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Abstract

We study monopoly pricing in a dynamic model of social learning. The quality
of the product is uncertain and is revealed through consumers’ experiences. Het-
erogeneous buyers arrive to the market over time and have the option of delaying
their purchases. The key question for the monopolist is whether and when to sell
to low valuation buyers: selling early facilitates learning but postponing enables
sales to take place when the market participants are better informed. We solve the
monopolist’s problem under commitment and construct Markov perfect equilibria.
We show that under commitment the monopolist never holds low price sales to
accumulated buyers but may keep a lower price in the beginning to generate learn-
ing. In contrast, we construct equilibria in which the monopolist first accumulates
and then sells to low valuation buyers. Because commitment power can improve
the efficiency of learning, we show that the commitment solution can provide more
welfare than the equilibria. The effect of commitment power on learning efficiency
is ambiguous, however, and depends on the the learning environment.

JEL classification: D42, D83
Keywords: Pricing, social learning, strategic experimentation, Poisson bandits

1 Introduction

Firms often launch products whose quality is not fully known beforehand. Instead,
the quality of the product is revealed over time as consumers buy it. The purpose of
this paper is to understand how this influences a monopolist’s price setting. How does
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a firm price its product while consumers are still learning how valuable it is? How
well do we learn the quality of the product? What are the welfare implications of the
monopolists behavior?

Imagine a firm starting to sell a new product of uncertain quality. The producer of
an experience good, say a theater show or a musical, might be unsure if a wider audience
likes it before the opening night. Or if the product is a durable good, say a new phone,
there may be uncertainty about its reliability.1 As the firm starts selling the product,
the quality is revealed through social learning when more and more consumers buy the
product. The main question is how a firm takes the uncertainty and the dynamics of
learning into account in its pricing.

Two central features distinguish our model from the previous literature on pricing
and consumer learning: the heterogeneous consumers are forward looking and they care
about a common state of the world so that they learn from each other. After arriving
to the market, the consumers decide when to buy the product and exit when they do
so. As buyers are heterogeneous and make one time purchases before exiting, they
can accumulate to the market. Our main contribution is to incorporate pricing into
this social learning environment. The possible accumulation of buyers to the market
presents a dilemma to the monopolist: is it better to sell now as much as possible in
order to generate learning or to wait and sell to lower valuation buyers later, when
quality has been learned. Because the consumers are forward looking, the monopolist
also has to manage buyers’ expectations about future prices. In the latter aspect, the
monopolist’s problem shares many features with durable goods models.

One implication of having learning in the model is that we can show that the
commitment solution can provide more welfare than the equilibria. This is in contrast
to the complete information case in which the commitment solution always provides
less welfare. The result essentially goes through because the commitment solution can
be more efficient in the sense how well we learn the quality of the product.

In terms of pricing, we show that when the monopolist has commitment power
it is never optimal to hold sales for accumulated low type buyers. This result stems
from the need to manage the buyers’ price expectations and leads to an inefficiency.
The seller does not decrease the price to attract more buyers to test the product
even when experimentation becomes more valuable. We then construct equilibria,
which differ starkly from the commitment solution in this sense. In the equilibria, the
monopolist accumulates low valuation buyers so that she can sell to them later, when
more information about the product quality is available. The first best solution also
exhibits this feature: it is socially efficient sometimes to let buyers wait and only sell
to a part of the market.

In our model, individual buyers impose an informational externality on other buy-
ers: when they consume, other buyers learn about the quality of the product. Through
her pricing, the monopolist can internalize this externality and provide incentives for
consumers to buy the good so that the quality is learned. Since the monopolist is a

1See New York Times (June 8, 2016): ‘Hamilton’ Raises Ticket Prices: The Best Seats Will
Now Cost $849, www.nytimes.com/2016/06/09/theater/hamilton-raises-ticket-prices-the-best-seats-
will-now-cost-849.html; and The Wall Street Journal (Sept. 2, 2016): Samsung to Recall Galaxy
Note 7 Smartphone Over Reports of Fires, www.wsj.com/articles/samsung-to-recall-galaxy-note-7-
smartphone-1472805076.
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residual claimant to the benefits of learning, she has to balance between informational
and revenue motives. The decision to sell is simultaneously a decision to experiment
- we learn something about the product. From the perspective of information pro-
duction, the presence of a monopolist is welfare enhancing as in a purely competitive
environment the price matches the marginal cost and hence the firms cannot internalize
any gains from learning. For a monopolist, it is profit maximizing to sell the product
even below the marginal cost provided that she is optimistic enough about the quality
of the product.

The monopolist faces a market with a constant entry of new consumers, whose valu-
ation for the product depends on their belief about the quality of the product and their
own type. Similar to many durable goods papers, we model consumer heterogeneity
with two types. Upon arrival, the consumers decide at each point of time whether to
buy or wait given their valuation, the current price, and their expectation about future
prices. Once they buy they exit the market. There are two points of interest here. First,
the monopolist influences the buyers’ behavior both through current and future prices,
which introduces time inconsistency to the monopolist’s problem similar to complete
information durable goods models. Essentially, lower future prices cannibalize sales
today as today’s price has to reflect future prices. Second, the buyers option to wait
creates a ‘resource problem’ for the monopolist: she needs to decide whether she wants
to accumulate buyers and when to sell to them.

The learning model we use is based on the Poisson bandits by Keller, Rady and
Cripps (2005) and Keller and Rady (2015). The value of the product can either be
low or high. Consumers who buy the product discover the value and might report this
publicly. Learning happens through perfectly revealing signals that tell either that the
product is of low quality or that the product is of high quality. We analyze models
with high (breakthroughs) and low signals (breakdowns) separately and call them in
accordance with the literature as perfect good news and perfect bad news environments.
The rate at which these signals arrive is proportional to the amount of buyers who buy
the good. The monopolist’s price setting enters into the learning model as it controls
the rate at which the buyers buy the good.

We solve the commitment solution to the monopolist’s problem and construct
Markov perfect equilibria that have the belief about product quality and the amount
of consumers in the market as state variables. We do this analysis separately for the
good news environment and the bad news environment.

With full commitment power the monopolist never holds sales: she never first sells to
high valuation buyers and then to low valuation buyers. In a bad news environment, the
commitment solution is remarkably simple: the monopolist only sells to high valuation
buyers. Under good news, the monopolist can first sell to all types in order to generate
information. The solution is also history dependent: who we sell today depends on
who we sold in the past.

We show that both under bad and good news there are multiple Markov perfect
equilibria with the following structure: for low beliefs the monopolist only sells to
high valuation buyers and for high beliefs she sells to all buyers in the manner of
the Coase conjecture. We can support these equilibria by different self-fulfilling buyers’
expectations. To understand why suppose the following: buyers have to decide between
buying today and tomorrow. If the buyers expect that tomorrow’s price is low, they
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will not buy at a high price today. Thus the price has to be low today as well. It is
worth noting is that the multiplicity of equilibria remains in a finite game with a long
enough time horizon. Both under bad and good news, we have equilibria in which the
monopolist accumulates low valuation buyers and then depending on the news sells to
them later. Although quantitatively different, this structure is similar to first best.

We show that under bad news there is always more experimentation in the com-
mitment solution than in the equilibria we construct. The result follows because the
amount of experimentation is determined by how much value of information the mo-
nopolist can internalize in the beginning of the game. Clearly, this has to be larger in
the commitment solution as it maximizes the monopolist’s value in the start. Surpris-
ingly, this is not true under good news. We show that the accumulation of buyers in
an equilibrium can be so large that it creates incentives for the monopolist to experi-
ment longer than in the commitment solution. It is also easy to see that whenever the
monopolist experiments more in the commitment solution than in an equilibrium, the
commitment solution can provide more welfare. Thus the effect of commitment power
on welfare is ambiguous unlike in the complete information version of our model.

Our approach to using the Poisson bandits is similar to a few other papers studying
social learning. The most related are two recent papers by Frick and Ishii (2016) and
Che and Hörner (2015). Uncertainty about product quality and the model of learning
they employ is very similar to ours, but both look at situations where prices cannot
adjust in order to facilitate experimentation. One major motivation for our paper is
the need to understand if the lack of monetary incentives is the only source of inefficient
learning in the existing models.

Frick and Ishii (2016) show how informational incentives shape the adaptation of
innovations in the absence of adjusting prices. The central theme of that paper is
consumers’ informational free-riding by delaying purchases: equilibrium adoption rate
must balance the value of future information and current adoption. Our paper adds
to their analysis by introducing pricing and heterogeneous consumers into the model.
We can reproduce their adoption patterns, and thus arrive to a different explanation
for the same observed adoption behavior.

Che and Hörner (2015) study social learning from the point of view of a social
planner who designs a recommendation system for the consumers. As they are inter-
ested in nonmonetary mechanisms, the trade-offs facing the social planner are very
different to ours. They show that the planner’s solution generally exhibits regions of
over-recommendation to consumers to induce them to experiment. This arises from
the same reasons as the monopolist selling to a price lower than the marginal cost in
our model. Social efficiency calls for inefficient individual consumption.

A number of papers have looked at pricing and learning. Papers by Bergemann
and Välimäki (1997, 2000 and 2002) use Brownian bandits (due to Bolton and Harris
1999) and myopic buyers to model learning and pricing in a duopoly setting, in which
a new firm enters the market with a product of uncertain quality. Buyers’ myopia in
these papers results from repeat purchases and the fact that they are infinitesimally
small. Bose et al (2006) look at monopoly pricing in a herding model with exogenous
timing of purchases. Bonatti (2011) studies menu pricing in the presence of social
learning. Bergemann and Välimäki (1996 and 2006) look at idiosyncratic learning and
pricing. The main difference to these papers is that our model has a combination
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of social learning and heterogeneous forward looking consumers, who exit the market
when they buy. This leads to very different dynamics.

Our model shares many characteristics with the literature related to the Coase
conjecture and durable goods models. In fact, the model can naturally be thought
of as a durable goods model with learning about product quality. Our commitment
solution shares features with the solution when product quality is known as then the
dynamic monopoly price is equal to the static monopoly price (Stokey 1979 and Conlisk
1984). The equilibria of a game nearly identical to ours but with complete information
is analyzed in depth by Sobel (1991). Unlike in the continuous time limit of his model,
we have Markov perfect equilibria where the monopolist can credibly commit to not
selling to lower valuation buyers immediately after higher valuation buyers have bought.

Sales are an important part of the monopolist’s behavior in our model. This finding
is not unique to a learning environment. Conlisk et al. (1984) show that in the
discrete time and complete information version of our model, prices are cyclic in an
equilibrium with the monopolist holding periodic sales. Sales in their model are not
caused by new information but the partial commitment power that follows from the
combination of discrete time and influx of new consumers. Öry (2016) builds a model
where the monopolist’s strategy involves periodic sales. There the monopolist’s ability
to commit to periodic high prices stems from an advertising cost: it is costly to sell
to the accumulated buyers. Both Conlisk et al. (1984) and Öry (2016) find price
fluctuations because there are frictions in their models creating some but not complete
commitment power. Garrett (2016) solves the commitment solution of a durable goods
monopolist who faces consumers whose valuation for the good varies stochastically and
shows the optimal strategy can involve sales. Stochasticity is fundamentally different
from ours: preference changes are idiosyncratic and there is no aggregate uncertainty.

The rest of the paper is organized as follows. Section 2 introduces the model and the
monopolist’s and buyers’ problems. Section 3 derives the solution to the monopolist’s
problem under bad news. Section 4 derives the solution to the problem under good
news. Section 5 compares the bad and good news cases and the differences between
commitment and equilibrium behavior. Section 6 discusses what happens if we change
some assumptions of the model and presents conclusions.

2 Model

2.1 Payoffs

A monopolist is selling a product, whose quality is unknown both to the monopolist
and the buyers. Define ω to denote the quality of the good and let ω ∈ {1, 0}, where
1 denotes high quality and 0 low quality. While neither the monopolist nor the buyers
observe ω they have beliefs over it based on a common prior and past experiences of
buyers. Let x denote the common belief that ω = 1.

Time, t, is continuous and goes to infinity. The buyers have binary types: they
either have a high valuation or a low valuation for the product in the good state of the
world, θ ∈ {θH , θL}. Valuation in the bad state is equal to zero for both types. The
buyers arrive to the market at rates λH > 0 and λL > 0 respectively. The total arrival
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rate of buyers is λA = λH + λL. The inflow of buyers stops if the monopolist stops
selling: exit is irreversible.

We assume that individual buyers are infinitesimally small, so that an individual
buyer has no effect on the aggregates.2 Each consumer wants to buy one unit of the
good and then exit the market. We normalize the outside option of the buyers to zero.
The buyer’s utility from buying the good with price pt can then be written as

Ui(ω, θi) = θiω − pt.

This means that the expected utility from buying the good is simply

EUi(ω, θi) = θixt − pt,

where xt is the belief at time t.

Once the buyers arrive, they make a decision whether to buy or wait depending on
their valuation and the price path, (pt)t∈[0,∞), the monopolist sets. If a buyer desires
to wait, he stays in the market and can purchase whenever he wants to.

We assume that if buyers are indifferent between buying and waiting, they buy. We
also restrict the buyers to use pure symmetric strategies: all willing buyers buy.

The monopolist sets a price for each t and has to price anonymously so that the price
does not depend on the buyer’s type. She faces a constant marginal cost c ∈ (0, θL)
from producing the good. Her flow profit is thus

λt(pt − c),

where λt is the amount of buyers buying the good. We assume that the static monopoly
price is high. That is, we let λH(θH − c) > λA(θL − c). We further assume that both
the monopolist and the buyers discount the future with the same discount rate r > 0.

2.2 Learning

The monopolist and the buyers observe public signals about the product quality over
time as buyers buy the product. We model the learning process with an exponential
bandit model similar to models employed by Keller, Rady, and Cripps (2005) and
Keller and Rady (2015). Central to the model is that signals arrive proportional to
sales: the market participants learn about quality through random communication by
the consumers who bought the good. To make the model tractable, we focus on perfect
good news and perfect bad news learning environments. This means that a single signal
(news) is conclusive evidence that the product is either high quality or low quality.

