drawn, and would

therefore cross the curve for c(A) at a value of p below b and then start to

decline, which violates our equilibrium conditions. Similarly, starting with a

p(0)-value above the one drawn in Figure 1, the curve �(A) would be steeper

than the one drawn, and would hence reach b at a value of A giving c(A) < b,

which also violates our equilibrium conditions.

Consider a positive shift in the extraction cost function, i.e. a change in

the cost function from c(A) to c(A) + "(A) where "(A) � 0 for all A with a
strict inequality holding for some range of A between 0 and A� de�ned by

c(A�) = b. It follows from (7) that such a shift in the cost function must shift

the whole equilibrium price path �(A) upwards. The reason for this is that a

hypothetical price path that is anywhere equal to or below the original �(A)

will be less steep than the original path for the A-values having "(A) > 0.

3If there were no backstop with b < �p the conditions p(t) = �p and c(A) = �p would only
be reached asymptotically.

4This follows from �(A) = p(t(A)) where t(A) is the inverse of A(t). Using (2) and (3)
for A0(t) and p0(t) gives (7).
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This hypothetical price path would hence not reach b, and thus cannot be

an equilibrium path.

This important result may be formulated as a Proposition:

Proposition 1 A positive shift of the cost function c(A) for any A < A�,

where A� is de�ned by c(A�) = b, will shift the whole price path p = �(A)

upwards, and hence delay extraction.

Two examples of shifts are given in Figures 2 and 3. In Figure 2 the cost

shift occurs only for low values of A, implying that A� is una¤ected by the

cost shift. The whole price path shifts upwards as illustrated in Figure 1a.

The time path for A(t) is illustrated in Figure 2b. Both before and after

the shift the curve for A(t) becomes �atter over time, since _A(t) = D(p(t))

declines as p(t) increases. Since the new price path has a higher value of

p for any given value of A after the cost increase than before, the after-

shift (dotted) curve in the (t; A) space is �atter (lower _A(t) = D(p(t))) for

any given A than the before-shift (fully drawn) curve. At any date prior to

the switch from the resource to the backstop cumulative extraction is hence

lowered as a consequence of the increase in extraction costs.

***

Insert Figure 2a and 2b beside each other

***

In Figure 3 the cost shift occurs only for high values of A, implying that

total extraction is reduced to A�� as a consequence of the cost shift. As in

the previous case, the whole price path shifts upwards as illustrated in Figure

2a. As in the previous case, the curve for A(t) becomes �atter over time, see

Figure 3b. At any date prior to the switch from the resource to the backstop

cumulative extraction is hence also in this case lowered as a consequence of

the increase in extraction costs.

***

Insert Figure 3a and 3b beside each other

***
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3 The e¤ects of a carbon tax

As mentioned in the Introduction, the e¤ects of a carbon tax when carbon

emissions are explicitly modeled as coming from the use of a scarce carbon

resource has been extensively studied in the literature. Some consequences

of a carbon tax follow immediately from Proposition 1: A constant carbon

tax (per unit of carbon emissions) of size � simply means that the unit cost

function will be changed from c(A) to c(A)+�. From Proposition 1 it follows

that the whole equilibrium price path will be shifted upward. Moreover, total

extraction will be reduced from A� � A�(0) to A�(�), where A�(�) is de�ned
by c(A�(�)) + � = b.

According to Allen et al. (2009), the peak temperature increase due to

greenhouse gas emissions is approximately independent of the timing of emis-

sions. In the framework of the present model, peak temperature increase thus

depends only on A�(�). However, we would expect this peak temperature in-

crease to occur earlier the more of the emissions occur at an early stage. It

also seems reasonable to expect climate costs to be higher the more rapidly

the temperature increases, for a given peak temperature increase. Hence,

it seems reasonable to assume that climate costs are increasing not only in

A�(�), but also in the speed of extraction.

For an inverse L cost function (i.e. c(A) constant for A > A� and becom-

ing vertical at A�), total extraction is independent of a carbon tax (unless it

is so high that the resource rent is driven to zero, see Hoel (2012)). A main

point in the green paradox literature, and emphasized by Sinn (2008a,b), is

that if the carbon tax is expected to rise su¢ ciently rapidly, this may speed

up resource extraction, and hence be bad for the climate. Formally (and

independent of the cost function) a carbon tax implies that the producers�

optimization problem (1) gets an additional term �T where T is the present
value of carbon taxes paid:

T =

Z 1

0

e�rt�(t)x(t)dt
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If the present value of the tax rate is constant this may be rewritten as