Suppose the monopolist is selling the product with rate λ. Then under perfect good
news a perfectly informative public signal about the product quality arrives at rate ωλ.
After the signal arrives the market participants know for sure that the product is of
high quality. If the monopolist is selling to a discrete mass of buyers, say a > 0, then
the signal arrives according to the exponential distribution with probability ω(1−e−a).
Equivalently, we can write this as an integral over virtual time and handle similarly

2This assumption is the same e.g. in Sobel (1991) and Gul, Sonnenschein and Wilson (1986). All
in all our model is almost identical to Sobel (1991) except for learning.

6



as selling to a flow. If the signal does not arrive, the players become more pessimistic
about the quality of the product.

We can use Bayesian updating to derive the posterior conditional on the signal not
arriving. With a slight abuse of notation we let this posterior be xt. Given a prior x0,
we can write the no news posterior (henceforth the belief) under perfect good news as

xt =
x0e
−Q(t)

x0e−Q(t) + (1 + x0)
,

where Q(t) is the amount of sales up to t. If the monopolist sells to a mass of consumers
(i.e. a(t) > 0 for some t), there is a jump in the belief at that point. However, if a = 0
until t and the rate of sales λt is continuous, the above implies the following law of
motion for the beliefs for the good news belief

ẋ = −λtx(1− x).

Under perfect bad news if the public signal arrives the market participants know
for sure that the product is of low quality. If the monopolist is selling the product with
rate λ, under bad news the signal arrives at rate (1− ω)λ. If the monopolist is selling
to a mass of consumers, say a > 0, the signal arrives with probability (1−ω)(1− e−a).
If the signal does not arrive, the players become more optimistic about the quality of
the good.

Given a prior x0, we can write the no news posterior (belief) under bad news as

xt =
x0

x0 + (1 + x0)e−Q(t)
.

Supposing a continuous rate of sales λt, the law of motion under bad news is then

ẋ = λtx(1− x),

To summarize, under good news the belief is decreasing in the absence of news,
whereas under bad news it is increasing.

It is useful to note here that the likelihood process qt = xt/(1 − xt) possesses nice
properties. From above, we get that the law of motion for the likelihood under good
news is q̇ = −λq. This implies that the likelihood evolves according to q(t) = q0e

−Q(t).
Similarly, under bad news the likelihood evolves according to q(t) = q0e

Q(t). As the
laws of motion are simpler for the likelihood, we make frequent use of the likelihood
process in the equations.

2.3 Buyers’ problem

At each point of time buyers decide whether to buy or not, which is equivalent to
setting a reservation price. A buyer exits when he buys and otherwise stays in the
market. We restrict to symmetric pure strategies so that all indifferent buyers buy.3

3For further discussion on this assumption see section 6.
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A buyer’s willingness to pay depends on the common belief and expectation of
future prices as well as his own type. If the buyer does not buy, he gets his expected
value of waiting, denoted by W (t, θi). The buyer’s reservation price pt solves

θixt − pt = W (t, θ).

For low types,W (t, θL) = 0, and therefore we denote high type’s waiting value byW (t)
throughout the paper.

2.4 Monopolist’s problem

The monopolist sets the price at each point of time and decides whether to be in the
market. Since all indifferent buyers buy, her decision can be simplified to a choice
between three actions: selling to both types (action A), selling only to high types (H),
and exiting the market (E). Exit is irreversible. She cares about two state variables:
the belief, x (or the likelihood q), and the mass of buyers waiting. The assumption that
the monopolist controls only prices guarantees that high type buyers always buy upon
entering the market: the monopolist must be selling to high types or she has exited
the market. We denote the mass of waiting low type buyers by m.

The monopolist maximizes a discounted flow of per period payoffs. We state the
maximization problems separately for each case when analyzing the commitment and
equilibrium solutions under bad and good news.

2.5 Solution concepts

Before solving the monopolist’s problem, we introduce the solution concepts we use.

Commitment solution. The commitment solution to the monopolist’s problem
maximizes her value at time t = 0. An important feature of the commitment solution
is time dependency: the monopolist’s policy today depends on what she did yesterday.
The commitment solution provides an upper bound for the equilibrium value set.

Equilibrium. We restrict to Markovian strategies and look for Markov perfect
equilibria (MPE) of the game. That is, we let monopolist’s and the buyers equilibrium
strategies to be functions of the state (x,m) only.

The monopolist’s strategy maps states to prices. Thus the monopolist’s strategy is

sM : [0, 1]× R+ → R+,

where sM (x,m) = p is the price the monopolist sets in state (x,m). Since the mo-
nopolist is always willing to price at the marginal buyer’s valuation, the decision is
equivalent to choosing between selling to high types, selling to all types or exiting.
Selling to high types implies that the price is pt = θHxt −Wt and selling to all types
implies that the price is pt = θLxt.

The buyers decide whether to buy or not. Their action depends on the current
state and their own type. A buyer’s strategy is

sB : [0, 1]× R+ ×Θ→ R+,
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where sB(x,m, θ) = p means that the buyer is willing to buy if the price is at most p.
We restrict to symmetric pure strategies for the buyers.

We define a Markov perfect equilibrium of the game the following way.

Definition 1. A Markov perfect equilibrium is a pair (sM , sB), where

• sM maximizes the monopolist’s value given the state (x,m) and the buyers’ strat-
egy sB,

• sB maximizes the buyer’s expected payoff given the state (x,m) and sM .

The equilibrium is simple after the signal has arrived. Under bad news, the belief
jumps to zero and the monopolist exits. In the good news environment, after the
news arrives the belief jumps to one and we have a standard complete information
game analyzed in depth by the existing literature. Sobel (1991) shows that in the
continuous time limit of the game the monopolist prices at most at low type’s valuation
in the Markov perfect equilibrium. Hence, when the good news signal has arrived the
monopolist sells to both types in our model, too. We make a further assumption to
simplify the equilibrium at x = 1: the price is at least θLxt. We then have the following
result for the complete information equilibrium.

Lemma 1. Assume that the price is always at least θLxt. Then the equilibrium at
x = 1 is such that the monopolist sells to all types at price θL.

Proof: Sobel 1991 (Theorem 2, Corollary).

3 Bad news environment

3.1 First best

A natural place to start the analysis of the monopolist’s problem is the first best. That
is we solve the solution to the monopolist’s problem, when she can internalize all value
from sales and thus is not restricted to using a uniform price. This is equivalent to
maximizing the total surplus, which we can define as the discounted sum of the buyers
valuations. The first best solution is what would happen if the monopolist was able to
use first degree price discrimination. We have relegated the formal treatment to the
appendix and instead simply present the qualitative features of the solution here.

The initial state is x0 ∈ (0, 1) and m0 = 0. The monopolist has to decide three
things: when to sell to all types, when to sell only to high types and when to exit.
Selling to all types means faster learning than selling only to high types, but can be
more costly if belief is low. Furthermore, the monopolist has option value from waiting
- absent bad news she can sell to buyers at a better price later. The monopolist also
has to decide when to exit, which happens when the value of staying in the market is
zero. In essence, then the marginal cost of producing the good is too high compared
to the belief that the product is high quality.

Figure 1 illustrates the first best solution as a function of the belief. Recall that
absent news the belief is increasing over time under bad news so we are moving from
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Figure 1: First best solution under bad news as a function of the belief x

left to right over time in the figure. When the belief is too low, below a cutoff xL, the
monopolist exits the market. We denote this interval with E. Between xL and xU (x0)
the monopolist only sells to high types and accumulates low types. We denote this
interval with H. The upper cutoff, xU (x0), depends on the initial belief, x0, because
it tells us how many low types the monopolist has accumulated when she reaches the
upper cutoff. Above the upper cutoff xU (x0) the monopolist sells to all types. This is
interval A in the figure.

3.2 Commitment solution

The next task is to derive the commitment solution to the monopolist’s problem under
bad news. The initial state is again (x0, 0). In the commitment solution the monopolist
only makes one decision, at t = 0, to which path of prices she commits to.

With full commitment power the monopolist can manage buyers’ expectations. This
is important for her because the price today reflects future opportunities to buy the
product. The incentive to manage buyers’ expectations is very strong as becomes clear
from the next result.

Proposition 1 (No sales under commitment and bad news). The monopolist never
sells to all types if she has previously sold only to high types.

Proof: Appendix B.

We omit the proof here and refer the reader to the appendix. The main idea is
simply that after selling only to high types, the monopolist would lose too much in the
price for it ever to be optimal to sell at the low types’ valuation. That is, the value of
waiting for high types increases so much that it does not payoff for the monopolist to
hold a sale. Important for this result is that the buyers and monopolist discount the
future with same rate.

The result is very important. It implies that in the commitment solution the mo-
nopolist never sells to the mass of waiting buyers and that the buyers’ value of waiting
is always zero. It also simplifies the analysis considerably, as we can write the mo-
nopolist’s optimal policy to be dependent only on the initial belief (likelihood) and
time.

One way of interpreting proposition 1 is that it always pays off for the monopolist
to manage high valuation buyers’ expectations so that they do not earn positive rents.
This result is in line with what Stokey (1979) and Conlisk (1984) find in the complete
information model: selling to low types cannibalizes sales to high types and so is never
profitable. Introducing learning into the problem does not fundamentally change this
trade-off, since the monopolist and the buyers have identical beliefs about the state of
the world.
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Proposition 1 only allows two possibilities for the monopolist’s strategy: i) either
the monopolist only sells to high types or ii) she first sells to all types until an upper
cutoff and then switches to selling only to high types. We can therefore write the
monopolist’s problem as

V (x0) = max
TA

∫ TA

0
e−

∫ t
0 (r+λA(1−x))dsλA(θLx− c)dt

+ e−
∫ TA
0 (r+λA(1−x))ds

∫ ∞
0

e−
∫ t
0 (r+λH(1−x))dsλH(θHx− c)dt,

where TA is when the monopolist stops selling to low types. We have also substituted
in the prices θLxt and θHxt from selling to all types and high types respectively. We
simplify the discounting term here by using the law of motion for the belief: λ(1−x) =
ẋ/x, which gives that the discounting term is e−rt(x0/x). Thus we can rewrite the
monopolist’s problem with the help of the inverse likelihood as

V (x0) = max
TA

x0

∫ TA

0
e−rtλA(θL − (1 + q−1)c)dt

+ e−rTAx0

∫ ∞
0

e−rtλH(θH − (1 + q−1)c)dt,

where q−1 = q−10 e−Q(t) is the inverse likelihood over which we are integrating.

The monopolist has to make two decisions: i) when to start selling and ii) how long
to sell to all types before selling to high types, which is given by the deadline TA. We
can solve this problem using backward induction.

Lemma 2. The monopolist never sells to all types.

Proof. Taking the first order condition with regards to TA yields

x0e
−rTA

(
λA((θL − c)− cq−1TA)− λH(θH − c) +

λHrc

λH + r
q−1TA + λA

λH
λH + r

cq−1TA

)
,

where q−1 = (1 − x)/x is the inverse likelihood. Ignoring the common multiplier we
can simplify the above to

−∆H −
r

λH + r
cq−1TA < 0

Since this is always negative, it is optimal to set TA = 0.

Under bad news, the value of learning from low type buyers is never great enough
to offset the loss in revenue. Lemma 2 implies that under bad news the commitment
solution is remarkably simple: the monopolist sells only to high types or exits immedi-
ately.

We still need to solve, when the monopolist wants to sell the product. This happens
when the monopolist is indifferent between selling and exiting, i.e. the value staying
in the market equals the outside option. We express this decision with the help of the
likelihood q.
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Lemma 3. The monopolist sells the product if q ≥ qL, where qL is

qL =
λHc

(λH + r)λH(θH−c)
r

Proof. Solving for V (x) and letting it equal zero yields

xL
λH(θH − c)

r
− (1− xL)

λHc

λH + r
= 0

Dividing with 1− xL and solving for qL = xL/(1− xL) yields the expression in the
lemma. Since the value is (linearly) increasing in x it is strictly less than zero for all q
less than qL and strictly greater than zero for all q greater than qL.

We can now summarize the monopolists’ optimal selling strategy, when she has
commitment power and the learning environment is bad news.

Proposition 2 (Commitment solution under bad news). The monopolist sells to high
types for q ≥ qL and otherwise exits the market.

Proof. The proposition follows directly from proposition 1, lemma 2 and lemma 3.

In terms of quantities, the commitment solution under bad news is identical to the
solution without learning (Conlisk 1984) except for the entry and exit decision. This
is surprising, because the trade-offs the monopolist faces are clearly different. The
result really stems the way beliefs affect discounting: there is no clear gain to sell at a
higher rate, because the monopolist does not expect the belief to change. That is, the
monopolist expects bad news at a rate that makes her not willing to increase the rate
of sales. Furthermore, the monopolist never wants to sell to the accumulated mass of
low type buyers, because that would mean lower prices beforehand. Managing buyers’
expectations trumps possible benefits of learning.

In terms of prices, the solution produces a price path that is increasing over time.
This is of course different to what we get without learning, but it just reflects the
increasing belief. Other than keeping the marginal buyer indifferent, the monopolist’s
policy plays no role here. We will later see that this is different to what we get under
good news.

3.3 Equilibrium analysis

We now look how the market outcome changes if the monopolist does not have commit-
ment power. We restrict to Markovian strategies and look for Markov perfect equilibria
of the game. As in the commitment case, we are interested in the monopolist’s problem
starting from m0 = 0 and x0 ∈ (0, 1).

Recall that the equilibrium of the complete information game when the product is
known to be high quality is that the monopolist sells to all types (Sobel 1991). Under
bad news beliefs drift upwards absent news so we get closer and closer to the complete
information game. This inspires us to make the following guess for the equilibrium
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structure: for low beliefs the monopolist sells only to high types and for high beliefs
she sells to all types. Supposing our intial belief is low enough, we can write the value
for the monopolist as (details in the appendix)

V H(x0,m0) =x0

∫ TH

0
e−rtλH(θH −W − (1 + q−1)c)dt+ e−rT

x0
xT
V A(xTH ,mTH ), (1)

where we have simplified discounting using the law of motion, TH is the time left at
which the monopolist starts selling to all types, W is the value of waiting for high type
buyers and V A(x,m) is the value from selling to all types. Note that until t = TH , the
monopolist accumulates low types at rate λL. We can write V A(x,m) as

V A(xt,mt) =xt

∫ mt

0
(θL − (1 + q−1)c)ds+ xt

∫ ∞
0

e−rtλA(θL − (1 + q−1)c)dt. (2)

Here, the monopolist first sells to the mass of waiting buyers as expressed by the
first integral and then sells to all arriving buyers until bad news arrives as expressed
by the second integral. We have written value from the sale as an integral over virtual
time so that the monopolist has the ability to adjust prices according to news. That
is, we can think of the sale happening “very quickly” instead at one instance. Under
bad news, this assumption increases the value from the sale, but plays no role under
good news.

Given the monopolist’s value we can proceed to constructing the equilibria. While
we have written the value in terms of the deadline TH , we can invert this back to the
state (x,m). Doing this results in two cutoffs: xL(m) below which the monopolist exits
and xU (m) above which the monopolist sells to all types. Between xL(m) and xU (m)
the monopolist sells only to high types. This gives us the following regions in the state
space:

H :={(x,m) ∈ [0, 1]× R+ : xL(m) ≤ x ≤ xU (m)}
A :={(x,m) ∈ [0, 1]× R+ : xU (m) < x}
E :={(x,m) ∈ [0, 1]× R+ : x ≤ xL(m)}

3.3.1 Buyers’ expectations

Expectations about future prices are important for the behavior of the buyers. They are
an integral part of the equilibrium characterization. To get an intuitive understanding
how expectations work in our model, suppose the following. The buyers expect the
price tomorrow to be low and that there is no discounting between tomorrow and
today. At what price are buyers willing to buy today? The price today must also be
low, because otherwise the buyers might as well wait for tomorrow and buy the good at
a low price. This self-fulfilling aspect of expectations is a central part of the equilibrium
analysis. We now define the buyers expectations so that they are consistent with the
cutoff equilibria we want to build.

For all (x,m) ∈ A, the buyers believe that the price will be low. That is pt = θLx,
the low type’s valuation. Similarly for all (x,m) ∈ H, the buyers believe that the price
will be high: the high type’s valuation minus his value of waiting. The value of waiting
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for high type buyers depends on the time they have to wait for the low price:

W (xt,mt) = xte
−r(T−t)(θH − θL),

where T is the time at which the monopolist starts selling to both types. Note that it
will depend on m. The price in H region is simply pt = θHx−W (x,m).

We now turn to constructing two different cutoff equilibria. First we construct
the minimal cutoff equilibrium, which is such that the buyers expect low prices to the
point at which the monopolist would rather exit the market than to sell at a low price.
Second, we construct the maximal cutoff equilibrium in which the buyers expect high
prices to the point at which it is no longer incentive compatible for the monopolist to
sell only to high types.

3.3.2 Minimal cutoff equilibrium

The minimal cutoff equilibrium is such that the buyers expect low prices until the
monopolist’s exit is a credible threat, i.e. best response to the buyers’ decision not buy
at high prices. This is determined by a cutoff at which the monopolist is indifferent
between staying in the market or exiting. We can define this cutoff, say

¯
x(m), as the

one at which monopolist’s value from selling to all types is zero, V A(
¯
x,m) = 0. This

condition then yields the next result.

Lemma 4. If buyers expect low prices for all (x,m) such that V A(x,m) ≥ 0, there
cannot be an equilibrium where the monopolist first sells to high types and then to both
types.

Proof. Assume in the contrary that the monopolist sells only to high types before the
cutoff

¯
x(m) : V A(

¯
x(m),m) = 0. From (2), it follows that the flow benefit is strictly

increasing in sales. Since the total value is zero at the cutoff, the flow benefit must be
negative at the cutoffs and we get

¯
xθL − c < 0.

Since V A(
¯
x(m),m) = 0, the monopolist’s value in H region is

x0

∫ T

0
e−rtλH(θH − e−r(T−t)(θH − θL)− (1 + q−1)c)dt.

The integrand is λH(
¯
xθL − c)0 at T , which is negative. The integrand is a continuous

function of time, and hence there is a neighborhood below T where it is always nega-
tive. This directly implies that the integral, the monopolist’s value, is negative in that
neighborhood. Therefore, she is better off by staying out.

To characterize the minimal cutoff equilibrium we need to find the belief at which
the monopolist is willing to stay in the market while selling to all types. This happens
at V A(x,m) ≥ 0. The solution takes a closed form (see the appendix for details):

¯
x(m) :=

c(λA + r(1− e−m))

c(λA + r(1− e−m)) + (r + λA)(θL − c)(m+ λA
r )
. (3)
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When the game starts, the relevant condition is to evaluate the above at m = 0.
The following lemma follows by plugging m = 0 into the first order condition.

Lemma 5. The monopolist sells to both types in the minimal cutoff equilibrium, if the
initial belief satisfies

x0 ≥
cr

cr + (r + λA)(θL − c)
.

We still need to check that the monopolist does not a have profitable deviation
below x(m). Lemma 4 is not enough to guarantee the existence of an equilibrium
where the monopolist never sells only to high types. She still might want to deviate
by selling to high types below x(m) given that she exits at x(m). The deviation is
not profitable if the flow benefit from high types is negative below the boundary. The
necessary and sufficient condition for this is

θH
cr

cr + (r + λA)(θL − c)
− c ≤ 0⇔ V 1 ≥ θH − θL,

where V 1 = λA(θL−c)
r .

Proposition 3 (Minimal cutoff equilibrium under bad news). Suppose V 1(0) ≥ θH −
θL. Then there is a minimal cutoff equilibrium where the monopolist sells to both types
when x ≥

¯
x(m) and otherwise exits the market.

Proof. We can verify that this is an equilibrium by using the one step deviation princi-
ple. For the buyers, this is straightforward since the price is always low type’s valuation
and hence they are indifferent between buying and waiting. Therefore they buy. For
the monopolist, since the buyers expect a price θLx they are not willing to buy at
higher prices. Thus the monopolist faces a choice between selling at θLx or exiting the
market. The cutoff point in the proposition is the lowest belief when the monopolist’s
value is positive at m = 0 and above it is strictly positive so she prefers to sell. The
assumption V 1(0) ≥ θH − θL makes sure that the monopolist does not want to deviate
below the cutoff.

3.3.3 Maximal cutoff equilibrium

We now proceed to solving the equilibrium in which the price expectations of the buyers
are determined by the monopolist’s incentive compatibility condition. That is, we solve
the highest possible cutoff x̄U (m) at which the monopolist is indifferent between selling
to the waiting mass of buyers and selling only to high types.

Here we will have both an upper, x̄U (m), and a lower cutoff, xL(m). The first
step is to analyze the upper cutoff, which determines the state at which the monopolist
switches selling to both types. The monopolist’s exit decision, the lower cutoff, depends
on the value of the whole game and hence the upper cutoff.

We can find the maximal cutoff x̄U (m) at the point at which the monopolist cannot
resist the temptation to sell to the waiting buyers even if the buyers expect high prices.
We formalize this intuition with the following lemma.
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Lemma 6. In any Markov perfect cutoff equilibrium, the monopolist starts selling to
both types at the latest when the belief reaches x̄U (m):

x̄U (m) :=
c(1− e−m)

m(θL − c) + c(1− e−m)
, for m > 0.

x̄U (m) :=
c

θL
for m = 0.

Proof. The cutoff x̄U (m) is the point at which the monopolist is indifferent between
selling to the waiting buyers now or slightly later. At that point the first order condition
of V H with respect to T has to hold at T :

λHx(θL − (1 + q−1)c)− rV A − λH(1− x)V A + λLV
A
m + λHx(1− x)V A

x = 0.

By plugging in the value function and its derivatives, the left hand side becomes

λH(xθL − c)− r
(
x
(

(θL − c)m+ (θL − c)
λA
r

+ c(1− e−m r

λA + r
)
)
− c(1− e−m r

λA + r
)
)

+ λH(1− x)c(1− e−m r

λA + r
) + λL(x

(
θL − c(1− e−m

r

λA + r
)
)
− ce−m r

λA + r
)

= x

(
λA(θL − c)− r(θL − c)(m+

λA
r

)− cr(1− e−m)

)
+ cr(1− e−m).

Cutoff x̄U (m) solves the first order condition. The first order condition is strictly
decreasing in x for all m > 0 and hence positive for all x below the cutoff implying
that the monopolist is willing to wait.

Notice that the cutoff is decreasing in m: larger the mass of the waiting buyers,
the lower the belief needs to be for the monopolist to be willing to sell to them. It is
exactly the condition if the direct payoff from selling tom is positive. This is interesting,
because it means that the monopolist does not accumulate low types beyond the point
she starts getting a positive flow profit from them. In a sense, this tells us that bad news
does not deliver much commitment power to the monopolist: she cannot earn a positive
profit - except for the learning effect - from the mass of buyers. This is very similar to
the complete information durable goods models, where we get the Coase conjecture.
In any Markov perfect cutoff equilibrium, the monopolist sells to the waiting low type
buyers whenever she gets positive revenue from the sales.

We now turn to the problem of determining the lower cutoff. At the maximal upper
cutoff, the monopolist’s value is strictly positive. This implies that the value must also
be positive just before the cutoff and thus we must have a region where the monopolist
only sells to high types. The seller must be willing to enter at a belief lower than
x̄U (m).

Lemma 7. In the maximal cutoff equilibrium, the lower cutoff x̄L(m) solves

V H(x̄L,m) = 0,

where the time at which the monopolist starts selling to both types is determined by x̄U

and the laws of motion.
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While we cannot solve the lower cutoff, x̄L(m), in closed form, we can show that it
is below the maximal upper cutoff, x̄U (m) for small m. The easiest way to see this is
to compare the upper cutoff with the entry condition in the minimal equilibrium. The
lower cutoff in the maximal equilibrium must be lower than in the minimal equilibrium.
This is guaranteed by the optimality of TH - our deadline until which we sell to high
types. Because x̄U (0) >

¯
x(0) and because

¯
x is decreasing, we know that there is a H

region where the process never hits the lower cutoff.

Similarly to the minimal cutoff equilibrium, the maximal cutoff equilibrium exists
only if the monopolist does not want to sell to high types for lower beliefs conditional on
exiting at the lower cutoff xL(m). This is the same issue we ran into with the minimal
equilibrium. Since the lower cutoff is lower in the maximal equilibrium, the existence
condition is easier to satisfy. The necessary and sufficient condition is

x̄L(0)θH − c ≤ 0,

where x̄L(0) comes from lemma 6 and lemma 7.

We can now characterize the maximal cutoff equilibrium.

Proposition 4 (Maximal cutoff equilibrium under bad news). Suppose x̄L(0)θH − c ≤
0. Then there is a maximal cutoff equilibrium, where given m the monopolist sells to
both types for x ≥ x̄U (m), she sells only to high types for x̄L(m) ≤ x ≤ x̄U (m)), and
exits for x ≤ x̄L(m).

Proof. We verify that this is an equilibrium again by using the one step deviation
principle. For the buyers, in A low valuation buyers are indifferent and in H high
valuation buyers are indifferent and thus both prefer to buy according to the equilibrium
strategy. For the monopolist, in A region the buyers expect a price θLx and are not
willing to buy at higher prices and thus the monopolist faces a choice between selling at
θLx or exiting the market. Since her value is strictly positive in A, the monopolist does
not want to exit. In H region, from lemma 6 (T is sequentially optimal) we get that
the monopolist must prefer to sell to only to high types rather than to all types and as
her value is positive she wants to stay in the market. The assumption x̄L(0)θH − c ≤ 0
guarantees that the monopolist does not want to deviate below the lower cutoff.

We make a note of a problem here that does not show up under bad news but will
be apparent when we consider the good news environment: we need to check that after
crossing the upper cutoff the monopolist does not want to switch her action again.
Under bad news this means selling only to high types again. This is taken care of
by the buyers expecting low prices after the upper cutoff. In fact, we can show that
the monopolist herself does not want to switch independent of the expectations. Thus
there can only be one sale under bad news. This will not be true for good news.

Figure 2 illustrates what happens in the maximal cutoff equilibrium, when we have
x < x0. The upper and lower boundaries are drawn with solid lines and the line with
arrows depicts the equilibrium path from some arbitary initial belief xL < x0 < xU

and m0 = 0. We start from H region and accumulate low types until the belief hits
the upper boundary x̄U (m). At that point the monopolist holds a sale and sells to the
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Figure 2: Maximal cutoff equilibrium under bad news

accumulated mass of buyers. After that the monopolist finds herself in region A and
sells to all types until bad news arrives.

4 Good news environment

4.1 First best

Similarly as under bad news we start our good news analysis with first best. Recall
that the first best is equivalent to the monopolist being able to use first degree price
discrimination so that she captures all surplus from the buyers. We have relegated the
details of the solution to the appendix and present only the qualitative features here.

The initial state is again x0 ∈ (0, 1) and m0 = 0. We are really after two things
from the monopolist’s first best solution: when the monopolist wants to stop selling
to all types and when to exit from the market. These decisions have to balance the
revenue with the value of learning and the option value of postponing sales.

0 xL(x0) xU
x

E H A

Figure 3: First best solution under good news as a function of the belief x

Figure 3 illustrates the first best solution as a function of the belief. Recall that
absent news the belief is decreasing over time under good news. Thus we move from
right to left over time in the figure. Above the upper cutoff xU the monopolist sells to
all types. Between the lower cutoff xL(x0) and xU she sells only to high types. The
lower cutoff depends on how many low types the monopolist accumulates and so it
depends on the initial belief. At xL(x0) and below the monopolist exits the market.
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4.2 Commitment solution

In this section, we derive the commitment solution to the monopolist’s problem under
good news. As before, the commitment solution maximizes the monopolist’s value
at t = 0. We start with a very similar result to what we had under bad news: the
monopolist never holds sales.

Proposition 5 (No sales under commitment and good news). The monopolist never
sells to all types if she has previously sold only to the high types. Furthermore, the
monopolist never sells to all types at x = 1.

Proof: Appendix E.