T = �(0)A�

In the inverse L case A� is exogenous, implying that producers cannot

in�uence T . A carbon tax rate that is rising at the rate of interest hence has

no e¤ect on the extraction path in this case. However, if the present value of

the carbon tax rate is rising over time, producers can reduce T be speeding up

extraction. In this case the tax is hence detrimental to the climate compared

with the case of no tax.5

For the general case a positive carbon tax, whatever way it evolves over

time, will reduce total extraction. Consider �rst a carbon tax for which the

present value of the tax rate is constant. For this case producers can only

a¤ect T by the choice of how much to totally extract. Let the level of the tax

rate be such that the optimal response to the carbon tax is to reduce A from

A� to A��. The e¤ect of the carbon tax on the extraction path is therefore

identical to imposing an exogenous upper limit A�� but having no carbon

tax. From Proposition 1 it follows that the carbon tax will shift the whole

equilibrium price path �(A) upwards. Hence, a carbon tax rate increasing at

the rate of interest will reduce both total extraction and postpone extraction

in a similar matter as in Figure 2b. Such a tax is unambiguously good for

the climate; there is no green paradox.

Finally, consider a carbon tax that is rising more rapidly than the rate of

interest. Also in this case total extraction will decline, say to A��. However,

in this case producers have an incentive to speed up extraction compared

with a case with no tax and an exogenous upper limit A�� on cumulative

extraction. If the carbon tax is rising fast enough, this negative e¤ect on

p(0) may be stronger than the positive e¤ect on p(0) from total extraction

being reduced. In the terminology of Gerlagh (2011), there will in this case

be a "weak green paradox", meaning that initial extraction increases as a

response to the carbon tax. A "strong green paradox" (Gerlagh, 2011),

5Since governments in practice cannot commit to the size of the carbon tax rate for
more than a few years, the comparizon with "zero tax forever" might not be particularly
relevant, see Hoel (2012) for a further discussion.
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meaning that the total discounted climate costs increase, cannot be ruled

out, but is less likely the stronger is the e¤ect on total extraction compared

with the e¤ect on initial extraction (see Hoel, 2011) for a further discussion

of these issues).

4 Supply-side climate policies

For the reasons given in the Introduction, the rest of this paper studies

the e¤ects of supply-side climate policies. By supply-side policies we mean

policies that permanently remove some of the carbon resources. To focus on

these policies, carbon taxes and other demand-side policies are ignored.

Removing some of the carbon resources is equivalent to a leftward shift

the cost function c(S). The simplest case is the inverse L case. Removing

some of the resources simply means shifting the vertical part A� leftward.

Such a reduction in the available resource supply shifts the whole price path

upward. Hence both total and initial resource extraction is reduced, which is

unambiguously bene�cial to the climate.

Also for the more general case removing some of the resources implies a

leftward shift in the cost function. This is illustrated in Figure 4a for the case

of a reduction in the resources with the lowest costs in the amount A���A�,
and in Figure 5a for a reduction in the resources with the highest costs, also

here in the amount A�� � A�.

***

Insert Figure 4a and 4b beside each other

***

It follows from Proposition 1 that whichever types of resources are re-

moved, the equilibrium price path �(A) must increase. Moreover, total ex-

traction must decline. The climate e¤ect of such a supply-side policy is hence

unambiguously good.

***

Insert Figure 5a and 5b beside each other
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***

5 Emissions from the extraction process

While most of the emissions from fossil fuels come from the end-use of the

fuels, there are also considerable emissions from the extraction process. Re-

source extraction requires energy, and a large part of this energy typically

comes from the use of fossil fuels. This is the reason why some types of uncon-

ventional fuel (e.g. oil sand) often is assumed to be particularly bad for the

climate. The emissions from the �nal oil product, e.g. gasoline or diesel for

transportation, has the same amount of carbon emissions as other fuel has.

However, the process of extracting and re�ning oil sands gives much higher

carbon emissions than the process of extracting and re�ning conventional oil.

Emissions from the extraction and re�ning process are modeled as follows.

Non-energy extraction costs are given by ~c(A) where c(A) is increasing in A.

These costs represent the use of all inputs except the inputs of fossil fuels.

In addition to these inputs we need the input of (A) units of fossil fuels

to extract 1 unit of fossil fuels, and it is assumed that 0(A) > 0. In other

words, as we move from lower-cost to higher-cost resources, both non-energy

and energy costs are assumed to rise.6

Notice that if there exists a value �A de�ned by ( �A) = 1 this will be an

upper limit to what the endogenously determined total extraction A� can be,

since extracting beyond �A would require more energy than produced.