This is identical to proposition 1 under bad news. We omit the proof for propo-
sition 5. The intuition is exactly the same as under bad news: after selling only to
high types the monopolist loses more from the high types in the price than she gains
from the low types. Proposition 5 shows that the news environment does not matter
for the monopolist’s incentives to manage the high valuation buyers’ expectations: the
optimal solution is such that the high types have no value in waiting.

Similarly as under bad news, proposition 5 means that if the monopolist is ever
selling to all types she must do so in the beginning. Recall that under good news
beliefs are decreasing absent news. We can thus write the monopolist’s problem as two
sequential stopping problems

V (x0) = max
TA

∫ TA

0
e−

∫ t
0 (r+λAx)dsλA((θL + V 1)q − (1 + q)c)dt

+ e−
∫ TA
0 (r+λAx)ds max

TH

∫ TH

0
e−

∫ t
0 (r+λHx)ds(λH((θH + V 1)q − (1 + q)c)dt,

where V 1 = λH(θH−c)/r is the value when good news arrive, TA is when the monopolist
stops selling to all types and TA + TH is when she exits the market. We simplify
discounting by noting from the law of motion that λx = −ẋ/(1− x), which gives that
the discounting term equals e−rt(1− x0)/(1− x). Rewriting the monopolist’s problem
using the likelihood q we get

V (x0) =(1− x0) max
TA

∫ TA

0
e−rtλA((θL + V 1)q − (1 + q)c)dt

+ e−rTA(1− x0) max
TH

∫ TH

0
e−rt(λH((θH + V 1)q − (1 + q)c)dt, (4)

We can solve the monopolist’s problem using backward induction. That is, we first
solve for how long the monopolist wants to sell only to the high types, TH . After this,
we solve for how long she sells to all types, TA. The next lemma establishes the optimal
TH with the help of the likelihood q.

Lemma 8. The likelihood at which the monopolist wants to exit the market is

qL =
c

θH + V 1 − c
.

Given q > qL and that selling to only high types is optimal, the exit deadline TH is
given by qe−λHTH = qL.
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Proof. The optimal TH is determined by taking the first order condition of (4) with
regards to TH

(1− x0)e−rTAe−rTHλH((θH + V 1)qL − (1 + qL)(c+ fH)) = 0.

Solving this for q yields qL. The deadline TH is then determined by using the law
of motion q0e−λATAe−λHTH = qL. We have relegated the details to the appendix E.

The exit likelihood is simply the point at which the flow cost, c, exceeds the flow
benefit, x(θH + V 1).

Now we move on to solve for the upper cutoff, where the monopolist switches selling
only to high types. Taking the first order condition of (4) with regards to TA (solving
first the latter integral and using the envelope theorem) we get that

(1− x0)e−rTA
(
λA((θL + V 1 − c)e−λATAq0 − c)− (1− erTH )λHc

− (λA + r)(1− e−(r+λH)TH )V 1e−λATAq0

)
.

Ignoring the common multiplier and further simplifying we get

(−∆H + e−(r+λH)THλAV
1)q − λAc

− (1− e−rTH )λHc+ e−(r+λH)THλH(θH − c)q, (5)

where ∆H = λH(θH − c)− λA(θL − c). This is the condition that determines whether
it is optimal for the monopolist to sell to all types. If this is positive at TA = 0, then
it is profitable for the monopolist to sell to all types in the beginning.

Lemma 9. Given that (5) is positive for q = q0, we can define the likelihood at which
the monopolist stops selling to all types, qU , as a solution to

(−∆H + e−(r+λH)THλAV
1)q − λAc

− (1− e−rTH )λHc+ e−(r+λH)THλH(θH − c)q = 0,

such that qU < q0. Given qU the deadline TA is determined by q0e−λATA = qU .

Proof. The optimal stopping likelihood has to be such that the first order condition (5)
equal is equal to zero. Since TA ≥ 0 we must have qU < q0. The deadline TA then is
determined by the law of motion, which implies q0e−λATA = qU . Appendix E has the
details.

The first order condition (5) reflects two considerations for the monopolist. First,
the monopolist cares whether the direct benefit of selling to all types, that is the markup
and the value of learning, is greater than from selling to high types. Second, it also
depends on the option value of selling to all types the monopolist forgoes if she sells
only to high types. This is because she has to sell to all types in the beginning if at all
due to proposition 5.
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Finally, note that the monopolist in the end always sells only to high types. Thus
we always have TH > 0, as long as q0 > qL. This follows from that the first order
condition with regards to TA (5) is always negative at q = qL:

−(∆H − λAV 1 + λHθH)qL − λAc < 0.

This is negative as we show in the appendix E. Therefore the monopolist must stop
selling to all types earlier than to high types. The main concern here for the monopolist
is that the cost of experimentation (1 + q)c− θLq is increasing over time. It eventually
gets so high that the monopolist prefers to sell only to high types rather than to all
types and ultimately she wants to stop selling at all.

We can also show that as q → ∞ the first order condition (5) is always negative.
That is for a high enough initial belief the monopolist does not want to sell to low
types at all. The intuition here is that for high enough beliefs, the consumers and the
monopolist are so sure of the state that the value of information is too small to justify
lower revenue from selling to all types. Recall that the monopolist does not sell to low
types if the product is known to be good.

We are now ready to summarize the monopolist’s optimal selling strategy under
commitment.

Proposition 6 (Commitment solution under good news). The monopolist sells to all
types in the beginning if and only if (5) is positive at q = q0 and she sells to them until
q = qU at which she starts selling only to high types and stops when q = qL. Otherwise
the monopolist only sells to high types and stops selling when q = qL.

Proof. The proposition follows directly from proposition 5, lemma 8 and lemma 9.

Figure 4 illustrates the commitment solution as a function of the starting likelihood,
q0. If the monopolist starts with a low likelihood, below qL, then she exits immediately.
If the initial likelihood is a little larger, between qL and qU , then she will sell to high
types until q = qL. For likelihoods between qU and qA she first sell to all types and
then switches to selling to high types before exiting. If the initial likelihood is larger
than qA then the monopolist sells only to high types.

0 qL qU qA
q0

E H A H

Figure 4: Commitment solution under good news given the initial likelihood q0

The fact that the value of selling to all types behaves non-monotonously over the
likelihood q (or belief x) is an interesting feature of the solution. This comes from
the first order condition, which takes an inverted U-shape: the monopolist sells to
all types if we start in the middle and otherwise sells only to high types. This tells
us that the trade-off the monopolist faces is nonmonotonic - for low beliefs the cost
of experimentation dominates and for high beliefs the lost revenue in terms of lower
prices dominates. Furthermore, the belief changes the most rapidly in the middle so
that learning is most valuable there.
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Figure 5 illustrates the commitment solution as a function of time. The upper arrow
depicts the case, when q0 is such that the monopolist wants first to sell to all types.
The lower arrow illustrates the case when the monopolist only sells to the high types.
Note here that the commitment solution exhibits time dependency: we can go through
a region where, if the monopolist starts from there, it is optimal to sell to all types.
This is the effect of proposition 5: it is never optimal to have sales.

0 TA TH t

A H E

0 TH t

H E

Figure 5: Two possible commitment solutions under good news over time

To summarize the result of this section, in terms of quantities sold the optimal
strategy under commitment looks very much similar ’in spirit’ to the solution without
learning: there are no sales for mass of buyers waiting in the market. This is the
same as in bad news. The main difference is that the monopolist now sometimes wants
to sell to all types in the beginning in order speed up the learning. But since both
the monopolist and the buyers have identical beliefs, she never wants to utilize the
accumulated mass of buyers waiting.

In terms of prices, the price path the monopolist’s strategy generates is nonmono-
tonic unlike in bad news. The price decreases as the belief drifts downwards, but can
increase in the case of news arriving or if the monopolist is first selling to all types.
Thus the price can first decrease then jump upwards as the monopolist switches to
selling only to the high types and again decrease along with the belief and then jump
again if good news arrives.

4.3 Equilibrium analysis

In this section we analyze the monopolist behavior, when it needs to be sequentially
rational. Similarly to the bad news environment we restrict to Markovian strategies
and look for equilibria in cutoff strategies. Recall that the equilibrium in the complete
information game (x = 1) is that the monopolist sells to all types at the low type’s
valuation.

We make the same equilibrium guess as under bad news: for low beliefs the monop-
olist sells only to high types and for high beliefs she sells to all types. Under good news
the belief drifts downwards absent news so this means that selling to all types must
happen first over time. Supposing that the initial belief is high enough and writing out
the monopolist’s value we have (details in the appendix)

V A(x0) =(1− x0)
∫ TA

0
e−rtλA((θL + V 1(0))q − (1 + q)c)dt

+ e−rTA
1− x0

1− xTA
V H(xTA , 0),
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where we have already used the law of motion to simplify discounting, V 1(0) = λA(θL−
c)/r is the value if the belief jumps to one, TA is the time the monopolist sells to all
types and V H(x,m) is the monopolist’s value, when she is selling only to high types.
We can write it as

V H(xt,mt) =(1− xt) max
TH

∫ TH

0
e−rt(λH((θH + V 1(mt))q − (1 + q)(W + c))dt,

where TH is the time at which the monopolist exits the market.

Note that on the equilibrium path we m = 0 until the monopolist starts selling only
to high types. Therefore according to our guess the monopolist never holds a sale to
the accumulated buyers. Nevertheless, holding a sale is a possible deviation. We can
write the value from selling to a mass of consumers as

V m(xt,mt) = mt(xtθL − c) + xt(1− e−mt)V 1(0) + (1− xt(1− e−mt))V (x(mt), 0),

where x(mt) is the belief after the sale and V (xt, 0) is the value determined by (xt, 0).
We can equivalently write the value from a sale as an integral over virtual time and
letting the monopolist adjust prices (details in the appendix).

The next task is to represent the deadlines TH and TA with the help of the state.
We define two cutoffs: xL(m) and xU (m). For xL(m) ≤ x ≤ xU (m) the monopolist
sells only to high types and for x ≥ xU (m) she sells to all types. For x ≤ xL(m) she
exits the market. These in turn define the following regions (similarly as under bad
news)

H := {(x,m) ∈ [0, 1]× R+ : xL(m) ≤ x ≤ xU (m)}
A := {(x,m) ∈ [0, 1]× R+ : xU (m) < x}
E := {(x,m) ∈ [0, 1]× R+ : x ≤ xL(m)}

4.3.1 Buyers’ expectations

We now describe the buyers’ price expectations that are in accordance with the cutoff
structure we have. In A region, the buyers expect that the price will be pt = θLx, low
type’s valuation. In H region, they expect that the price will be pt = θHx−W (x,m),
high type’s willingness to pay.

High type buyers know that they will get the good at price θL if the good news
arrives, so their value of waiting in H region is

W (xt,mt) = (1− xt)
∫ TH

0
e−rtλH(θH − θL)qdt,

where TH is the time from xt to xL at which the monopolist stops selling. Note that
the value of waiting is always less than (θH−θL)x so high type buyers must be buying,
when the monopolist sells at price xθL.

Similarly as under bad news, we construct two different cutoff equilibria. They
differ in the price expectations the buyers have. First, however, we solve a lower cutoff
that is common to all MPEs in the game.
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4.3.2 Lower cutoff

In any equilibrium we must have a region in which the monopolist only sells to high
types. To see why, note that there is a belief such that selling to all types yields zero.
But at this belief selling to high types must be still profitable, since the price we get
from them is higher. That is we always have θHx −W > θLx.4 Equivalently, if the
monopolist was restricted to selling to all types, she would exit at a higher belief than
when she is allowed to sell to high types.

To find the lower cutoff, note that the monopolist’s problem when selling only to
high types is just an optimal stopping problem. This follows from our equilibrium guess
and that the belief is decreasing over time so that we will never start selling to all types
again (re-enter A region). Since the problem is independent of the earlier game, the
solution is the same for all equilibria. This property also allows us to solve the lower
cutoff analytically.

Lemma 10. In any Markov perfect equilibrium, the monopolist exits when

x =
c

θH + V 1(m)
=: xL(m).

Proof. The exit must be optimal at the time it happens. Therefore, the exit condition
can be found by solving for the time when exit is optimal. Taking the first order
condition of V H(x,m) with regards to the exit time TH yields

(1− x)e−rTHλH(θH + V 1(m)q − (1 + q)(c+W )) = 0.

The problem is time consistent: the same stopping belief is optimal for all TH . The
claim follows by solving the first order condition for x.

It is worth reiterating here that this boundary is common to all Markov perfect
equilibria: the monopolist cannot exit the market with a lower belief using Markovian
strategies. The point at which the monopolist exits the market is determined together
with the laws of motion for x and m and depend at which point we enter H region.

4.3.3 Upper cutoff

At the upper cutoff the monopolist stops selling to all types. We construct two of such
cutoffs. The minimal upper cutoff is the smallest belief at which buyers’ expectation
for low prices is still self-fulfilling: at that point exiting is a credible threat for the mo-
nopolist. Thus at the minimal upper cutoff,

¯
xU , the monopolist is indifferent between

selling to all types and exiting i.e. V A(x, 0) = 0 at m = 0 and V m(x,m) = 0 for m > 0.

Lemma 11. The minimal upper cutoff is

¯
xU (0) =

c

θL + V 1(0)
for m=0,

¯
xU (m) : V m(

¯
xU ,m) = 0 for m > 0.

4This follows directly from the fact that W < (θH − θL)x always.
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Proof. The upper cutoff cannot be lower than
¯
x. Givenm, x <

¯
x(m) implies V m(x,m) <

0 and hence the monopolist would deviate by exiting. The condition form > 0 is simply
the indifference condition. At m = 0, the monopolist is willing to stay in the market
under low prices if the derivative of V A(x)0 with respect to the exit time T is weakly
positive:

(1− x)e−rTλA(θL + V 1(0))q − (1 + q)c) ≥ 0.

Belief x satisfies this condition if and only if x ≥
¯
xU (0), and hence

¯
xU (0) is the

cutoff.

To find the largest possible upper cutoff, x̄U , we need to find the point at which
the monopolist is indifferent between holding a sale (selling to both types) or only to
high types:

V H(x̄U ,m) = V m(x̄U ,m)

We then get the following lemma for the maximal upper cutoff.

Lemma 12. The maximal upper cutoff is x̄U (m), which we can define as the smallest
solution to

V H(x,m) = V m(x,m) for m>0

(θL + V 1(m))x− c− xV H − x(1− x)V H
x − V H

m = 0 for m=0,

if there is no solution we let x̄U (m) = 1.

Proof. When V H(x,m) = V m(x,m) the monopolist is indifferent between selling to
high types and selling to the mass of waiting buyers. At m = 0, the relevant condition
is that the difference V m(x,m)−V H(x,m) is not increasing inm. Taking the derivative
of the difference with regards to m and evaluating it at m = 0 yields

θLx− c+ xV 1(m)− xV H − x(1− x)V H
x − V H

m = 0. (6)

At the cutoff the derivative equals zero. It cannot change its sign below x̄U since
we have defined it as the smallest root. We can check that it is indeed negative by
observing that it is negative at x = xL so for all x below x̄U the derivative is negative.
This also implies that if there is no solution the condition is negative for all x ∈ [xL, 1]
and we can let x̄U (0) equal 1. In fact, since V H(x,m) ≥ V m(x,m) at x = xL we can
let x̄U (m) equal 1 as well if there is no solution to V H(x,m) = V m(x,m).

While we cannot show that x̄U (m) is a unique solution for the indifference condition,
it is the only one leading to a cutoff, which is sequentially rational. For any root larger
than x̄U (m), say xA, there must be a region in between x̄U (m) and xA where the
monopolist wants to sell to the mass of waiting buyers. This contradicts our assumption
on the equilibrium structure so such a root cannot be an upper cutoff for H region.

On the equilibrium path, we hit the upper boundary at m = 0, so the condition
for x̄U (0) is the relevant one for equilibrium behavior. It turns out to that this is
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the identical condition if we relax the assumption on the buyers using symmetric pure
strategies.

We can interpret x̄U (m) as the belief above which the monopolist is able to commit
to not selling to low types. Her ability to commit stems from two different sources,
which are apparent in (6). First, the cost of experimentation with all types is larger
than with high types as the price (θLx) is smaller. Second, there is positive value in
accumulating a mass of buyers as the monopolist can sell to the consumers at a higher
price when good news arrives (Vm > 0). Essentially, the monopolist has option value
from selling to low type buyers only when x = 1 as she then pays the cost c only if the
product is good.

Notice that the following inequality holds for the cutoffs: xL(0) <
¯
xU (0) < x̄U (0).

The first inequality states that there is H region before the monopolist exits. To get
intuition for the second inequality, compare the conditions determining the two upper
cutoffs. Both conditions ask if something else would be better than selling to both
types. In the maximal case, the something else is selling to high types which gives
a value strictly greater than zero for all x above xL(0). In the minimal case, the
something else is simply equal to zero.

In the two different equilibria we have constructed, the trade-offs the monopolist
faces are different. The maximal solution captures the fact that sometimes it is better
to accumulate lower types and sell to them only if good news arrives. The minimal
cutoff follows from the threat of an exit: at which point it is credible for the monopolist
to exit rather than sell to all types.

Similarly to the two equilibria here, we could support any other stopping belief
in [

¯
xU (0), x̄U (0)] by different self-fulfilling buyers’ expectations. Having multiplicity

of equilibria suggests that we could get a Folk theorem like result for the game if we
allowed non-Markovian strategies.5 Remarkable here is that we could support different
equilibrium behavior in a long finite game too, unlike in the complete information
equivalent.

To verify that the cutoffs indeed define an equilibrium, we need to check that
there are no profitable deviations. Related to this, note that there is nothing in the
indifference conditions that would ensure that the monopolist would not be tempted
to hold a sale on an equilibrium path later in H region. This is equivalent to the
equilibrium path re-enteringA region. To ensure that this does not happen we introduce
the following assumption.

Assumption 1. xE(
¯
xU (0),m) ≤ xU (m) ∀m > 0 and xE(x̄U (0),m) ≤ xU (m) ∀m >

0, where xE(xs,m) is the equilibrium path in H starting from xs.

Qualitatively the assumption says that if the monopolist does not want to sell to a
small mass of low type buyers with higher beliefs, she does not want to sell to a larger
mass with lower beliefs. When this assumption is violated, the equilibrium is different:
we can have multiple sales. We analyze equilibrium behavior without assumption 1 in
more depth in the appendix. For the minimal cutoff equilibrium we have the following
result.

Lemma 13. The equilibrium path in the minimal cutoff equilibrium always satisfies
5For a Folk theorem for the complete information case, see Sobel (1991).
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assumption 1.

Proof: Appendix F.

Lemma 13 simply says that in the minimal cutoff equilibrium, the monopolist never
wants to hold a sale after starting to sell only to high types. The result is that the
only possible sale happens after news arrive. We are now ready to characterize the
equilibrium behaviour of the monopolist.

Proposition 7. Suppose assumption 1 holds. Then there is a maximal cutoff equilib-
rium in which given m the monopolist sells to all types for x > x̄U (m), high types for
xL(m) < x < x̄U (m) and exits the market for all x ≤ xL(m). There is also a minimal
cutoff equilibrium in which given m the monopolist sells to all types for x >

¯
xU (m),

high types for xL(m) < x <
¯
xU (m) and exits the market for all x ≤ xL(m).

Proof. We can verify that this is an equilibrium by using the one step deviation princi-
ple. For the buyers, in A low valuation buyers are indifferent and in H high valuation
buyers are indifferent and thus for both buying is a best response. The monopolist
does not want to deviate in H region as we chose x̄U (m) to be the smallest x for which
the indifference condition holds and thus below it she must prefer to sell only to high
types. Furthermore, assumption 1 ensures that once the monopolist enters H region
she stays there. In A region, the buyers expect a price θLx and thus the monopolist
faces a choice between selling at θLx or exiting the market. Since we are above the
lower cutoff, the monopolist’s value is greater than zero and she prefers to stay in the
market.

x

m

H A

x̄U x0

xL x̄U

Figure 6: Maximal cutoff equilibrium under good news

Figure 6 illustrates the maximal cutoff equilibrium. When we start from m0 = 0
and x0 > x̄U , the equilibrium path starts from A region and then eventually shifts to
H region if the signal has not arrived. The line with arrows is the equilibrium path
from some arbitary initial belief x0 > xU and m0 = 0. According to our equilibrium,
the monopolist first sells to all types until x = xU and then switches to selling to high
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types until x = xL(mTH ), where TH is determined by the laws of motion and the lower
boundary.

5 Efficiency comparison

In this section we compare the commitment solution to the Markov perfect cutoff
equilibria in terms of efficiency.

5.1 Learning

The commitment solution and the cutoff equilibria differ in the amount of experimen-
tation they provide. The amount of experimentation is pinned down by the belief at
which the monopolist exits the market. The exit belief is the probability at which
we are making a mistake: if it is greater than zero the product might still be of high
quality. We first discuss the bad news environment.

Proposition 8. Under bad news, the monopolist always experiments more with com-
mitment than without.

Proof. The lower cutoff, xL, under bad news is determined by V (x0, 0) = 0. Since the
commitment solution is V C(x0, 0) = maxV (x0, 0) (with the restriction of a uniform
price), we must have that for all x0 V C(x0, 0) ≥ V (x0, 0). This implies that at the
commitment lower cutoff, xLC we have V (xLC , 0) ≤ 0. That is the monopolist always
exits at x = xLC .

Proposition 8 establishes that under bad news there is always more experimentation
under commitment than in an equilibrium. Why? The monopolist’s decision to stay
in the market depends directly on the value she gets. As the commitment solution
maximizes this value, it has to be at least as large as the value in any equilibrium.
Thus the monopolist starts selling from lower beliefs in the commitment solution than
in an equilibrium.

Good news environment differs from bad news in the sense that the exit decision is
not a decision when to start but when to stop selling. We can use the following result
to analyze when there is more experimentation under good news.

Proposition 9. The commitment solution under good news has more experimentation
if and only if xLC > xL(mTH ). Here xLC is the exit belief for the commitment solution
and xL(m) is the lower boundary for the equilibria and TH is the amount of time the
monopolist has accumulated low types.

Proof. The inequality follows directly from the definitions.

Proposition 9 simply formalizes when the exit belief is lower for the commitment
solution under good news. Crucially this depends on time the monopolist spends in
H region as that determines the amount of low types she accumulates before exiting.
Surprisingly, this accumulation can be so strong that there is more experimentation
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in a cutoff equilibrium than in the commitment solution. We verify this by giving a
numerical example.

Figure 7 provides a numerical example, when there is more experimentation in a
good news (maximal) equilibrium than under commitment. The graph nicely illustrates
why this is happens: the equilibrium exit belief is higher than the commitment one
for a small amount of buyers waiting, but lower for high amounts of buyers. Once
the initial belief is high enough the monopolist will accumulate so many buyers in the
equilibrium that the exit belief is lower than under commitment.

x

m

H A

x0

xL xLc xU

Figure 7: An example of a cutoff equilibrium having more experimentation than the
commitment solution under good news. Parameters: θH = 5.1, θL = 1, λH = 1, λL =
4, c = 0.5, r = 0.35.

The amount of experimentation in the commitment solution is identical under good
and bad news. One can verify this by simply comparing the exit beliefs. This makes
sense, because the law of motion does not affect what is the value of news for the
monopolist in the beginning. It does, however, affect what is the value of news for the
sequentially rational solution. In the equilibria, the value of good news is increasing
with the amount of buyers waiting and fig. 7 shows that it can increase so much that
the value of news is greater than in the commitment solution.

We can perform similar comparison for the equilibria we have constructed in terms
of the experimentation they provide. The answer here is simple: the maximal cutoff
equilibrium will always have more experimentation than the minimal. This is because
under bad news it must provide (by optimality) more value to the monopolist and
under good news there is more accumulation than in the minimal equilibrium.

5.2 Welfare

Next, we want to compare how socially efficient the commitment solution is compared
to the equilibria. To do this we use the total surplus, which is simply the discounted
sum of valuations of the buyers who bought the good. Note that the total surplus
depends both on the amount of sales and the amount of experimentation. This means
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that we must condition it on the initial belief. We again conduct this analysis separately
for bad and good news environments. Is the commitment solution ever more efficient
that the equilibria?

Proposition 10. Under bad news, the commitment solution is (weakly) more efficient
than an equilibrium whenever xLC ≤ x0 < xL, where xLC the exit belief with commitment
and xL is the exit belief in an equilibrium, and vice versa otherwise.

Proof. The first part follows directly from that monopolist sells under commitment but
not in the equilibrium. The second part follows, because the monopolist only sells to
high types with commitment so the equilibrium must be at least as efficient.

Proposition 10 tells us that the commitment solution can be both more efficient and
less efficient than an equilibrium depending on the initial belief. The result essentially
follows from that there is more experimentation with commitment than without. With
complete information this is never true: the commitment solution is always less efficient.

We will not get as clean result as proposition 10 under good news. This is because
under good news the monopolist sells to all types for some beliefs, which makes welfare
comparison harder. This difference between the bad news and the good news commit-
ment solutions stems from that the the value of the ’jump benefit’ (getting to x = 1
immediately) is greater than the ’slide benefit’ (getting to x = 1 on a continuous path).
In addition to this, the amount of experimentation is ambiguous as we showed in the
previous section.

One case when the commitment solution is always more efficient is when the initial
belief is so low that the monopolist would not enter in the equilibria. We get a result
similar to proposition 10 but now the implication is only to one direction.

Proposition 11. Under good news, the commitment solution is more efficient than an
equilibrium if xLC ≤ x0 < xL.

Proof. The proposition follows immediately from the monopolist exiting in the equi-
librium but not in the commitment solution.

Proposition 11 does not give a necessary condition for commitment power to be
socially beneficial. It is clear that we can find situations, when the equilibria are
more efficient. For example, this is the case when we start from a suitable initial
condition such that there is more experimentation in the equilibrium but at which the
commitment monopolist only sells to high types.

We can do a welfare ranking also for the cutoff equilibria. There is a similar trade-off
as between the commitment solution and the equilibria under good news: the minimal
cutoff leads to faster sales but the total amount of learning is smaller. The comparison
between the minimal and maximal equilibria leads to results similar to proposition 10
(bad news) and proposition 11 (good news). Thus it depends on the initial belief
whether the minimal equilibrium is more efficient than the maximal one. In terms of
profits for the monopolist, the comparison is a lot simpler: by the optimality of the up-
per cutoff the monopolist always gets a higher value in the maximal cutoff equilibrium.
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6 Discussion and conclusions

6.1 Discussion

In this section we briefly discuss how the results of the model change if we change some
of the main assumptions.

Allowing mixed strategies for buyers. The assumption of buyers only using
pure symmetric strategies simplified our analysis and allowed us to characterize the
monopolist’s behavior in a relatively simple fashion. In ongoing research we solve the
monopolist’s problem, when she can sell also to a fraction of buyers. There are two
ways to go about this.

First, given that there is a fixed cost of being in the market, we can construct Markov
perfect equilibria and solve the commitment solution that have the same qualitative
features we have presented. Other phenomena also appear. If the fixed cost is very
small, the monopolist can stay in the market almost indefinitely. If the fixed cost is
very large, the monopolist can exit the market by holding a mass sale - accumulating
low types and holding a sale is a way of avoiding to pay the fixed cost of staying in the
market.

Second, the main question related to use of pure symmetric strategies by the buyers
is how we interpret the monopolist’s exit decision. How much she has to sell in order
for the buyers to be aware that she is in the market? Suppose that the buyers stop
arriving, if the monopolist does not sell at least at rate λ̂ > 0. For λ̂ = λH , the cutoff
equilibria and the commitment solutions stay exactly the same as presented in this
paper.

Other equilibria. Sobel (1991) proves a Folk theorem for the complete information
model. We conjecture that a similar result would be true in our model if we allowed
non-Markovian strategies. The equilibria we have constructed already offer a way to
incentivize different equilibrium behavior in non-Markovian strategies, since we can
use the minimal cutoff equilibrium as a punishment. Do also note that our equilibrium
strategies converge in finite time and hence the multiplicity does not necessarily require
infinite time in the model. This is a difference to the complete information case.