With this modi�cation of the cost assumptions, the producers�optimiza-

tion problem is changed to

max

Z 1

0

e�rt fp(t) [1� (A)]� ~c(A)gx(t)dt (8)

6The terms non-energy costs and energy costs should more accurately be called non-
fossil fuel costs and fossil fuel costs. If some of the energy is covered by non-carbon energy,
this should be included in ~c(A). Notice that it is implicitly assumed that the ratio between
the use of carbon energy and other inputs is independent of the price of carbon energy.
This assumption of a zero elesticity of substitution is clearly a simpli�cation, but is not
important for the results of the analysis.
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subject to (2).

This optimization problem is solved in the Appendix. De�ning the func-

tion c(A) by

c(A) =
~c(A)

1� (A)
the equilibrium conditions (3), (5) and (6) remain valid, while (4) is changed

to

x(t) =
D (p(t))

1� (A(t)) (9)

As before, the equilibrium price will be increasing over time. Regarding

emissions, however, it is no longer obvious that they will decline over time.

As before, the rising carbon price implies that emissions from �nal use will

be declining over time. However, since (A(t)) is increasing over time, this

implies that emissions in the extraction process per unit of �nal use will be

increasing. Formally, the ambiguity in the time path of x(t) follows from

(9), since D(p(t))will be declining while (A(t))will be increasing. To focus

on the latter aspect, it is assumed in the rest of this section that demand is

completely inelastic.7

When demand D is constant, it follows from (9) that emissions will be

increasing until the resource price reaches b at the date t� when the switch

from resource extraction to backstop production occurs. This is illustrated

by the fully drawn curves in Figures 4b and 5b.

To understand the e¤ects of removing some of the resource supply it is

useful to consider the two extremes of removing the lowest-cost resources

and removing the highest-cost resources, as illustrated in Figures 4a and

5a, respectively. In both cases total extraction is reduced from A� to A��.

When the highest-cost resources are removed, the new emission path will be

identical to the old one except that emissions will drop to zero, at t�� instead

of t� in Figure 4b. The total emission reduction is denoted R in this Figure,

and is unambiguously bene�cial for the climate.

When the lowest-cost resources are removed the cost function will be

shifted leftward as illustrated in Figure 5a. A similar shift will occur for (A).

7This of cource means that there must exist a backstop with unit cost b.

12



This means that the initial emission path will shift upward as illustrated in

Figure 5b until the new (and lower) switch date t��. Emissions will hence

increase by an amount I prior to t�� in Figure 5b, but will decline by an

amount R after t��. R is larger than I, since total extraction is reduced from

A� to A��. But to the extent that early emissions are considered worse for

the climate than later emissions, it is not obvious that this type of carbon

supply reduction is good from a climate perspective.

To summarize: Removing the highest-cost resources has an unambigu-

ously good e¤ect on the climate. On the other hand, the e¤ect on the cli-

mate of removing lower-cost resources is ambiguous from a theoretical point

of view.

6 A dirty backstop

So far, the backstop has been assumed clean (in the sense that there are

no carbon emissions associated with production of the backstop). This is

a perhaps a natural assumption if the carbon resource is interpreted as all

fossil fuels. However, if the carbon resource in the preceding analysis is

interpreted more narrowly as oil of various types the assumption of a clean

backstop is not obvious. The backstop to oil could e.g. be biofuel. Although

biofuels sometimes are considered "climate neutral", there is a considerable

literature arguing that the production of biofuel will have adverse climate

e¤ects.8 Alternatively, one could think of synthetic oil made from coal as a

backstop to oil. In this case the backstop is clearly not clean in the sense

described above.9

To see the consequences of the dirty backstop for oil, assume that syn-

thetic coal a backstop technology for oil. Assume coal is availably in an

unlimited amount at a cost ~b per unit of carbon, and that each unit of coal

8Adverse climate e¤ects may be caused by fossil fuel use for harvesting, transportation
and production, by N2O emissions from fertilizer use and the crop itself (Crutzen et al.,
2008), and by direct and indirect land-use changes (Fargione et al., 2008; Searchinger et
al., 2008)

9See van der Ploeg and Withagen (2012) for a discussion of optimal carbon taxes for
this case.
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extracted requires �b for extraction and transformation to synthetic oil. In

this case the cost of synthetic oil per unit end use is b = ~b=(1��b). The switch
from regular oil to synthetic oil from coal will occur when accumulated oil ex-

traction has reached A�, where c(A�) = b, i.e. ~c(A�)=(1��(A�)) = ~b=(1��b).
If �b > �(A�) emissions will increase as we switch from regular to synthetic

oil. Any removal of the supply of regular oil will in this case advance the

date of this transition to increased carbon emissions. Hence, in this case any

removal of the supply of regular oil will be bad for the climate.

On the other hand, if �b < �(A�) emissions will decline as we switch from

regular to synthetic fuel. If we in this case remove high-cost reserves, the

time point of the switch from regular to synthetic oil will be moved forward

from t� to t��, and total emissions will unambiguously decline as illustrated

by the area R in Figure 6a.