Low static monopoly price. So far in our analysis we assumed that the static
monopoly solution is to sell only to high types. If the static monopoly price was low,
there would be no trade-off between learning and revenue for high enough beliefs. For
the monopolist, the existence of high type buyers would then be first and foremost to
act as a cheaper experimentation technology as the monopolist can switch to selling
only to them as she becomes more pessimistic.

No consumer heterogeneity. If there was no consumer heterogeneity in our
model, the commitment, the Markov perfect equilibrium and first best solution would
coincide. This is because the monopolist no longer faces any trade-offs between learning
and revenue and in addition captures all surplus from the consumers.

More general signal processes. Restricting to perfect bad news and perfect
good news environments allowed us to focus on how the monopolist’s behavior depends
on the informational environment. It also allowed us to get closed form solutions for
many key quantities. In ongoing research, we are working on an extension to the main
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model to allow both good and bad news signals. We expect that the commitment
solution shares the qualitative features of the good news solution, whereas equilibrium
dynamics are much more dependent on whether bad news or good news is more likely.

Deterministic quality. In our model, the law of motion for the belief means that
the value of the product is either increasing or decreasing over time depending whether
we have bad or good news. One benchmark for the results here is therefore a model,
which has the same law of motion for the belief but is completely deterministic (no
learning). This is a simply a model of product quality rising or decreasing with the
amount of purchases. It is not a great surprise that this leads to very different results
especially with regards to exit decisions. Under decreasing quality the monopolist exits
when the high type’s valuation equals marginal cost. This is because the monopolist
knows that the value of the good will only keep on decreasing. Under increasing quality,
the monopolist wants to enter even with an arbitrarily low prior quality as long as the
rate of sales is greater than the discount rate. The value of the good is increasing for
sure, so the only thing that matters is whether the monopolist is patient enough to
wait.

6.2 Conclusions

The monopolist’s behavior with commitment differs noticeably from equilibrium be-
havior. The commitment solution is to never accumulate low type buyers and hold
sales. In contrast, both can happen in equilibrium. The differences between the com-
mitment solution and equilibrium behavior share features with the literature on Coase
conjecture, especially under bad news. Under bad news, the monopolist only sells to
high types with commitment and there is an equilibrium where the monopolist sells to
all types whenever she is in the market. Under good news, the monopolist wants to
sell to all types even in the beginning sometimes and in the equilibria we will always
have accumulation of low valuation buyers in the end.

We show that under bad news there is always more learning in the commitment
solution. This is not true under good news, because the equilibrium involves accumu-
lation of low valuation buyers. This accumulation makes the value of news greater over
time and can be so strong that there is more experimentation in an equilibrium than
in the commitment solution.

Similarly to experimentation, the welfare comparison between the commitment so-
lution and equilibria is ambiguous. This is a clear difference to the complete information
case in which the commitment solution is always less efficient. This is because for our
model efficiency depends both on the amount of experimentation and the amount of
sales. Whether the commitment solution is more efficient or not depends crucially
on the initial belief. Whenever we start from an initial belief such that the monopo-
list stays in the market in the commitment solution but exits in an equilibrium, the
commitment solution is naturally more efficient. This provides a sufficient but not a
necessary condition for the commitment solution to be more efficient.
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Appendix A: Bad news first best

Here, we derive the first best solution to the monopolist’s problem discussed briefly in
the main text. The first best solution is equivalent to first degree price discrimination.
Because the monopolist faces no trade-off from setting prices, she only has to decide
at which belief she starts to sell and if she wants to first sell only to the high types.

We can write the monopolist’s value in first best as

V (x0,m0) =x0

∫ TH

0
e−rtλH(θH − (1 + q−1)c)dt+ x0e

−rTH
∫ λLTH+m0

0
(θL − (1 + q−1s )c)ds

+ e−rTHx0

∫ ∞
0

e−rt(λHθH + λLθL − λA(1 + q−1)c)dt,

where the first integral is the value from selling only to high types until t = TH and
the second integral is the value from the mass accumulated up to TH .

The monopolist makes here two decisions: i) when to start selling and ii) how long
to sell only to high types. We solve first the optimal TH and then solve the starting
belief by letting the value equal the outside option of the monopolist (zero). Taking
the first order condition with regards to TH yields (given m0 = 0)

x0e
−rTH

(
− λH(1 + q−1TH )c− r(θL − c)λLTH + (λH − r)(1− e−λLTH )q−1TH c

− (λL + λA)c+ λLe
−λLTHq−1TH c+ λAq

−1
TH
c
)
, (7)

where q−1TH = q−10 e−λHTH is the inverse likelihood at t = TH . Note that the limit of the
first order condition is negative as q−1TH → 0. This means the monopolist will always
start selling to all types at some point. Solving the monopolist’s problem then yields
the following proposition.

Proposition 12. In the first best under bad news, the monopolist sells only to high
types if (7) is positive for TH = 0. She starts selling to low types at t = TH or
qU = q0e

λHTH , where TH is such that (7) equals zero. The monopolist exits for all
q < qL(m), where qL = xL/(1− xL) is determined by V (xL,m) = 0.

Proof. If the first order condition is positive, it must be profitable for the monopolist
to sell to only high types first. The optimal TH is such that the first order condition
holds. Since the monopolist’s outside value is zero, she will in be in the market if
V (x,m) ≥ 0, which yields qL(m).

Proposition 12 gives the monopolist’s strategy under first best. It resolves her
tradeoffs regarding the cost of experimentation and the option value of selling to low
types later. The cutoff qU is determined by these considerations. At the lower cutoff,
qL, the cost of experimentation relative to the buyers’ valuation is so high that the
monopolist is indifferent between selling and exiting. While we cannot solve the cutoffs
in closed form, we can find them numerically.
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Appendix B: Bad news commitment solution

Proof of proposition 1

Suppose selling to high types is optimal at t = 0 (can be arbitary). We want to show
that the monopolist never wants to hold a sale and sell to the accumulated mass of low
type buyers. Let T denote the arbitary time at which the monopolist holds a sale. The
value from such a strategy is

x0

∫ T

0
e−rtλH(θH − (1 + q−1)(c+W ))dt+ e−rT

x0
xT

(
xT

∫ mT

0
(θL − (1 + q−1s )c)ds

+ (xT + (1− xT )e−mT )xmT )

∫ ∞
0

e−rtλH(θH − c− q−1c)dt)
)
,

where the latter integral starts from belief xmT that takes into account the effect
of the sale on the belief. We can write it as

xmT =
xT

xT + (1− xT )e−mT

The value without a sale is

x0

∫ ∞
0

e−rtλH(θH − c− q−1c)dt

Breaking this into value from [0, T ] and value from [T,∞) yields

x0

∫ T

0
e−rtλH(θH − c− q−1c)dt+ e−rT

x0
xT
xT

∫ T

0
e−rtλH(θH − c− q−1c)dt

We can thus write the difference between the value without a sale and the value
with a sale as

x0

∫ T

0
e−rtλH(1 + q−1)Wdt− e−rTx0(mT (θL − c)− (1− e−mT )q−10 c)

+ (xT + (1− xT )e−mT )
xmT
xT
− 1)

∫ ∞
0

e−rtλH(θH − c− q−1c)dt)

We can write the value of waiting for the high type buyers as

W (t) = e−r(T−t)e−
∫ T
t λH(1−xs)ds(θH − θL)xT

= xte
−r(T−t)(θH − θL)

Solving the difference then yields

x0e
−rTλH(θH − θL)− e−rTx0(λLT (θL − c)− (1− e−λLT )q−10 c)),

where we have substituted mT = λLT . We want to show this is positive. Reorganizing
gives

∆HT + (1− e−λLT )q−10 c > 0.
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Value function

Since the monopolist only sells to high types, we can write the value function as

V (x0) = x0

∫ ∞
0

e−rtλH(θH − c− q−1c)dt

= x0
λH(θH − c)

r
− (1− x0)

λHc

λH + r

Appendix C: Bad news Markov perfect equilibria

Value functions

The monopolist’s value in H region when she sells only to high types until x = xT .

V (x0,m0) =

∫ T

0
e−

∫ t
0 (r+λH(1−x))dsλH(pH(x,m)− c)dt.

We do not need to account for the value when bad news arrive, because then the monop-
olist exits immediately and gets zero. The discounting term is here e−

∫ t
0 (r+λH(1−x))ds,

since bad news arrives only in the bad state. Doing the same trick with the law of
motion as with good news, we can write this as e−rt x0x . Thus the value as a function
of the likelihood is

V (x0,m0) = x0

∫ T

0
e−rtλH(pH(q,m)− (1 + q−1)c)dt,

where q−1 = (1− x/x) is the inverse of the likelihood.

The value in the A region is determined by

V A(x,m) =x

∫ m

0
(θL − (1 + q−1e−s)c)ds+ x

∫ ∞
0

e−rtλA(θL − (1 + q−1t (m))c)dt

=x(θL − c)m− xq−1c(1− e−m) + x(θL − c)
λA
r
− xq−1(m)c

λA
λA + r

=x(θL − c)m− (1− x)c(1− e−m) + x(θL − c)
λA
r
− (1− x)e−mc

λA
λA + r

=x
(

(θL − c)m+ c(1− e−m) + (θL − c)
λA
r

+ e−mc
λA

λA + r

)
− c+ ce−m

r

λA + r
.

We observe that V A is affine in x.

V A
x (x,m) =(θL − c) + c(1− e−m) + (θL − c)

λA
r

+ e−mc
λA

λA + r
.

V A
m (x,m) =x

(
θL − c+ ce−m

r

λA + r

)
− ce−m r

λA + r
.

The cutoff in Proposition 3

Here, we show that
¯
x(m) solves V A(x,m) = 0, where

¯
x(m) is

¯
x(m) =

c(λA + r(1− e−m))

c(λA + r(1− e−m)) + (r + λA)(θL − c)(m+ λA
r )
.
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V A(x,m) = 0⇔ x
(

(θL − c)m+ c(1− e−m) + (θL − c)
λA
r

+ e−mc
λA

λA + r

)
− c+ ce−m

r

λA + r
= 0

⇔ x =
c(λA + r(1− e−m))

c(λA + r(1− e−m)) + (r + λA)(θL − c)(m+ λA
r )
.

Appendix D: Good news first best

Here we derive results for the first best solution to the monopolist’s problem. Since the
monopolist has the ability to capture all surplus, she only has to decide when to stop
selling to all types (if at all) and when to stop.

We can write the monopolist’s value in first best as

V (x0, 0) = (1− x0) max
TA

∫ TA

0
e−rt(λHθHq + λLθLq + λAV

1q − λA(1 + q)c)dt

(1− x0)e−rTA max
TH

∫ TH

0
e−rtλH(θH + V 1(m)− c)q − c)dt,

where V 1(m) = λH(θH−c)+λL(θL−c)
r +m(θL− c) is the value after the belief jumps to 1.

This incorporates the value both from the flow and from the waiting buyers.

We solve the first best solution by using backward induction. That is, we first solve
when the monopolist wants to stop, the optimal TH , and then solve for the optimal
TA.

Proposition 13. In the first best, the monopolist sells to all types until q = qU , which
is determined by

(λHθHq
U + λLθLq

U + λAV
1qU − λA(1 + qU )c)

− (r + λA)(1− e−(r+λH)TH )
λH

r + λH
(θH − c+ V 1(0) +

λL(θL − c)
r + λH

)qU

− (r + λA)e−(r+λH)TH
λH

r + λH
THλL(θL − c)qU − (1− e−rTH )λHc = 0

The deadline TA is determined by q0e−λATA = qU . The monopolist exits at q =
qL(m), which we can define as

qL(m) =
c

θH − c+ V 1(m)
.

The deadline TH is given by q0e−λATAe−λHTH = qL(λLTH).

Proof. Taking the first order condition with regards to TH and solving for q yields qL.
Taking the first order condition with regards to TA gives the equation for qU . Plugging
in q = qL to the first order condition one can verify that it is negative so that qU > qL

always.

38



Proposition 13 gives the monopolist’s first best policy under good news. The first
cutoff, qU , is such that at that point the marginal cost relative to the valuation of the
buyers is so high that the monopolist does not want to experiment with all types. By
not selling to low types, she also accrues option value of selling to them later after the
news has arrived. The second cutoff, qL, is such that the likelihood is too low compared
to the cost of experimentation to warrant any experimentation at all.

Appendix E: Good news commitment solution

Proof of proposition 1

Claim: With commitment, the monopolist never sells to all types if she has previ-
ously sold only to the high types.

We prove the proposition in two steps. First, we show that the monopolist never
wants to sell to the low types after a jump. Second, we show that conditional that
there has not been a jump in the belief the monopolist never switches to selling to all
types once she has sold to high types.

Lemma 14. The monopolist never wants to sell to the low types after a jump.

Proof. If at the time of the jump m = 0, it is clear that the monopolist does not
want to sell to the low types since we have λH(θH − c) > λA(θL − c).

Suppose the monopolist is selling only to the high types at an interval [0, T ]. Then
we have m > 0 for t ∈ (0, T ]. After T the monopolist sells according to any arbitary
strategy (e.g. stops selling). We want to show that she never wants to sell after the
jump to the stock of low type buyers waiting after some arbitary t∗ so that we have
two intervals, [0, t∗] on which the monopolist only sells to the high types and [t∗, T1]
on which the monopolist sells to the low types after a jump, where T1 = T − t∗. The
value from such a strategy is∫ t∗

0
e−

∫ t
0 (r+λHx)dsλH(θHx− c−W + xV 1

H)dt

+e−
∫ t∗
0 (r+λHx)ds

∫ T−t∗

0
e−

∫ t
0 (r+λHx)dsλH(θHx− c−W + xV 1

A(m))dt

+ e−
∫ T
0 (r+λHx)dsVT ,

where V 1
H is the value of selling only to high types after the jump, V 1

A is the value
of selling to all types after the jump and VT is the value after T . The value of selling
just to high types is ∫ t∗

0
e−

∫ t
0 (r+λHx)dsλH(θHx− c−WN + xV 1

H)dt

+e−
∫ t∗
0 (r+λHx)ds

∫ T−t∗

0
e−

∫ t
0 (r+λHx)dsλH(θHx− c−WN + xV 1

H)dt

+ e−
∫ T
0 (r+λHx)dsVT ,
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where WN is the waiting value if the monopolist does not sell to low types after
the jump. We want to show that this is larger than the value with selling to all types
after some t∗. First note that the value after T does not matter: it is the same in both
cases. We then use the law of motion λHx = −ẋ/(1− x) to write the difference of the
two strategies as

(1− x0)
∫ t∗

0
e−rtλH(1 + q)∆Wdt

+ e−rt
∗
(1− x0)

∫ T−t∗

0
e−rtλH(q(V H − V 1

A(m)) + (1 + q)∆W )dt,

where ∆W = W −WN is the difference in waiting values. We want to show this is
positive. Reorganizing

(1− x0)
(∫ t∗

0
e−rtλH(1 + q)∆Wdt+ e−rt

∗
∫ T−t∗

0
e−rtλH(1 + q)∆W

+ e−rt
∗
∫ T−t∗

0
e−rtλH(q(V H − V 1

A(m))dt
)
≥ 0, (8)

We can write the value of waiting for the buyers in two parts. First for t ≤ t∗:

W (t) =e−
∫ t∗
t (r+λHx)ds

∫ T−t∗

0
e−

∫ t
0 (r+λHx)dsλHx(θH − θL)dt+ e−

∫ T
0 (r+λHx)dsWT

= (1− xt)e−r(t
∗−t)qt∗(1− e−(r+λH)(T−t∗))

λH(θH − θL)

λH + r
+ e−

∫ T
0 (r+λHx)dsWT

And for t ≥ t∗ as

W (t) =

∫ T−t

0
e−

∫ t
0 (r+λHx)dsλHx(θH − θL)dt+ e−r(T−t)−

∫ T−t
t λHxdsWT

=(1− xt)qt(1− e−(r+λH)(T−t))
λH(θH − θL)

λH + r
+ e−r(T−t)−

∫ T−t
t λHxdsWT

As there is no difference in the strategies after T the value of waiting for the buyers
must also be the same at that point. The first integral is thus∫ t∗

0
e−rtλH(1 + q)Wdt = e−rt

∗
λH(1− e−(r+λH)(T−t∗))

λH
λH + r

qt∗t
∗∆θ

The second integral is

e−rt
∗
∫ T−t∗

0
e−rtλH(1 + q)Wdt

= e−rt
∗
λH

λH
(λH + r)2

qt∗t
∗∆θ

(
(1− e−(r+λH)(T−t))− e−(r+λH)T (r + λH)(T − t∗)

)
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The third integral is

e−rt
∗
∫ T−t∗

0
e−(r+λH)tλHqt∗(mt∗ + λLt)(θL − c))dt

= e−rt
∗
(1− e−(r+λH)(T−t∗))qt∗

λHmt∗(θL − c)
λH + r

+ e−rt
∗
(1− e−(r+λH)(T−t∗)(1 + (r + λH)(T − t∗))qt∗

λHλL(θL − c)
(λH + r)2

Putting these together and simplifying we get that the original inequality positive
iff

(1− e−(r+λH)(T−t∗))

(
∆Ht

∗ +
∆H

r + λH

)
+ e−(r+λH)(T−t∗)(T − t∗)λL(θL − c)− e−(r+λH)T (T − t∗)λH∆θ ≥ 0,

where ∆H = λH(θH − c)− λA(θL − c). A lower boundary for this is (we have used
the fact that e−(r+λH)(T−t∗) > e−(r+λH)T ):

(1− e−(r+λH)T )
∆H

r + λH
− e−(r+λH)TT∆H + (1− e−(r+λH)(T−t∗))∆Ht

∗ + e−(r+λH)T t∗∆H

Since the last two terms are always positive it is enough to show that

(1− e−(r+λH)T )
∆H

r + λH
− e−(r+λH)TT∆H ≥ 0

At T = 0 this is zero, and taking the derivative we see that this is increasing in T
so it must be positive for all T > 0.

We now move to showing that there cannot be a sale at all.

Lemma 15. The monopolist never wants have a sale after selling only to the high
types.

Proof. We use the first lemma in deriving this result, i.e. assume that the monop-
olist never sells to low types after a jump and let V 1 = V 1

H .

Suppose that at t = 0 it is optimal for the monopolist to sell only to high types.
Let T > 0 be an arbitary time at which the monopolist holds a sale and sells to all
types (the argument is identical if there is an interval [T1, T2]) and then continues to
sell only to high types. We can write the monopolists value from this strategy as∫ T

0
e−

∫ t
0 (r+λHx)dsλH(θHx− c−W + xV 1)dt

+ e−
∫ T
0 (r+λHx)ds(mT (θLxT − c) + (1− e−mT )xTV

1)

+ (e−mT xT + (1− xT ))e−
∫ T
0 (r+λHx)ds

∫ TH−ts

0
e−

∫ t
ts
λHxds−rtλH(θHx− c+ xV 1)dt,
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where (1 − e−mT )xT is the probability of the belief jumping to x = 1 at t = T .
Without selling to the low types at t = T the monopolist’s value is∫ T

0
e−

∫ t
0 (r+λHx)dsλH(θHx− c+ xV 1)dt

+ e−
∫ T
0 (r+λHx)ds

∫ TH

0
e−

∫ t
T λHxds−rtλH(θHx− c+ xV 1)dt,

Using the law of motion for the beliefs, λHx = −ẋ/(1 − x), we can write the
difference between the two as

(1− x0)∆V T + (1− x0)e−rT∆V TH

where ∆V T is the difference between [0, T ] and ∆V TH is the difference between
[T, TH ] that stems from the atom at t = T .

We can write ∆V T as

∆V T =−
∫ T

0
e−rtλH(1 + q)Wdt+

1− x0
1− xT

e−rT (mT (θLxT − c)

+ (1− e−mT )xTV
1

First note that we can write the value of waiting as

W (t) =e−
∫ T
t (r+λHx)ds(θH − θL)xT =

1− x(t)

1− xT
e−r(T−t)(θH − θL)xT

=(1− x)e−r(T−t)(θH − θL)qT

Now noting that 1 + q = 1/(1− x), we can write ∆V T as

∆V T =− (1− x0)
∫ T

0
λHe

−rT (θH − θL)qTdt

+ (1− x0)e−rT (mT (θLqT − (1 + qT )c) + (1− e−mT )qTV
1)

Evaluating the integral and writing mT as λLT we get that this equals

∆V T =− (1− x0)e−rT ((λHθH − λAθL + λLc)T − (1− e−λLT )V 1)qT + λLcT )

Now, coming back to the second part in the inequality (∆V H), we can first write
the value from without the sale as

e−
∫ T
0 (r+λHx)ds

(∫ TH

0
e−

∫ t
T λHxds−rtλH(θHx− c+ xV 1dt)

)
This equals

(1− x0)e−rT
(

(1− e−(r+λH)TH )V 1qT − (1− e−rTH )
λHc

r

)
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The value with the sale at t = T equals

(e−mT xT + (1− xT ))e−
∫ T
0 (r+λHx)ds

∫ TH−ts

0
e−

∫ t
ts
λHxds−rtλH(θHx− c+ xV 1)dt

= (e−mT xT + (1− xT ))
1− x0
1− xT

e−rT (1− xs)
(

(1− e−(r+λH)(TH−ts))V 1qs − (1− e−r(TH−ts))λHc
r

)
Simplifying this yields

(1− x0)e−rT (e−mT qT (1− xs) + (1− xs))
(

(1− e−(r+λH)(TH−ts))V 1qs − (1− e−r(TH−ts))λHc
r

)
Now noting that xs = e−mT qT

1+e−mT qT
and 1 − xs = 1

1+e−mT qT
we see that e−mT qT (1 −

xs) = xs so that the above just is

(1− x0)e−rT
(

(1− e−(r+λH)(TH−ts))V 1qs − (1− e−r(TH−ts))λHc
r

)
We have two cases here, the case when ts = (λL/λH)T < TH and the case when

ts ≥ TH . That is, the monopolist either continues selling to the high types after the
sale or stops selling altogether. In the first case, we can write the difference ∆V TH as

∆V TH =
(

((1− e−(r+λH)(TH−ts))qs − (1− e−(r+λH)TH )qT )V 1

+ ((1− e−rTH )− (1− e−r(TH−ts)))λHc
r

)
Simplifying

∆V TH =
(
− (1− e−λLT )qTV

1 +
λHV

1

V 1 + θH − c
(erts − 1)e−rTH

c

r

)
,

where we have used the fact that q ≥ q = c
θH−c+V 1 . We thus have that

∆V TH =

{
−(1− e−λLT )qTV

1 + λHV
1

V 1+θH−c(e
rts − 1)e−rTH c

r if ts < TH

−(1− e−(r+λH)TH )V 1qT + (1− e−rTH )λHcr otherwise

When, ts < TH ⇐⇒ T < (λH/λL)TH the whole difference (before and after the
sale) is

∆V1 =(1− x0)e−rT
(
− ((λHθH − λAθL + λLc)T + (1− e−λLT )V 1)qT + λLcT )

− (1− e−λLT )qTV
1 +

λHV
1

V 1 + θH − c
(erts − 1)e−rTH

c

r

)
Simplifying this yields

(1− x0)e−rT
(
− ((λHθH − λAθL + λLc)T + (1− e−λLT )V 1)qT + λLcT )

− (1− e−λLT )qTV
1 +

λHV
1

V 1 + θH − c
(erts − 1)e−rTH

c

r

)
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Noting that ts = λL/λHT and simplifying we have that this equals

∆V1 =(1− x0)e−rT
(
− ((λHθH − λAθL + λLc)qTT + λLcT ) +

λHV
1

r
q(e

r
λL
λH

T − 1)e−rTH
)

Let ∆H = r(V 1 − V 1
A) = λHθH − λAθL + λLc and ψ = r(λH/λL) and note that

qT = e−λHT q0. We have then that the sign of the above is simply determined by

K =

(
∆HT −

λH
r
V 1e−(r+λH)TH (eψT − 1)

)
q0e
−λHT + λLcT ≥ 0

When ts ≥ TH the difference is

∆V2 =(1− x0)e−rT
(
− ((λHθH − λAθL + λLc)T + (1− e−λLT )V 1)qT + λLcT )

− (1− e−(r+λH)TH )V 1qT + (1− e−rTH )
λHc

r

)

(∆HT + (e−λLT − e−(r+λH)TH )V 1)q0e
−λHT +

(
λLT − (1− e−rTH )

λH
r

)
c

We will now analyze these two expressions, ∆V1 and ∆V2 separately. We want to
argue that ∆V1 ≥ 0 and ∆V2 ≥ 0 always.

We deal with ∆V1 first. We want to argue that the minimum of ∆V1 is positive
so that we have ∆V1 ≥ 0 for all T . We can do this by showing that the minimum of
K is positive. Since we are evaluating a continuous function on a closed and bounded
interval, we have three different cases: the minimum is at T = 0, the minimum is at
an interior point T ∗ ∈ [0, λHλL T ] or at T = λH

λL
T . We go through these in turn.

By optimality of selling to high types at t = 0, we already know that at T = 0 must
be positive. Next, note that at an interior minimum T ∗ it must be the case that the
first order condition holds (necessary condition for a minimum) and we can use it to
write K as

K∗ =
1

λH

((
∆H − λLV 1e−(r+λH)THeψT

∗
)
q0e
−λHT ∗

+ λLc
)

+ λLcT
∗ (9)

Taking a derivative of K∗ with regards to T ∗ shows that we either have that is is
positive for all T ∗ ∈ [0, λHλL TH ] (the interior optimum has to lie in this interval) or it
changes sign once and is negative at T ∗ = λL

λH
TH . For the latter we need ψ > λH . Thus

we can evaluate (9) by checking whether it is positive at T ∗ = 0 and T ∗ = λH
λL
TH .

We already know thatK is positive at T = 0, so if the minimum is at T ∗ = 0 it must
also be positive. If the minimum lies at T ∗ = λH

λL
TH we know that then ∆V1 = ∆V2

and we can just use the expression for ∆V2 at T = λH
λL
TH :

((∆H)T + (e−λHTH − e−(r+λH)TH )V 1)q0e
−λ

2
H
λL

TH +

(
λHTH − (1− e−rTH )

λH
r

)
c
)
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Since e−λHTH > e−(r+λH)TH , the first part must be positive. To see that the second
part is positive, note that

λHTH ≥ (1− e−rTH )
λH
r

= λHTH −O((rTH)2)

and O((rTH)2) ≥ 0 by Taylor’s Theorem. In fact, the ab is true for all T ≥ λL
λH
TH

since λLT is increasing in T .

This show that we must have that K∗ and K are positive at T = λH
λL
TH . Thus

∆V1 ≥ 0 always.

The final thing is to show that ∆V2 ≥ 0 always. We again want to first find the
minimum and then argue that it is positive. From the previous lemma we already know
that at T = λH

λL
TH ∆V2 is positive. In fact, we know that it is positive for all T such

that λLT < (λH + r)TH , since

∆V 2 =(∆HT + (e−λLT − e−(r+λH)TH )V 1)q0e
−λHT +

(
λLT − (1− e−rTH )

λH
r

)
c

The first part is positive as long as λLT < (λH + r)TH . The second part is positive
from the argument above. Thus we know that ∆V2 is positive for T ∈ [λHλL TH ,

λH+r
λL

TH ].
Also note that if we have λL < λH + r, then we are done as then λLTH < λH + rTH .

If λL > λH + r, we proceed by taking the derivative with regards to T :

−λH(∆HT + (e−λLT − e−(r+λH)TH )V 1)q0e
−λHT + (∆H − λLe−λLTV 1)q0e

−λHT + λLc

Reorganising this a little yields

(∆H(1− λHT ) + ((1− λL)e−λLT − e−(r+λH)TH )V 1)q0e
−λHT + λLc

This can be negative at T = λL
λH
TH given that λL is large enough.