***

Insert Figure 6a and 6b beside each other

***

The situation is not so clear if low-cost oil reserves are removed. This case

is illustrated in Figure 6b: As in the case of a clean backstop, we initially get

an increase in emissions (I in Figure 6b) but later a reduction (R in Figure

6b). With a clean backstop R was higher than I, so that total emissions

declined. This is, however, not obvious when the backstop is dirty (although

it is "less dirty" that the high-cost regular oil). When the backstop is dirty,

we may get higher total emissions as a consequence of removing low-cost

reserves, and early emissions will certainly increase (at least as long as the

price e¤ect on demand is su¢ ciently low). Removing low-cost oil reserves

may therefore be bad for the climate when the backstop is dirty.

If the backstop for regular oil is biofuels instead of coal, the analysis is

much the same. If the sum of all greenhouse gas emissions from biofuel

production are su¢ ciently large, emissions will increase as we switch from oil

to biofuel. It is probably more realistic that emissions from biofuel production

are lower than the total emissions from high-cost oil reserves. If so, this gives

us the cases illustrated by Figures 6a and 6b.
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7 Conclusions

Ignoring emissions from the extraction of fossil fuels and assuming a clean

backstop, removing some of the fossil fuel reserves is unambiguously good for

the climate. This conclusion is no longer obvious if emissions from extracting

the fossil fuels are higher for high-cost reserves than for low-cost reserves. In

this case removing low-cost reserves may increase early emissions, although

total emissions go down. Removing high-cost reserves is unambiguously good

for the climate also in this case, since both total and early emissions decline

(including the price e¤ect on early emissions).

If the backstop is dirty in the sense that there are greenhouse gas emissions

related to the production of the backstop, the climate may be adversely

a¤ected even if high-cost reserves of carbon are removed. However, this can

only occur if the emissions from the backstop are higher than from the high-

cost reserves of carbon resources. If the emissions from the backstop are

lower than from the high-cost reserves of carbon resources, total and early

emissions go down when high-cost reserves are removed. On the other hand,

if low-cost reserves are removed, the possibility that both early and total

emissions increase cannot be ruled out.

So the short conclusion is much in line with that of Harstad (2012): If

supply-side climate policies are to be used, these policies should be aimed at

the high-cost carbon reserves.

8 Appendix: Derivation of the equilibrium

As there are no externalities other than the climate externality, deriving the

competitive equilibrium is equivalent to deriving the social optimum. Let the

increasing and concave function U(x) be the bene�t of using the resource,

with U 0(x) = p(x) = D�1(x) and U 0(0) = b. The equilibrium described by

(3)-(6) in section 2 is a special case (with  = 0) of the equilibrium described

in section 5. Ignoring the climate externality, the optimization of a social
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planner for the problem described in section 5 is

max

Z 1

0

e�rt fU([1� (A(t))]x(t))� ~c(A)x(t)g dt

subject to
_A(t) = x(t); A(0) = 0; x(t) � 0 for all t

By de�ning c(A) = ~c(A)
1�(A) and y = [1� (A(t))]x this problem may be

rede�ned as

max

Z 1

0

e�rt fU(y(t))� c(A(t))y(t)g dt

subject to

_A(t) =
y(t)

1� (A(t)) ; A(0) = 0; y(t) � 0 for all t (10)

The current value Hamiltonian, written so the shadow price � is non-

negative, is

H(y; A; �) = U(y)� c(A)x� � y

1� (A)
and the optimum conditions are (omitting time references where this cannot

cause many misunderstanding)

@H

@y
= U 0 � c(A)� �(t)

1� (A) � 0 with = for y(t) > 0 (11)

_�(t) = r�(t)� @H
@A

(12)

giving

_� = r�� yc0 � �y0

(1� )2 (13)

The tranversality condition for this problem is

Limt!1e
�rt�(t)A(t) = 0 (14)
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Whenever extraction is positive it follows from (11) and U 0 = p that

p(t) = c(A) +
�(t)

1� (A) (15)

Using (10) it follows that

_p(t) = c0(A)
y

1�  +
_�(t)

1�  +
�y0

(1� )3

Inserting (15) and (13) into this expression gives us the equilibrium condition

for the price path:

_p(t) = r [p(t)� c(A(t))]

From (11) it is clear that if extraction stops while � 6= 0, the trasversality
condition will be violated. Similarly, if � becomes negative, it follows from

(11) that the transversality condition will be violated. The equilibrium time

path of �(t) therefore must reach zero when extraction stops. In other words,

p(t�) = c(A(t�)) at the date t� when extraction stops, and at this date we

must have U 0(0) = p(t�), i.e. p(t�) = b.
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