The second derivative is

− λH(∆H(1− λHT ) + ((1− λL)e−λLT − e−(r+λH)TH )V 1)q0e
−λHT

− (λH∆H − λL(1− λL)e−λLTV 1)q0e
−λHT

We want to argue that this will in the end be positive. Simplifying the above yields

∆H(λ2HT − λH − 1)− ((λH(1− λL) + λL(1− λL))e−λLT − e−(r+λH)TH )V 1 > 0

This must be true for large enough T , since first term tends to infinity. Thus we
must have a T ∗ such that ∆V 2

T = 0 (a minimum) and ∆V 2
TT > 0 for all T > T ∗. This

implies that if ∆V 2 ≥ 0 at T = T ∗ then ∆V 2 ≥ 0 for all T ≥ T ∗.
We now want to show that ∆V 2 ≥ 0 at T = T ∗. Using the first order condition we

can write the value as

1

λH
((∆H − λLe−λLTV 1)q0e

−λHT + λLc) + (λLT − (1− e−rTH )
λH
r

)c
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We already know that between T ∈ [λHλL TH ,
λH+r
λL

TH ] ∆V2 is positive so we only
need to check that if T ∗ ∈ [λH+r

λL
TH , TH ] then the minimum is positive. Again, we

already know that the second part of the inequality is positive for all T ≥ λH
λL
TH , so

we only need to check that the first part is positive. At T = λH+r
λL

TH the first part is
positive iff

(∆H − λLe−(λH+r)TV 1)q0e
−λH (λH+r)

λL
T

+ λLc ≥ 0

The optimality condition implies that this must be positive, since it says that

(∆H − λLe−(λH+r)TV 1)q0 + λLc > 0

We can similarly verify that T = TH the first part is positive as it only increases in
T .

Monopolist’s problem under commitment

Recall first that the monopolist’s problem is

V (x0) =(1− x0) max
TA

∫ TA

0
e−rtλA((θL + V 1)q − (1 + q)c))dt

+ e−rTA(1− x0) max
TH

∫ TH

0
e−rt(λH((θH + V 1)q − (1 + q)c)dt,

We can solve the latter integral as

V H(x0) =

∫ TH

0
(h1((θH + V 1)q − (1 + q)c)dt

=(1− e−(r+λH)TH )
λH

λH + r
(θH − c+ V 1)qA + (1− e−rTH )

λHc

r

= (1− e−(r+λH)TH )V 1e−λATAq0 + (1− e−rTH )
λHc

r

where we have used the fact that q(t) = e−
∫ t
0 (h1+h2)dsq0.

We solve this problem using backward induction by first determining the optimal
TH and then the optimal TA. Because at q = 0 the monopolist wants always to exit,
we must either have an interior maximum or TH = TA = 0. This means that if TH > 0
and/or TA > 0, the first order conditions must hold.

Proof of lemma 8

The first order condition with regards to TH is

(1− x0)e−rTAe−rTHλH((θH + V 1)qL − (1 + qL)c) = 0

Solving this yields the expression for qL in the text. TH is then determined by
q0e
−λATAq0e

−λHTH = qL, since we are first selling to all types. Thus we have

TH =
1

λH
(ln(q0)− ln(qL)− λATA)
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Proof of lemma 9

The first order condition with regards to TA is

(1− x0)e−rTA
(
λA((θL + V 1 − c)e−λATAq0 − c)− (1− erTH )λHc

− (λA + r)(1− e−(r+λH)TH )V 1e−λATAq0

)
= 0,

where we have used the law of motion to let qA = e−λATAq0. We can simplify this to
get the equation in the text

(−∆H + e−(r+λH)THλAV
1)e−λATAq0 − λAc

− (1− e−rTH )λHc+ e−(r+λH)THλH(θH − c)e−λATAq0 = 0

To see that this equation can have two solutions, note that as TH → ∞ this ap-
proaches

−∆He
−λATAq0 − λAc− λHc < 0

This is clearly negative. At q0 = qL or when TH = 0, we have

(−∆H + λAV
1)qL − λAc+ λH(θH − c)qL < 0

Plugging in qL = c/(θh− c+V 1), ∆H = λHθH −λAθL+λLc and simplifying yields

cλA

( θL − c+ V 1

θH − c+ V 1
− 1
)
.

This is negative, because θH > θL. Thus the first order condition must cross the
x-axis at least twice for different initial values of q0.

While cannot analytically solve qU , we can numerically solve the first order condi-
tion and find the cutoff.

Appendix F: Good news Markov perfect equilibria

Value in A region

When the monopolist is selling to a flow of consumers arriving, we can write the value
function as an intergral over time. In the A region this happens when m = 0 and since
h1 = 0, h2 = λA we can write the value as

V A(x0,m0) =

∫ TA

0
e−

∫ t
0 (r+λAx)ds(λA((θL + V 1(0)))x− c)dt+ e−

∫ TA
0 (r+λAx)dsV H(xU , 0)

=

∫ TA

0
e−(r+λA)tλA((θL + V 1(0))x0 − c)dt+ e−rTA

1− x0
1− xU

V H(xU , 0)

=(1− e−(r+λA)TA)
λA

λA + r
x(θL + V 1(0)− c)− (1− e−rTH )(1− x0)

λAc

r

+ e−rTA
1− x0
1− xU

V H(xU , 0),

where the deadline TA until which the monopolist sells to all types is determined
by qe−λATA = qU .
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Value in H region

Similarly as in the A region, the monopolist’s value in H region can be written as an
integral over timer. We then have mt = λLt, h1 = λH , h2 = 0 and the value is

V H(x0,m0) =

∫ TH

0
e−

∫ t
0 (r+λHx)ds(λH((θH + V 1(mt))x−W − c)dt

=(1− x0)
∫ TH

0
e−rt(λH((θH + V 1(mt))q − (1 + q)(W + c))dt

=

(
(1− e−(r+λH)TH )

(
θH + V 1(m0)−

∆H

λH + r
− c
)
x0 + e−(r+λH)THTH∆Hx0

)
×

λH
λH + r

− (1− e−rTH )(1− x0)
λHc

r
,

where the deadline TH at which the monopolist exits the market is determined by
qe−λHTH = qL. The exit time solves the following equation.

λL(θL − c)qTHe−λHTH + (θH − c+ V 1 +m(θL − c)qe−λHTH − c = 0.

In solving the value function we have used the fact in the H region we can write
value of waiting for high type buyers as

W (t) =

∫ TH−t

0
e−

∫ t
0 (r+λHx)dsλHx(θH − θL)dt

=(1− xt)(1− e−(r+λH)(TH−t))
λH

λH + r
(θH − θL)qt,

where xt denotes the belief at time t at which the buyer is evaluating his value of
waiting.

Given the solution, we can then calculate the derivatives of the value function,
which we need later. Using the envelope theorem, since TH is optimally chosen, they
can be written as

V H
x =

(
(1− e−(r+λH)TH )

(
θH + V 1(m0)−

∆H

λH + r
− c
)

+ e−(r+λH)THTH∆H

)
×

λH
λH + r

+ (1− e−rTH )
λHc

r
.

V H
m =(1− e−(r+λH)TH ))(θL − c)x

λH
λH + r

.

Both of these are clearly strictly positive.

The derivatives of the deadline TH can be evaluated using the implicit function
theorem:

dTH
dx

=
(b+ aTH)

(b+ aTH)λH − a
1

x(1− x)
> 0,

dTH
dm

=
θL − c

(b+ aTH)λH − a
> 0,

where a = λL(θL − c) and b = (θH − c+ V 1 +m(θL − c)).
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Proof that V is greater than zero for x > xL

We know that V (x,m) ≥ 0 at x = xL(m) from the definition of xL(m). Since the
derivative of V H with regards to x is strictly positive we must have that V H(x,m) > 0
for all x > xL(m).

For V A(x), we first need to observe that xU is defined as a solution to

θLx
U − c+ xUV 1(m)− xUV H − xU (1− xU )V H

x − V H
m = 0

First dividing by 1 − xU and then noting xUV H − xU (1 − xU )V H
x − V H

m > 0 this
that implies

(θL + V 1(m))qU − (1 + qU )c > 0,

Furthermore, this must be true for all q ≥ qU . Now, V A(x) > 0, since we can write
it as

V A(x) =

∫ TA

0
e−(r+λA)tλA((θL + V 1(0))q − (1 + q)c)dt+ e−rTA

1− x
1− xU

V H(xU , 0) > 0

The inequality follows because the integrand is strictly positive for all q ≥ qU as we
just argued and because V H(xU , 0) > 0.

Similarly for V m(x,m) we can write it as

V m(x,m) =

∫ a

0
(θL + V 1(ma + a− t)q − (1 + q)c)dt+ (xte

−a + 1− xt)V (xa,ma) > 0,

where a is chosen optimally. The optimality of a implies that the integrand is strictly
positive. V (xa,ma) equals either V H(xU ,ma), V A(x,ma) or 0, which are all weakly
positive.

Proof of lemma 13

Claim: The monopolist is never willing to sell to low types when belief is below
¯
xU (m).

Proof: The monopolist does not want to deviate by selling to the accumulated low
type buyers if the equilibrium path starting from (

¯
xU )(0), 0) stays below the maximal

upper cutoff x̄U (m). A sufficient condition for this is that the equilibrium path stays
below

¯
xU (m) since

¯
xU (m) ≤ x̄U (m) for all m. The equilibrium path is pinned down

by xE(0) =
¯
xU (0) and the law of motion.

xE(m)− xU (m) =
c

θL + V 1(m)
− xE(0)e−m

xE(0)e−m + 1− xE(0)

=
c

θL + V 1(m)
− ce−m

θL + V 1(0)− (1− e−m)c
= c

(1− e−m)θL + V 1(0)− c)− e−mm(θL − c)
(θL + V 1(m))(θL + V 1(0)− (1− e−m)c)

.

The derivative with respect to m is always positive. Therefore the difference has a
minimum at m = 0, where it is 0 implying xE(m) ≥ xU (m) for all m ≥ 0.

++
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Hitting the upper boundary

In the main text we have assumed that the equilibrium paths are such that the monop-
olist is not tempted to start selling to low types later in the maximal cutoff equilibrium.
Graphically, this is the condition that we do not ever hit the upper boundary in our
H region. This was guaranteed by assumption 1, which imposes a restriction on the
parameters. Here we show how we can modify the upper cutoff so that the equilibrium
still has similar structure even when assumption 1 does not hold.

First, let’s change from the (x,m) space to the (y,m) space, where y = ln q is the
logarithm of the likelihood ratio. This is helpful, because then both laws of motion
are linear and we can express the logarithm of the likelihood as function of m in H
region simply as y(m) = −λH

λL
m + y0. We then want to find the region in which our

equilibrium paths in H will hit again the upper boundary, which we now denote by
ŷU (m). That is ŷU (m) is the upper boundary of the maximal cutoff equilibrium.

When does a path that follows y(m) hit the boundary? If y(m) and ŷU (m) intersect,
there must be at least one m for which ŷU (m) = −λH

λL
(Mean value theorem). Let m̂

be the smallest such m. Now we define a new line yH(m), which has a slope −λH
λL

and
goes through (ŷU (m̂), m̂). Hence, yH is a tangent of ŷU (m).

All paths that start from above yH(m) (i.e. all y(0) > yH(0)) will hit the boundary
and are therefore excluded from H region. To formalize this we can define m̂ and ŷ
the following way.

Definition 2. Let m̂ = min{m : dŷ
U

dm = −λH
λL
} and ŷ = y(m̂).

The fact that the equilibrium path can hit ŷU (m) creates a new region in the state
space, in which monopolist acts differently from before. We call this S region and in
it the monopolist accumulates low types until she hits a boundary yS(m), which we
will define later. In region S, there are sales where the monopolist sells to the mass of
waiting buyers. Once the equilibrium path hits yS(m) the monopolist holds a sale and
sells to the accumulated mass of buyers. Thus the value function in S is different from
V H and it consists of from the value from accumulating the low types and holding a
sale at yS(m).

Note that we never reach the states on the boundary above (ŷ, m̂). We give a
graphical illustration only for the whole boundary and specify the part reachable in an
equilibrium. Given the tangent yH(m), we have the following definition for the upper
cutoff for H region.

Lemma 16. The monopolist stops selling to low types permanently, when the process
hits

yU (m) = yH(m) = ŷ − λH
λL

(m̂−m) for m ≤ m̂.

Proof. From the definition of yH(m) it follows directly that all paths starting above
yH(m) hit the boundary and all paths below yH(m) do not hit the boundary. Thus
yH(m) must be the boundary for H region.
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H region is then defined as before: H = {(y,m) ∈ R+ : yL(m) ≤ y ≤ yU (m)}. It
is clear that now once we are in H region we will never hit the upper boundary, since
our definition takes into account the shape of the equilibrium path in H.

y

m

H A

S

yL ŷU

yH

yS

Figure 8: An illustration of S region

Figure 8 illustrates what happens if the equilibrium path is such that we hit the
upper boundary ŷU (m). We have flipped the axes to match the figures in the previous
section (m as a function of y). H region is now smaller since yU (m) ≤ ŷU (m)∀m.

S region is between yH(m) and yS . In it the monopolist first accumulates low type
buyers until she hits yS(m). In S region, the monopolist accumulates low type buyers
and then sells to them whenever hitting yS(m).

We can define the value function for S region, V S , as

V S(x,m) =
n∑
i=1

∫ TS

0
e−rtλH((θH + V 1(m))q − (1 + q)(c+W ))dt

+ e−rTBV m(xS ,m(TS)),

where n is the number of times the equilibrium path will hit the boundary starting
from (x,m) and TS is the deadline determined by qe−λHTS = qS(m(TS)).

The value of waiting is in S region determined by

W (xt,mt) =

∫ TB−t

0
e−

∫ t
0 (r+λHx)dsλHx(θH − θL)dt+ e−

∫ TB
0 (r+λHx)ds(θH − θL)xS

=(1− xt)(1− e−(r+λH)(TB−t))
λH

λH + r
(θH − θL)qt + (1− xt)e−r(TB−t)(θH − θL)qS

We can define the upper cutoff for the S region similarly as we did earlier for the
boundary between the H and A regions: we must have V m(x,m) = V S(x,m).

We have here solved the boundaries in terms of the log-likelihood y in order to
provide simple geometric arguments for modifying the boundary. Once we have done
these calculations, we can obviously invert them back to the belief x.
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